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FORISWORO 



This collection of papers, prepatved for a conference held at ' 



Northwestern University in 1978, presents Varied perspectives" on 
applied problem solving. Assessing applied problem solving, planning 
for interest and motivation, developing a theory, reviewing research 
findings, considering learning disabilities, analyzing through Informa- 
tion processing! and designing Instruction are all considered, as well 
as trends In research and models for applied problem solving. 



A wealth of Information Is thus provided: we hope this publica- 
tion will serve to extend current thinking about wh&t should be taught 
about applied problem solving — and how It should be taught. 




Marilyn N. Saydam 
ERIC/SMEAC 
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Introduction: A Focus on "Applied Mathematical Problem Solving 



Richard Lesh 

Diane Mlerklewlcss Editors 
Mary Kantowskl 

The papers In this monograph developed out of a conference on applied 
mathematical problem solving held at Northwestern University In January 
1978. The purpose of the Northwestern meeting, and the purpose of the 
papers In -this monograph, Is to review a variety of pernpectlves concerning 
the general question, "What is It, beyond hi 'ing a concept, that enables an 
average ability student to use the Idea In real situations?" 

In the United States, results of recent National Assessments of Educa- 
tional Progress In mathematics suggest that "Johnny can add; computation 
with whole numbers Is far from a lost art" (Carpo.nter et al., 1975, p. 457). 
However, knowing how to compute does not ensure that a person will know when 
to compute, which operation to use In a particular situation, or hSU to 
use en answer once it Is obtained. Performance on NAEP Items seemed most 
discouraging on Items where youngsters needed to use number Ideas to answer 
questions Involving measurement or consumer oriented situations. 

...The Implications for needed Improveinent In mathematics programs 
are abunJant In these data. As a whole, these age groups need to 
develop more problem solving skills. Even such fundamental habits 
as checking the correctness or reauonableness of a result, or 
making an estimate, seem to be lacking, (p. 470) 

In general, "being able to use a concept" Involves something more than 
simply "having the concept." Getting an Idea Into a youngster's head does 
not guarantee that the new Idea will be Integ'-ated with other Ideas that 
are already understood, that situations will bs recognized In which the Idea 
Is relevant, nor that the library-type "look up" skills will be available 
to retrieve related Ideas when they are needed. "Being able to use an Idea" 
may also Involve certain problem solving processes In addition to those 
needed to demonstrate the'' simple attainment of the concept. However, the 
processes that are needed to use a mathematical Idea In leal situations are 
not necessarily the type that have been discussed by Polya (1957), Landa 
(1974, 1976), Wlckelgren (1974), Davis (1973), or other problem solving 
theorists who are popular among mathematics educators. 

Research and Instruction on problem solving have made little progress 
toward dealing with the issue of what it is, beyond having an Idea, that 
allows a normally intelligent person to use the Idea to deal with the math 
related problems In everyday situations. Applied problem solving processes 
constitute an Important part of the basic skills that are needed for mathe- 
matical llterticy among average citizens; yet, they have not been emphasized 
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Introduction 

by spokespersons for either "basic skills" or "problem solving." 

What is Appled mathematical problem solving? Applied problem solving 
occurs when ordinary people attempt to solve' t^al problems In real (or at 
lea^t realistic) sltuittlons* Unfortunately, however, most Information about 
problem solving processes has come from situations lavolving older studentfii^ 
exceptionally bright students, Individual students working in Isolation 
(often in artificial laboratory situations), or situations involving highly * 
contrived work problems proofs/ or mathematical pussies which involv<a 
underlying ideas that are of questionable mathematical worths J^lementary 
or middle school children, average (or below average) ability students^ and 
applied problem solving processes have been neglected* For this reason, the 
"problem solving" processes educators discuss often seem inaccessible to 
younger children or less glft^ed students, and applied problem solving 
proi^esses, like modeling, have been ignored* ^ 

The papers in this monograph will describe some promising directions 
for future problem solving research and instruction, and they will focus, oti 
ideas and proc^sces that are access lb Iffv^to average ability middle school, or 
elementary school children when they try to solve, real problems involving 
substantive mathematical ideas in real istic situations * The articles 
included here should be quite useful ? anyone wishing to understand Issues 
related to R & D efforts on the foretront of this field* 
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Applied Problem Solving as a School Emphasis}^, 
Aa Assessment and Some Recotnmendattons 

Max S. Bell 
University of Chicago 

Given the obvious gulf between what we, as msthemat^tcs educators, 
persistently say we want to do about "problem solving" in school mathematics 
atkd our actual results, I began some months ago to examine reports of re- 
search on problem solving for clues about how to narrow that gulf. But, in 
tnat literature, I found very little that is applicable to improving Instruc- 
tion even for conventional "word problems" and practically nothing related to 
"applied problem^ solving." Hence, Instead of the review of research results 
that £ had Intended for this presentation, I will undertake an examination 
of. why It Is that despite such earnest intentions and so much research, we 
are still at square one in our knowledge of how to help children become 
better solvers of applied problemsi 

X may be too gloomy In concluding that years of work and vast amounts 
of earnest effort have left us nearly bereft of practical Instructional 
guidance, but here In brief outline is the argument I will mak^ for that 
conclusion: 

1. "Problem solving" means so many things to so many peofple that some 
more precise .formulation of the phrase Is essential In order to discuss It 
at all. B 't there Is not that ambiguity In many of the prescriptions for 

W - : /'reform" ot school mathematics Instruction. In them, "problem solvl-ng" 

consistently means something like applied problem solving as addressed by 
V this conference; that Is, the solving of "real problems with real data." 

2. If applied problem solving is our concern, such evidence as we have 
from assessments of the net effects of school instruction indicati&s that we 
are anything but effective* 

3. That isn't bo very surprising since real problems with real data 
essentially do not exist in the textbooks that dominate school' mathematics 
instruction* Hence, most children simply do not encounter applied problem 
solving in their school work, and specific instruction in problem solving 
of any sort is probably rare* 

4* We cannot counj^ on enlightenment about applied problem solving from 
those (mainly psychologists) who do research on human problem solving* 
Such research is voluminous but it Is so chaotic and its concerns are gener- 
ally so remote from applied problem solving that it seems to me to be nearly 
useless as a guide to school instruction* 

5. Hence, Instruction In applied problem solving Is very likely a 




Bell 

.« 

ci 

problem we mathematics educators must sort out for ourselves. Unfortu** 
nately, mathematics education research In problem solving seldom deals with 
real problems with real data, though there Is quite a lot p£ research focused 
on conventional problem solving and geometric proof* 

6« Over the past few years very promising curriculum resources have 
been produced that would, properly used, support an emphasis on applied 
problem solving at all school levels* Many of these resources^ especially 
for elementary school, come from science educators* But we have failed 
to take even the simplest' and most obvious first step toward these materials 
being absorbed Into day-to-day school work* It Is not difficult to list 
some obvious things we have failed to do, and I will start such a list* 

7* It Is surely not too soon to undertake new research and development 
initiatives- to end the neglect of applied problem solving In school work* 
I will attempt a preliminary list of research and development Initiatives 
to that end* 

In what follows, I will take up* each of these points In order, not by 
way of tidy and complete scholarly arguments but in the spirit of brief 
outline and deliberate provocation* I believe. that each such point can be 
supported at length, but there is not time today for such details 

As I go throu > this survey of our disastrous neglect of something 
quite Important, 1 ant several things to be clearly understood* First, 
when I speak of some obvious shortcomings, I do not mean that overcoming 
them will necessarily be easy * Second, when I advocate something, even 
very strongly, I do not niecessarlly mean by that to denigrate some related 
enterprise; that Is, relatively less important Is not for me the same as 
unimportant* Third, when I say that something Is presently Irrelevant as 
•1 guide to better applied problem solving Instruction, I do not mean to 
suggest that It Is Irrelevant In general* Please keep that In mind, 
especially as I discuss the research to date on human problem solving* 
Fourth, while I hope to make It very clear that we have hardly begun to 
make applied problem solving a viable school emphasis, Ir should be equally 
clear that It would be allly and fruitless to try to assign '*blame** for 
that. 

Problem Solving, Applied Problem Solving, Real Problems with Real Data 

The first obvious point to make is that '^problem solving'* means many 
things to many people. From this flows much of our confusion In school 
Instruction* Yet what Is raeSnt by problem solving when that phrase is 
used in stating objectives for school mathematics Instruction seems quite 
consistent^within itself, as indicated by these statements spanning half 
a century. 



The brief search that yielded these and similar statements illustrated 
again the discouraging fact that virtually isomorphic statements of our 



Problem solving In school Is for the sake of solving problems 
In life. Other things being equal, problems .where the situation 
Is real are better than probleins where It Is described In/ words. 
Other things being equal, problems which might ret^Uy occur In 
a sane and reasonable life are better than bogus problems and mere 
puzasles... A better selection of problems will probably be secured 
If Instead of searching for problems that convenlent;ly apply 
specif Ic^plcs We search for problems that are Intrinsically 
worth learning to solve.... (T^orndlke et al., 1923, p. 154) 

Since matzhematlcs has proved Indispensable for the understanding 
and the technological control not only of the physical world but 
also of the social structure, we can no longer keep sllenV about 
teaching mathematics so as to be useful. In educational philosophies 
of the past, mathematics often figures as the paragon of aldlsin- 
ter'sisted science. Mo iloubt it still Is, but we can no longer afford 
to stress this point If this keeps our attention off the wMespread 
use of mathematics and the fact that mathematics is needed not by 
a few people but virtually by everybody. (Freudenthal, 1968, p. 4-) 

Mathematics Is a lot of fun for a small number of Individuals,. 
For even a smaller number mathematics provides a profound aesthetic 
experience. If that were the whole story It would not be possible 
to justify the emphasis given to mathematics In our school programs. 
The real justification for teaching mathenatlcs In our schools is 
that It Is a useful subject and. In particular, that it helps In 
solving many kinds of. problems. (Begle, 1979) 

Many others over the years and virtually every group suggesting 
"reform" of school mathematics have been 'Explicit In identifying what 
this conference calls applied problem solving as the ultimate (but not 
the only) justification for school mathematics instruction. I have 
already said I feel that means attention to real problems with real data, 
and I believe that is possible with youngsters of every school age. Yet 
the net burden of my remarks today will be that we appear to hib confused 
and ineffectual with respect o applied problem solving in every phase 
of the curriculum and instructional process: what to do, how to do it, 
assessment of what we have done, and in research and development aimed 
at Improvement of Instruotlon. 

The Net Effects of School Mathematics Instruction 

Our measures of what we accomplish in school mathematics are far^ from 
adequate but the accumulation of such evidence as we have Indicates that 



(continued from previous page) principal problems in mathematics educa* 
tion tend to appear again and again over the years, thus implicitly docu- 
menting our persistent failures in. solving instructional problems. 
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most people eventually learn to do arithmetic but perhaps only half are" ' 
able to use arithmetic* even for solving simple and relatively artificial 
word problems. One strong indication of that comes from the National 
Assessment of Educational Progress (NAEP, 197.5a, 1975b). The NAEP 
findings are based on word problems that at best only dimly' Reflect 
what we might hope for in the way of applied problem solving and they 
generally ask only for uses of simple arithmetic. But since in the , NAEP 
mathematics assessment even these rudimentary problems typically had 50% 
or fewer correct responses, it is not likely that we could ^expect better 
results with more genuine applied problem solving exercises. Hence, let , 
us take it as given that there are widespread incapacities tp deal with 
real problems with real data and search for some of the explanationii of 
that. « . •. , ^ ' 

Applied Problem Solving in School Mathematics Textbooks 

p ■ ; . I ' 
There is little doubt that except possibly for teachers theitaselves, 
the greatest single influence on schoor mathematics instruction- is school, 
mathematics textbooks. But such books do little with probrlem solving, o£. 
any sort and even that which is done has nothing much to do with real 
problems with real data. I don't believe many people will dispute that 
and I assure you that I have checked it out beyond mere impression, at' 
least- with respect to typical first-year algebra rtextbboks and .typical 
textbooks for grades one through; five, • ^ , * 

That is not to say that there >are not word problems with aipparent 
real world context in those books, for as it happens, Vthere are several 
hundred such in a typical book. But virtually all of those hundre'ds of 
word problems fit the Polya characterization of "one-rule-under-your- 
nose" (Pblya, 1966). That is, in such problems students are explicitly 
directed to a single prescribed method. Very few ^re "problems which 
might really occur in a sane and reasonable life." 'Virtually none deal 
with real, or even realistic, datii. Since such bookls largely determine 
the curriculum in most" classrooms , it is very likely that in most, Class- 
rooms applied problem solving is not taught in any meaningful way. 
Exceptions no doubt exist and we should search them out and treasure them. 



An elementary school teacher colleague (J^an F. Bell) ..and I recently 
analyzed, word problems in a widely used K-6 textbook Set ies with respect 
to context, arithmetic operatlqn or' other solution method, size and kind 
of numbers used, realism, and the extent to which children would need to • 
seek data, make decisions, or in other^ways exercise problem solving 
skills beyond mere computing in a stereotyped w<»y. Our results indicate 
that there Is very little applied problem solving called for by .such sets 
of problems. An earlier and similar study by myself for beginning algebra 
books was, if anything, even more discouraging- (Bell, 1969). . 
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Applied Problem Solving and Psychological Research l.i Problem Solving . 

It is pl«uslbl£! to luppose tha| one Interested In applied problem 
8olv|.ng should begin by becoming famill£»r with the research on problem 
solving more generally. But In my own effort to do that, I found the 
sheer amount of literature on that subject to be nearly overwhelming, 
and the yield for one Interested In school Instruction disappointingly 
small. But I can at least offer a few siiggestlons with respect to starting 
points for one who might attempt a similar assessment of the psychological 
literature on human problem solving. For a simple and "popular" general 
overview of work on problem solving, .Davis (1973) will serve. For a 
frequently cited treatment of the Information proqessing way of approaching 
problem solving, I suggest Newell and Simon (1972)V and for leifttcle length 
indications of that Information prod^ssing point of view, Simon (1975a, 
1975b), the latter directed at probleta^ solving In ipathematics. For a 
general review of the psychological research literature on problcim solving, 
Davis (1966) must sarve since as far as I know there is no similarly 
comprehensive-} more recent review. I know of no more recent comprehensive 
review of research in mathematical problem solving than that of Kllpatrick 
(1969). For suggestiopiji 'about actual heuristic methods of going about 
problem soling (and' as the basis for many research and Intervention ex- 
periments in«& literature), one cannot neglect Polya's How to Solve It . 
while Landa (197S^ outlines another approach to problem .solving heuristics. 

Beyon^ those general reviews and expdsltions there are thousands of 
reports of research on problem solving and hundreds more appear each year.^ 
In commenting briefly on that enormous literature, may as well begin 
In the way that reyiewis In this field often begin, with this lament: 

Research in human problem solving has a well-earned reputation fot 
being the most xhaotic of all identifiable categories of human 
learning. The outstanding quality which leads to this conclusion 
is the diversity of experimental procedures called "problem solving" 
task^. The tasks found in problem solving literature range from 
.matchstick, bent nail, and jigsaw puzzles through anagram problems, 
and even include some mental testing devices such as analogy prob- 
lems and number-series problems. It is almost definitional of 
laboratory proljlem-solvlng experiments that Virtually any semi- 
complex learning tas*' which does not clearly fall into a familiar 
area of learning can safely be called "problem solving." (Davis, 
1966, p. 36) 

That is, even the definition of problem solving Is not clear In this 
body of laboratory, based research. Most of that research settles for 
some version of defining a problem as any situation where a person wants 
an answer and dae.« not have Immediately available either the answer or 
practical algorithm for getting the answer. As indicated by Davis, such 
a definition makes nearly anything fair game for research under the prob- 
lem solving rubric, with the result that Cur rent Index to Journals In 
Education (CUE) Indexes about 200 articles or theses each year uttder 



"problem solving" and Psy c hological Abstracts (PA) Indexes at least as 
many;, most of which do not^ overlap the CUE listings. 

Whatever its i«.se£:lness elsewhere, most of that literature has to 
be called Irrelevant for our concern with applied problem solving. The 
level of much of It is Indicated by the list of nearly ICO laboratory 
problem solving tasks In an (Appendix In Davis (1973) « An alphabetical 
sample will Indicate the range: A Is for algebra word problems, B Is 
for ben1r*nall problems, C Is for card tricks, E is for embedded flgurei 
' tests,... M Is for matchsclck problems, .. .S Is for stick and banana I 
W Is for water Jar problems, and so on. I assure you that there Is not 
much there ioi "applied problem solving." \ 

In addition to the chaotic nature of the laboratory-based research 
oh problem solving, there are other aspects of that reriearch that make It 
largely Irrelevant to those concerned with Improving present day school 
instruction. (That does not, of course, make It Irrelevant to everyone.) 
The research is seldom done In classrocm settings with school age young- 
sters; Indeed, in at least half of the research reports I looked at, the 
experiments were done with paid or volunteer college students (often 
psychology students). Also, most of the experiments involved short time 
spans--a few hours at most. We have already noted the narrowness and 
artificiality of the experimental tasks. All that makes, application to 
in-school instruction difficult, to say the least. 

But for all that, one can pick up from that research some very nice 
rhetoric and rlnslghts about problem solving processes. I o ten suspect 
that the experiments seem to have provoked those Insightful comments 
rather than supported them, but that does not lessen their attractiveness. 
Perhaps that is what keeps us worshiping at that altar. 

One should observe that the current fashion Is to, regard In format Ion 
processing*' models as the probable way out of the wilderness, and the 
promise of the coniputer simulations of ptoblem solving processes of Newell, 
Simon, and others Is nearly always commented on In reviews since about 
I960. There are Interesting features In the Information proccs$)lng models, 
some of which suggest practical things to attend to In Instruction In 
problem solving « For example, the supposed existence of and apparent 11ml- 
tatlpns on ''short term memory store" suggest that failure to teach efficient 
ways to organize, compress, iand conveniently record data ot intermediate 
results could make most people^ fall at any but very simple work on real 
problems with real data. Just from temporary overloads of ^li? formation. On 
the other hendv my--sampling of tho itvfo 

me to conclude that it has at least two basic weaknesses, both of which 
have also been commented on by others. The first is that in spite of 
ai<)sertlons to the contrary , the computer based simulations seem almost 
inevitably to come down to algorithmic approaches to what we know for sure 
often requires heuristic processes. The second is that, again contrary to 
assertions, the regimes as programmed are often far removed from how 
reasonable humans would probably proceed--certalnly far enough removed 
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that they are .questionable as experimental evidence. As for applied 
problem solving, the information processing research that I have seen 
simply never daals with real problems with real data. (I would welcome 
being directed to exceptions.) Whatever its usefulness eventually in 
conceptualizing some aspects of human problem solving, I don't think 
that we can look to present or foreseeable information processing models 
as guides to instruction for appli'^d problem solving. 

Applied Problem Solving and Research in Mathematics Education 

I made an extensive sampling of the reports on mathematics education 
research on problem solving but not a comprehensive survey. In that 
sampling I found many studies concerned with geometric proof or with 
standard arithmetic and algebra word problems from textbooks or tests, 
but essentially nothing concerned with applied problem solving. If ray 
sampling taissed interesting or significant research concerned with solving 
real problems with real data, I will appreciate being directed to it. In 
the meantime, let us note that others who have surveyed the mathematics 
education literature have noted a similar lack: 

Much has b^en done to investigate the learning process," though it 
is a fact t'.»at most of this research has been rather laboratory 
than classroom oriented. Very little, if anything, is known about 
how -the individual manages to apply what he has learned, though 
such knowledge would be the key to understanding why most people 
never succeed in putting their theoretical knowledge to practical 
use. (Freudenthal, 1968, p. 4) 

Ev6i>. if not much attention has been jdevpted to applied problems as 
such, it is still worth asking what research in raathematics-^education has 
revealed about other aspects of problem solving. As with the psychology- 
based research, I found in my sampling of U.S. mathematics education 
literature, interesting single results, nice insights, and, eipecially 
lately, iJome promising clinical and classroom-based research methodologies, 
but little that would serve as reliable gu.ldes to instructional practice. 
(As I will discuss presently, the Soviet literature seems to me some- 
what more promising.) Hy impressions agree with those of the late Ed Begle 
on his very useful attempt at a comprehensive survey of the vast 
body of research results in mathematics education (Begle, 1979). 
In nine chapters and a summary chapter, each with many subheadings, 
Begle gives his considered judgment of the net thrust of studies 
in each of many areas. For the mosu part what emerges from this work is a 
gloomy picture of non-results, and nowhere more than In t-.he various 
sections of his problem-solving chapter. For example, he concludes that 
63 studies attempting to relate problem-solving abilities to other cog- 
nitive abilities "have been no more successful than attempts to charac- 
terize mathematical ability" and that "simplistic efforts to improve... 
problem solving abilities will not be enough." He is similarly pessi- 
mistic with respect to studies involving extraneous (5 such), problem 
format (25), problem structure (26), strategies (75). ..nstructional 
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programs (36), and verbal variables (21). (But In the case o£ the last 
two categories he feels that further investigations might be especially 
profitable.) He concludes that "compared to the Importance of the topic, ,< 
the amount of factual information that is available to us is quite small" 
(Begle, 1979). 

As I've noted, my sampling of the \J,S. literature confirms the ya|.l«> 
dlty of the Freudenthal and Begle conclusions. It would be unfair to 
characterize mathematics education research In this area as a total loss ^ 
and]» in particular, I believe It io be a better starting place than the 
psychological research. But a great amount of work focused mainly on 
solving^ of textbook problems has yielded very little even on that restricted 
topic y while work focused on applied problem solving using real problems 
with real data seems scarcely to have begun* 

Recently^ reports of work in the USSR on problem solving and other areas 
of mathematics education have become more available in English. Examples 
include several works of L.IH. Landa published in the U«S« and a number of 
translations from Izaak Wirszup's Survey of East European Mathematical Liter- 
ature, based at the University of Chicago, That Russian v'ork is clearly quite 
different from most work dbiae in the United States and since it is &tlll 
relatively unfamiliar here I will take a few pages to summarize some of lt« 

Krutetskii (1976) tells us of a number of ^'teaching experiments'^ 
that sort out how mathematically gifted elementary an^d middle school 
children go about solving typical algebra word problems « Various aspects 
of such problem solving are neatly conceptualized and the problems are 
cleiverly grouped into sets to elicit information about each such aspect. 
(The problems are, however, the traditional ones of school books; essen* 
tially none are real problems with real data*) One of his main conclu- 
sions is that mathematically gifted children go at solving algebra word 
problems in qualitatively different ways from ordinary children. That 
is interesting but perhaps not quite relevant to a concern that most 
people become confident solvers of applied problems a However,^ Krutet skills . 
methodology is certainly suggestive for research in applied problem 
solving. For example, we could adapt his use of specific problem sets to 
illuminate specific problem solving processes. Also, wa could very pro- 
fitably do much of our research via ^^teaching experiments'* as used by 
Krutetskii and other Soviet researchers. In these experiments cne does 
not simply present problems in written tests on a sink-oV'-swim basis, 
but presents them in teaching-*observation settings where help and encourage- 
ment is offered, with careful recording of the process. (Of course, 
Brownell and others have usisd similar methods,) Thus, for example, a 
child can say ''Well, I'm stuck, because.,," and the experimenter, having 
noted the difficulty (which may be precisely a difficulty that should ' 
arise in sorting out real problems) can offer further information and 
see what the child does with it. With such experiments focused on process 
rather than merely on correct answers we could map naturally occurring 
difficulties and development of skills In school situations as well as 
exploring specific pedagogies and heuristics for increasing children's 
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abilities In applied problem solving^ Furthermore, by various researchers 
using the same well designed sets of real problems with real data In a . 
variety of situations, Information might begin to accumulate In a way 
that does not now happen^ 

Krutetskll found that some of his **very capable*^ youngsters could 
mrk only In a representational mode and others only In a symbolic 
mode, eaph going to considerable lengths to effectively use their pre- 
ferred mode even when not appropriate. (Most of his gifted children, 
however, switched modes as appropriate.) The demonstration of such 
preferences should surely warn us that our own exclusive preoccupation 
In school work with symbolic presentatlc.i of problems to be done using 
only symbolic methods Is probably harmful even to some of our brightest 
children. 

In several works available In English, L.N. Landa puts forth more 
provocative Ideas about problem solving than I found in. any othex' source 
(Lande, 1974, 1975, 1976)* For example, he neatly deals with 
distinctions between algorithmic and heuristic methods and observes that 
most problem solving cannot be primarily algorithmic* He observes that 
youngsters often possess all the knowledge needed to solve given problems, 
yet cannot do so^ Psychologists or teachers say that such children 
**can't think properly** or give other vague descriptions of the difficult 
ties, but Landa lmpat:lently dismisses these ^^explanations** as begging 
the question and suggests that we attack such problems directly by 
teaching children to ** think properly*** In remarks reminiscent of the 
Information processing point of view, he asks us to Imagine thinking 
< processes as consisting of certain stored knowledge, certain operations, 
and certain other mechanisms linked up in ways as yet unknown. But 
Instead of attempting to program that for a computer»-which becomes 
excessively detailed and almost Inevitably algorithmic--- he asjks that we 
apply such a conception to a^huntan machine, where we can work with larger 
fundamental units and can assume that appropriate operations and tran- 
sitions can be elicited without concern about the Inner de^talls of how 
that happens. In one example, he applies that sort of conception to 
teaching a group of children who demonstrably have all the prerequisite 
knowledge of geometric facts and theorems needed, yet can do only 25% 
of the proof £r their knowledge should equip them to do.. His teaching 
experiment exploiting a specific set of heuristics resulted In 87% per- 
formance and, Landa says, qualitative Improvement as well (Landa, 1976). 
This surely lo very Intriguing existence proof and suggests that 
similar specification of heuristic routines should be tried on behalf 
of applied problem solving* In a refreshing acknowledgement that both 
algorithm based and heuristic based Instruction have their uses, Landa 
also speaks of a teaching experiment for Russian grammar that works 
the algorithmic side of the street, with excellent results* 

Three of the books In the series Soviet Studies of Mathematics 
Learning and Teaching (Kllpatrlck 6e Wirsisup, 1969-1975) deal with Soviet 
work with problem solving in school. In Volume 3 there are articles 
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on problem solving in arithmetic, in Volume 4 articles on probleih solviftg 
in geometry, and in Volume 6 articles on instruction in problem solving. 
The articles are variously devoted to pedagogic commentary and to reporting 
results of teaching experiments and other inquiries. While this w<^rk ^ 
generally lacks the controls, statistics and other manifestations of "pre- 
cision" that characterise U.S. research in mathematics education, I fimd 
them a rich source of ideas and "probably true" results. There is far ^ 
too much in those volumes to summarize here, but one. of the nicest feature* 
of them is the provision in the editors' prefaces of neat summary (iescrip- 
tions for the articles of each volume, and I recommend to you at least a 
reading of those prefaces. But even this excellent literature pretty much 
igttiares applied problem solving. 

It should be noted that instruction in applied problem solving^ as a 
practical concern is not limited to schpol mathematics, but is also a 
concern in training of professionals in^business management, medicine, 
nursing, the military, engineering, and \so on* Training regimes such as 
the .use of "case studies" have been formlilated and extensively -used in 
those fields, and some of them are described in Davis (1973). My sampling 
of that training literature was sparse and left me merely with two impres- 
sions: first, such work is potentially quite relevant to mathematics 
education and second, scholarly studies of the actual effects of such 
instruction are scarce. I may be wrong on the latter point and a survey- 
review should be undertaken that includes a literature outside both psy- 
chology and mathematics education. Also, "piroblem Solving" may have been 
studied in science education in ways that may^be closer to applied problem 
solving than the typical investigation in mathematics education and I have 
not surveyed that literature. 

Some "Obvioup" and "Necessary" First Steps 

As with other persistent concerns in mathematics education, such a 
sampling of abstracts of research, of full research reports, of reviews 
of research, and of expository articles and books as I have described leads 
to this question: Why with all that attention and wise exposit.i,on have 
we made so little headway with instruction focused even on traditional 
problem solving, let alone 'applied problem solving? Part of the answer 
no doubt lies in the general lack of serious .attention to problem solving 
in school work. But I now feel that much of the problem lies in the 
failure of the university based research, development and teacher training 
establishments to address the problem at an appropriately "practical" 
level. That is, there are some obviously necessary first steps that must 
be taken in order to make headway on instruction with an applied problem 
solving emphasis. But instead of attending to those basic things, univer- 
sity based efforts are likely to wander off into more "sophisticated" 
(and hence perhaps more "respectable") studies, most of them fundamentally 
based in library or laboratory, with little understanding of the school 
Settings for which they seek to prescribe. Even the morr- "practical" of 
mathematics education research and curriculum de'.'clo' it is likely to 
labor mightily at such things as making Instructional ...utlnes out of 
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heuristic schemes such as those of Polya, with little realization that 
even Polya 's very nice insights are probably at a deeper and more detailed 
level than is likely to be appropriate in the present state of school 
instruction. 

In defending the level of exploration sought by information processing 
models, Newell and Simon have used the analogy of work in chemistry done 
with "ceirtain simple assumptions about the combination of aton^ in mole* 
cules, ignoring the detail of internal atomic structure" (Newerl.^& Simon, 
1972)* That may be a useful arii§logy. for us as well, although we h>i^ need 
to frankly admit that in our real undetstanding of what might be fruitful 
in problem solving instruction, we are about at the level of earth, alt, 
fire, and water as fuildamental units. 

However that might be, it would surely be wise in, considering how to 
make applied problem solving a viable school emphasis to begin by concen- 
trating our efforts at whatever level we understand pretty well, and to 
cease -^to ignore the obviously nedessary first steps that are not attended 
to at present. Here is a partial list of some of those: 

1. We must surely begin to attend to the public's expectation that 
children will not only learn how to do arithmetic but will also be able 

to use it in everyday affairs. As noted above, the NAEP results indicate , 
that we do the former fairly successfully for simple arithmetic in isola- 
tion, the latter very poorly. The minimum competence usually expected 
for; uses of arithmetic is not a high standard and should surely be 
achievable, but it is probably best embedded iii efforts to achieve a much 
higher -standard. 

2. It is surely nfecessary that children actually attempt to solve 
problenis in order to I6arn problem solving; whether that is sufficient or 
not remains to be seen. In particular, if children are to learn to use 
arithmetic, one would suppose they should have experience with applied 
pro lems--real problems with real data. As noted earlier, tihey simply 
just do not get this experience in the elementary school grades nor in 
high school algebra or geometry, though some junior high School textbooks 
do a better job. 

3. We have not even begun to face the issues suggested by an old 
article in The Mathematlcf Teacher with the title "Word problems or 
problems with words?" (Manheim,. 1961) . That is, we know that such problem 
solving as we do give youngsters is almost exclusively oriented to verbal 
presentation.- We also know that many youngsters have serious reading 
problems --especially in comprehension of the sort of text in which problems 
are embedded. Hence bur^ exclusive preoccupation with verbal presient^tion, 
verbal response, and symbolic processing make such problems essentially 
inaccessible to many youngsters. That is, we make certain that the poor 
(in school skills) get poorer (in problem solving). But I don't believe 
all problem solving skills are inherently linked to reading skills and 

we should try for a separation whenever possible. Of course, some presents 
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of problems in print is evitable in practical school instruction, so we 
should also be sure that specific reading skills are taught that will help 
children extract the problems from the print* 

4. Similarly, we need to face up to the barriers to applied problem 
solving imposed by computation demands that 'can*t be met by children in 
the early grades simply because the relevant skills haven't yet been taught 
or by a significant minority later on becaiuse.the skills haven't been 
learned. There are at least three ways to begin to attack these barriers. 
First, the evidence from the Japanese and Soviets is that much more com- 
putation skill can be accomplished much earlier in school than we manage, 
and those existence proofs indicate we could likewise do better. Second, 
the now universal availability of inexpensive electronic calculators offers 
obvious but still largely untested potential for minimizing arithmetic 
skill as a barrier to applied problem solving. Thiird, there ate many inter 
esting real problems with real data that do not make heavy calculation 
demands, and many of these can be interesting in the early school years. 
(See, for example. Bell, 1975). 

5. In surveys I have conducted of what youngsters in grades 3-3 can 
do with numbers, each youngster is asked to tell what each basic operation 
symbol means and then say whether he/5he has ever used that operation outr 
side of school. The answer is essentially always "ho," unless one counts 
homework or helping siblings with arithmetic^ and that result is confirmed 
by other research. In other words, children see no connection between 
school arithmetic and what they do out of school. We get the same results 
when we ask algebra students to name some uses they make of mathemati-cs. 
Until we find ways to help children find links between in-school learning 
and out-of*school life, we are unlikely to be very effective in applied 
problem solving instruction. 

6. We know that children (and indeed people in general) will often 
enthusiastically engage a difficult and challenging task in a playful 
setting or one of special interest to them that they would reject if put 
to them as required school work. But we also know that our attempts to- 
teach mathematics as well as our rare efforts to teach "heuristics" or 
"problem solving strategies" could rarely be chliracterized as "playful" 
and seldom even as "interesting." There is usually something obvious to 

be attended to here. 

> ■ ■ • 

7. We know that by now,, there are many interesting problem and 
"project" materials available, with a subset of it inbluding interesting 
applied problems. For example, for elementary school children there, 
are the Nuffield Primary School Guides r Work jobs (Baratta-Lorton, 1972), 
Teaching Children Through Natural Mathematics (Dwyer & Elliot, 1970) 
and a lot more.. There are also a number of "new science" programs with 
many nice applied problem solving opportunities; for example, Elementary 
Science Study , Science; A Process Approach , Science 5-13 , Unified Science 
and Mathematics in Elementary School , and others. For middle school and 
high school there are several sets of problem solving workcards (e.g., 
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Judd, 1977), Statistics bv Example (Hosteller et al., 1973), Ihg MtfP, Maif^^ 

World (ECCP, 1971), Mathematical Uses and Models In Our Everyday World 
(Bell, 1972), Algebra Through Aojllcattons .(Uslskln. 1976) , and much else. 

We must surely ask why It Is that In perhaps 99% of schools, no such 

materials will be In use In any classroom, and a high percentage of teachers 
will know nothing even of their existence. 

As the recital above should make clear, there are some fairly obvious 
things to attend to with respect to any sort of problem solving as a school 
emphasis, let alone applied problem solving. I suggest we get about the 
business of attending to some of these obvious things without for the 
present worrying much about deep psychological processes or optimal heuris- 
tics in problem solving. Of course * attending to .obvious practical con- 
cerns need not lead to neglect of more theoretical Studies, but I want to ■ 
urge as strongly as possible that we at least work pn these obvious problems, 
whatever else is or is not done. 

Some Research and Development Ihltlatlves on Behalf of Applied Problem 
Solving 

With the pessimistic analysis given above of our accomplishments to 
date in teax;hlng applied problem solving it may be useful to close with 
some suggestions about research and development efforts that might Improve 
this state of affairs. These suggestions will readily be seen as related 
to the discussion just concluded of "obvious" things we have not yet 
attended to. 

To keep these things in perspective, we must realize that better. ^ 
Instruction with respect to applied problem solving is ohl^ one of thiB thing 
that needs to be attended to in mathematics education. I would argue that, 
on the whole, secondary school mathematics education has things well enough 
in hand that this additional emphasis could be our major improvement effort 
for a while. This is especially so since the main trouble spots still at 
the secondary ^ivel (such as "general mathematics" and statistics) would- 
benefit most trom such an emphasis. But in elementary school mathematics 
Instruction "there are other Important things that are at least as neglected 
as applied problem solving. For example, we need to attend to the empti- 
ness of the primary school mathematics curriculum; to the use of more 
concrete work in the early years; to finding a proper role for calculators 
and related devices for concept building or drill and practice. or problem 
solving. But this paper is about what we need to do for applied problem 
solving, so let us deal only with tha*-. 

First, we need to conceptualize better what might be meant by "applied 
problem solving" in the lives of most people in an age of cheap calculators, 
and we need to clarify what we would hope to accomplish if we were doing a 



Applied problem solving and some of these other things can, of course, be 
worked on jointly. 
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really good job with instruction in this area. Many current statements 
of goals for mathematics and sclencie education speak to such' questions 
<NCSM, 1978; Bell, 197A> . But. these general statements need to be trans- 
lated into practical guidelines for instructional planning, with illus- 
trative examples that will communicate to teachers, teachers of teachers, 
researchers, and authors of " curriculum materials. I believe considerflble 
progress could be made on such translation and clarification by a core 
group of ten people or so in conferences or summer working groups, opera- 
ting much in the style of the SMSG planning and writing groups of the 
1960s. 

Next, we should recognize chat the tendency of mathematics education 
(and education generally) to periodically "reinvent the wheel" is at least 
very inefficient. It is safe to say that much of what would be useful to 
a new and perhaps more practical emphasis on applied problem solving already 
exists. Hence a number of what might be called "status studies" should be 
undertaken to maximize the use of existing materials and knowledge. For 
example, we need to assess thr extent to which curriculum materials pro- 
duced during the numerous development projects of the past twenty years 
(uGually with NSF or othej: public funding) can be exploited in teaching 
the practical uses of mathematics. A number of examples of materials from 
that curriculum reform literature come to mind that are in the applied 
problfem solving spirit. Many of these are very nice indeed, but most 
either never made it into general school use or they have passed out of 
general use. It should be said that relatively few things useful to 
applied problem solving come from the mathematics reform efforts as such; 
they come instead mainly from projects on behalf of science, social studies, 
statistics, or engineering. But that does not prevent them being useful 
in mathematics education. Here, the fight few people with access to NSF 
archives, time and money for visits to former project directors, a WATS 
telephone^ line, and a secretary could perhaps unearth and make more avail- 
able quite a lot of valuable material. They tnight even be able to assess 
similar resources known to exist ih at least Canada, Holland, West Germany, 
and Great Britain. ' t 

•In the same spirit of using rather than ignoring whatever progress 
has been made, we should seek out existing exceptions to our general neglfect 
of classroom ^instruction in applied problem solving. That is, in the 
several millions of school classrooms worldwide, th.ere are almost sure to 
be classrooms where, an excellent job is being done in teaching applied 
problem solving. It surely can't hurt to find as many of these as we can 
and study them for clues to ways of duplicating their success in other 
places. 

Still in the spirit of making better use of whatever progress has 
been made, we should try to winnow out from the research and pedagogical 
literature such clues as there are to more effective practical work in 
this area. I don't suggest the conventional comprehensive review of the 
literature but a highly directed search for fragments from here and there 
conducted by one or more people with the right instincts. That search 



19 



Bell 

should certainly Include work done outside the United States. 

In addition to such exploitation of existing resources, there must 
also be creation of additional resources for curriculum, - instruction, and 
teacher l.ra^'ing• For example, I have already cited several sourcebooks 
of applications for use in school mathematics » ^ These are valuable but 
insufficient, and many more schoolrusable real problems need to be developed 
using information and real data frblm a wide variety of fields.^ I can 
testify from firsthand experience that such translation of raw material into 
good problems for school use is difficult, but it is demonstrably possible' 
and must be done. 

^ven with a rich supply of problems and other instructional material 
from the status studies and additional sourcebooks, it is difficult to 
make applied problem solving a viable emphasis in a given school course, 
as I can again testify from firsthand experience (Bell, 1970). The dif- 
ficulties spring from at least two sources. First, there is the force of 
the traditions of the courses themselves, which are already full of 
"essential content" and have no room for such "extras" as applications and 
problem solving. A second source of difficulty is the fact that most 
teachers j by training and experience, have little knowledge, of applications 
of mathematics and statistics.* It is my present belief that these two 
barriers are best worked on together, by a variety of experiments with 
working teachers that first aim to make those teachers, better informed 
about applications of mathematics and then puts them to the task of finding' 
ways to incorporate that knowledge in the courses they teach. -That suggestion 
is not mere speculation, for we. have demonstrated the fruitfulness of 
combined exercises ' for teacher training and curriculum innovation in several 
small-scale projects at the University of Chicago. On a larger scale, there 
is every reason to believe that involvement of working teachers in writing 
teams and in school tryouts^ during .the 1960s curriculum reforms constituted 
p^owerful in-service training for the teachers involved, in addition to 
providing essential input to those curriculum projects. We cannot recapture 
those bygone days, nor should we try, but I believe that asking teachers to' 
adapt for their own uae a rich supply of "almost-classroom-ready" applied 
problem solving materials (rather than just handing over finished products) 
would prove to be very effective both for teacher training and for imple- 
mentati'on^ of new emphaseis. 

Even ii. I am right about the fruitfulness of combined teacher training 
^nd adaptation of problem solving materials- for practical ude, J:here remains _ 
the necessity of more conventional curriculum' development. -Such development 
is ne<»ded in the first instance for the creation of the rich supply of 
"almost ready" materials to support the combined training and development 
exercises just spoken of. Development is also needed of finished products 
for those teachers who have no access to the training/development exercises. 



A third category of difficulties may arise from resistance of students find 
their parents to any departure from tried and true school mathematics content, 
but we can't know about that' until we try some such departures. 



Bell 



There also remains the necessity for a number of experiments In 
effective teaching of applied problem solving iti pre^service teacher 
training programs. As a''mlnlraura we should try to insure that teachers 
don*t begin their careers already Incompetent in such^an Important 
matttr. Many of the same "almost ready" and more finished products 
spoken of above will al^o prove useful in teacher training, but room 
must be made ^In teacher training programs for their use, and. this is 
likely to r^ise some new difficulties. 

Finally, and very important, a number pf "teaching experiments" 
need^to be carried out, first to find th<i barriers to more successful 
work with applied ptoblem solving and then to find practical ways of 
nvercotaing such barriers. In my opinion such teaching experiments 
combined with the better resources that would come from the other initia-r 
tives listed above offer virtually our only hope of progress in. this area. 
The sort of laboratory experiments that characterize psychological research 
in problem solving will, I believe, continue to be sterile of results 
likely to influence 'practical classroom teaching. Likewise, the curricu- 
lum treatment and effects studies that have characterized most mathematics 
education research have little prospect of yielding results likely to 
change instruction in applied problem solving. At this writitig, however, 
I see little prospect that researchers in either psychology or mathematics 
education will undertake such teaching experiments. Hence, I see little 
prospect of changing our dismal performance to date with respect to 
teaching youngsters to use the mathematics' that we teach them. 

Some Closing Remarks 

My pessimistic analysis of where we stand with respect to school 
instruction in ^ipplied problem splving might be summarized like this: 
Instruction in applied problem solving using real problems with real 
data essentially does not exist in today's schools. Perhaps, because of 
that we are getting new evidence daily that while people seem to learn 
quite a lot of arithnietic in schools, they are' often unable to make Use 
of that in their everyday or working lives. Psychological research on 
problem solving is voluminous but almost completely u^ihelpful in resolving 
this diletiuna. 

Mathematics education research is only slightly more helpful. The 
mat:hematic8. curriculum reforms of the ld60s left this problem virtually 
untouched. The "new science" curriculum materials of the same period 
produced much that would help increase people's capacity to cope with 
applied problems, but little of that is presently used in schools. 
Furthermore, teachers remain untrained and uninformed with respect to 
genuine applications of mathematics. In addition, they are presently 
under presbure from an "accountability" and "back-to-b,asics" movement- . 
that asks only for computational skill and not for applied problem 
solving. Also, other pressures on schools and teachers make it unlikely 
that they can from their own resources change the present emphases in 
school instruction. University scholars in mathematics education and 
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other fields that may be able to round up additional resources £or such a 
t&sk are at present simply too remote from schools to make the required 
collaboration likely. ° 

On the other hand, we are at least much more aware now than formerly 
of the kind of trouble we are in. In particular, there seems to be an 
increased awareness of the need to teach not only the doing of ma,thematics 
but the using o£ it. That has led to the production of new curriculum 
and instruction resources related to applications of mathematics which, 
coupled with existing but unused science materials, give a more solid 
foundation than we have ever had for improvements in this area. The 
surprising and rapid dissemination of Inexpensive calculators and small 
computiers has suddenly finessed a tiumber of formidable barriers to 
including applied problem solving in school courses. 

If my analysis is accurate, I find it difficult to be optimistic 
about the prospects for tnaklng mathematics truly~morc5 relevant in the 
lives of pe^ople. If there is hope, I submit that it lies in mathematics 
educato reestablishing close links with classrooms and with teachers 
through a variety of status studies, through combined teacher training 
and curriculum development efforts, and through a variety of teaching 
experiments that search out the barriers to improvement and then' work on 

overcoming them. None of that seems likely, but it has happened as 

recently as the late 1950s that deficient and deteriorating; instruction'* 
in mathematics has been taken in...hand and substantial Improvements achieved 
The things that worked then would probably no.t be the best strategies now, 
but perhaps we can again muster the energy and resources to f ind^ ways to 
substantial improvement in making people competent and flexible in using 
mathematics as well as in doing mathematics. 
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Problems^ Applications, Interest, and Motivation 

Harold^ C. Trimble , Jon L. Higglns 
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An Unlikely Story ' 

Ms, Hop'e E. Teirnal had taught three years. She was dissatisfied with 
the ways she had taught area and volume. ''Temporary results were £ine. Her 
eighth graders could learn three or four formulas and' use them on, the Friday 
test^ But folcgetting was rapid, and after a few weeks or months they would 
use area formulas interchangeably with volume formulas. 

Inspiration struck as Hope read the mpmlng paper .n &he saw "Precipita- 
tion 5.8 millimeters." Why not create a context for the study of area and^ 
volume? Why not use rainfall —covering areas of the city with volumes of . 
water?v ' , ■ 

^ > 

She had tried finding "applications" that held "natural" Interest for 
most of the girls and boys in her previous classes. It wasn't easy to find 
one° application of general interest. This would be different. She would 
try to arouse interest among most members of a class. She would take time 
to bullcl a context. The study of area and volume would grow out of this." 

Hope talked with her friend the general science teacher. Together 
they visited the weather bureau. They asked questions and collected printed 
material. They borrowed a rain gauge. They discussed teaching strategies. 
Here's what Hope finally, diid in class: 

Friday ; Most of the hour Friday was used for., a ^est on decimals. One 
quest ion. asked; If Idarch rainfall was 6.17 cm, April rainfall 7.92 cm, and , 
rainfall for March, April, and May" 17.37 cm, how much rainfall came in May? 

After the last test paper was collected, ten minutes were left. Hope 
placed, a transparency on the overhead. In large capital letters it said: 

PRECIPITATION 5.8 ram 

It took almost a minute for talkers to stop talking; for readers to cease to 
read; for dreamers to quit dreaming. You could almost hear people puzzling. 
Why did she show us that? What does that have to do with math? Then came 
the assignment: 

It Write five (Questions that this newspaper Item raises In your mind. 
1. Name three of four mathematical Ideas that a person trying to 
answer these questions would need. 

Hope resisted the temptation to give examples of acceptable answers. But 
she permitted some talking; and she spoke with several students asking them 
questions like: Do you think you could measure 5.8 mm of rain? and Did It 
rain at your house yesterday? 
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Monday ; Hope began class by asking a question of „ her own: h6w much 
water is In 5.8 mm of rain? Would it be a liter? Several liters? Qr a 
few milliliters? She suggested that the class might "make It rain" by 
turning on the water spisilnkl^r ori' the lawn outside the classroom, collecting 
and measutsLng the water. She produced sieveral "fancy" water collectors she 
had brought from home: a square cake pan, a rectangular pan, an oval 
meat-roasting pan, a round pie pan, and an ahgel-food cajce pan with a hole 
In the middle. She asked where: the pans should be placed fco collect water 
from the sprinkler, and one of the students suggested that the sprinkler 
probably threw less water the farther you were from ,|.t. The class decided 
from this suggestion that all the pans should be ah equal distance from the 
sprinkler, so she divided them in teams to place each pan exadtly 175 cm 
from the sprinkler head. They then turned on the water and returned tJ the ^ 
classroom. While the sprinkler ran, Hope asked the studentd to volunteer 
other questions they had written down for homework.. One student wrote 
questions on the chalkboard ^ labeling each with ,the asker's name. Students 
at their seats copied the questions in their noteS. Several questions asked 
how the weather bureau measured rain. Hope asked if anyone had a rain gauge 
at their house. Two students raised .their hands, and Hope asked them to 
bring the rain gauges to class tomorrow. 

She then called the class's attention to the pans outside under the 
sprinkler, and suggested that the amount of water in each pan could be 
measured in two ways— the depth with a ruler, and. the volume by carefully 
pouring the water into a graduated beaker. The teams had just enough time 
to do this before the bell rang. 

Tuesday ; Hope began the class by asking each team to put its measure- 
ments of depth and volume on the blackboard. The class agreed thlat the depth 
of water was just about the same for all the pans except the angel-food cake 
pan. However, the volume of water measured in the graduated beakers varied 
considerably. One student suggested that this was because of the different 
sizes of the pans. They listed the pans by size according to height, but 
this list did not match the order of the different amounts of water. Several 
students disgustedly remarked that the size that was important was the "big- 
ness of the bottom of the pan" and not the height. Hope asked how this . 
Mblgness" riiight be measured. Several people remembered a formula for the 
Square and rectangular pans, but the pie pan, oval roaster, and angel-food 
6ake pan stumped them all. Finally, Hope produced som^ graph paper, sug- 
gested that the pan bottoms could be traced on the paper and the number of, 
squares enclosed could be counted. The teams did this, but not without much 
ai*guing about how to count parts of a square for the pie pan, oval roaster, 
and angel-food cake pan. Towards the end of the class period, Hope had 
students exchange data and then gave the hbmewdrk assignment: Use your 
po<:ket calculators to find a relationship between height, bottom (area) and 
volume of water tHat is the same fpr every pan. Try all the combinations 
of addition, subtraction, multiplication, and division that you can think of. 



Wednesday : No one in the class was able to find a relationship that 
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was the same for every pan. Some students thought the whole thing was 
quite disgusting, but three students thought they had found a relationship 
for all the pans except the angel-food cake pan. Two students , found that^ 
the height of the water times the area of the bottom of the pans came 
' pretty close to the 'Volume of the water (if the decimal points were ignored) , 
The third student found that if one divided the volume of water in each pan 
, by the height of water in the pan you got a number that was i?^lose to the 
number for the bottom sarea of the pan* There then ensued a discussion as 
to whether these were two different relationships or the same relationshipsf* 
Th^y finally decided that the relationships were indeed the same, and that 
they could be summarized as 



' Several students thought that there ought to be a way to calculate area 
rather than counting. For the square and rectaijgular pans it was rather 
obvious that the area was simply the length times the vldth, but the pie 
pan and oval roaster didn't work out so neatly, since they couldnVt even 
decide what was the length and what was the width in those cases. Hope 
had atitlclpated this and had dittoed several different circles ^n more 
graph paper. She passed out these dittoed sheets and ^sked students to use 
their pocket calculators at home Chat evening to. look for a relationship 
between the niimber of squares within the circles and the number of squares 
across the circle at its widest point. 

Thursday ; This day was spent exploring the mysteries of pi. Hope was 
proud that .she had even worked-^ some history into the lesson. However, she, 
was somewhat apprehensive when she learned that Mr. Former down the hall 
had covered area and volume In just two days. Towards the end of the period 
someone "mentioned about the odd angel-food cake pan that didn't fit any of 
the patterns. Some students thought that this was because of the hole in 
the middle, but someone else suggested that it was because the pan had 
sloping sides. Hope decided that it was time to get out the rain gauge she 
had borrowed from the weather bureau along with the rain gauges that the 
two students had brought in last Tuesday. The three rain gauges looked like 



Volume » height x area 



this: 
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Why did two of the rain gauges have sloping sides? How would one calibrate 
them to measure millimeters of rain? Would this help' in measuring tenths 
of millimeters? Someone suggested putting all of them underneath fhe lawn^ 
sprinkler again. Someone else suggested that while they were at it they 
might make a "map" of the different amounts of water that fell at different 
distances .from the sprinkler 'head. Other students wanted to figure out 
how many liters of water would fall oij the parking lot at the nearby K-Mart 
if it rained 5 mm overnight. Someone else said, "Why not do it for all of 
the city?" Then someone else shouted, "You can't dj that because not every-, 
place gets the same amount of rain at the same time." , Hope thought about 
the monthly precipitation maps that she had seen in the newspaper. Perhaps 
she could use those next week. And she suddenly remembered that her next- 
door neighbor was a city engineer who once mentionied that he was working on 
new storm sewer plans. 

I I 

Hope sighed. There was absolutely no way she could Bet this iilass to. 
catch up to Mr. Former's. Perhaps if she just kept the whole thing a secret 
from the' other, math teachers.... ' > 

This is a paper about problems, applications, interest, and motivfltloni 
To what extent are these elements present in the unlikely story sketched 
above? Does the sequence described involve a problem (or ptoblems)? As 
all too many people (both researchers -arid ±eachers-)_ainder.si:and-4>robleir!s^ 
today, the answer must be "no". Observing 5.8 mm of rain does not present 
a "problem". A "problem" looks like this: 

It rained 1.6 centimeters in Greensboro on Monday. It also rained 
Wednesday. Greensboro received 4.0 centimeters of rain Monday and 
Wednesday. How much rain did Greensboro receive Wednesday? (Bolster 
et al., 1975, p. 101) 

What distinguishes the series of activities tried by Ms. Hope E. Ternal 
from the textbook problem above is the idea of context. The rainfall acti- 
vities stem from general physical situations. Indeed, finding and formulating 
reasonable problems are the first steps in the activity sequence we have 
described. Problem-formulation is a skill that has been ignored in the 
present: mathematics curriculum. Yet it is probably the key step in studying 
mathematical applications (as opposed to mathematical problems). 

Differences be^iiween mathematical applications and mathematical problems 
are primarily differences in the degree of emphasis placed upon context . 
Obviously, emphasizing context adds an extra level of complexity to the 
problem-solving process. Contexts may be unfamiliar, difficult to under--, 
stand, or just down-right confusing. As the Cambridge Conference Report 
suggests, they may be Internal or external, internal contexts apply mathema- 
tical techniques to new areas (settings) of mathematics. In the (internal) 
context of quadratic equations, most Algebra I students are expected to 
apply the technique of factoring polynomials learned in earlier chapters. 
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This Is an Internal application of mathematics to mathematics. In general, 
the people who are today cldtnorlng to aid4 applications to the mathematics 
curriculum have completedly failed to recogniae the entire category of 
internal applications. The distinction between Internal and external appli- 
cations is a logical on/e. However, we neeid to determine whether or not it 
is also a psychological distinction. Is ther,e any observable difference in 
che problem-solving strategies of children when they- are .faced with internal 
or external appllcaHons? 

Familiar arid Unfamiliar Contexts c v 



There are many other qi^e^tlons about the contexts of applications that 
should be invest igated^, Perhaps the most obvious of these is the question 
of context familiarity to students. We quote again from the Cambridge 
Conference Report: 

5 

To be meaningful, external applications require a knowledge of another 
discipline. The added concepts required for any applitiations compound 
^ the difficulty of understanding the mathematical material at hand, 
unless the student is already acquainted with them. It is usiel^ss and 
can be harmful to ^introduce applications whose context the student 
does not understand. At best it is then a relabeling of the student's 
mathematical entities. At worst it both confuses the new mathematical 

context and causes misundersta^^^ of the other subject matter. (1963, 

p. 21) 

The effect of unfamiliar settings on problem-solving has received 
little attention since the 1930' s. The benchmark study in this, area wa§ 
conducted by Brownell and Stristch (1931). They presented fifth graders 
with four arithmetic problem types in four forms each, the forms ranging 
from familiar to unfamiliar. Unfamiliar problems dealt with nonsense 
wordjs sdch as brets, graks, shulahs,, bimlechs, toros, pushnaSj and chuketsi 
Drawing upon criticisms oi previous studies by Washburne and Osborne (1926) , 
Hydle and Clapp (1927), and Washburne and Morphett (1928), Brownell and 
Stretch carefully controlled a series of variables. The same numbers and 
operations were used in each form of a problem type. The number of words 
used in each form was kept the same, and sentence structure was Oiade 
parallel. The order of presentation of problem form and problem type was 
rotated among subjects to control possible effects of practice. Teachers' 
ratings were used to corroborate jthe four degrees of familiarity for each 
problem form. Problems were scibred for correct or incorrect choice of 
operation and for correct or incorrect computation. 

Results of tlji^ study showed that unfamiliar settings did adversely 
affect problem soiutJlon. Correct solutions ranged from a 64% average for 
the most familla^ f:^4^jn. to a 51% average for the most unfamiliar form. The 
source of error Ws' incorrect choice of operation. Errors in calculation 
remained essentially, the same across all problem forms. 
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However, further analysis revealed that only two of the four problem 
types contributed to the familiar -unfamiliar differences. One of the 
problem types that did not contribute to th6 differences Involved averaging. 
The word "avipsrage^' was u^ed In each of the four forms of- the problem. It 
seems reasonable that "average" Is such a strong clue as to the mathematical 
operations required that variations of context have little additional effect. 
Indeed, a "strjangth-of-clue" analysis of common wordiS (or mathemati.cal terms) 
In different contexts may be a new profitable way to approach the unfamiliar- 
context question^. . „ ' 

The other problem type which did not contribute -to the differences was 
worked correctly by more children than any other, and seems to have been an 
easier problem than the othe?: three. Oddly enoiigh, the problem involving 
averaging was the most difficult of the four problem types. This led 
Br.ownell and Stretch to conclude that familiarity of context Is not an impor- 
tant factor for problems that are Inordinately easy or Inordinately difr 
flcult. This conclusion seems plausible; however Brownell and Stretch did 
not statistically test for Interaction of form with difficulty and a modern 
repllcatipn of their experiment seems necessary before drawing conclusions. 

' Brownell and Stretch also noted other possible Interactions. Differ- 
ences were noted according to whether children encountered the mpst unfamiliar 
form first or last. As might be expected, the more that familiar forms 
were encountered before the unfamiliar form, the better the performance on 
tYifi unfamiliar form. More time was required by children to solve problems 
In unfamiliar form, thus the amount of available time Interacted with the 
famlllar-unfamlllat factor* Brownell and Stretch conclude: "Provided that 
a problem lies within a certain range of difficulty, that the particular , 
group of number relationships has not bepn met too frequently, that the time 
for solution Is somewhat limited, iand that the child Is not overly pro- 
ficient in, choosing operations and In computing accurately, under all these .' 
conditions an unfamiliar setting may lead to the ommlsslon or Incorrect 
choice of operations." (1931, p. 75) 

( 

As, noted, Brownell and Stretch measured familiarity of context by 
teacher ratings. Lyda (1947) selected t|ilrty of the most realistic prob- 
lems from fifth, sixth, and seventh grade textbooks, then constru,cted an 
"experience checklist" so that students could rate directly their experi- 
ences (familiarity) with various problem contexts. Children were then 
given the problems to work. Although statistical tests were not emplpyed, 
the results seemed to confirm the results of Brownell and Stretch. In 
most cases (although not all) familiar context problems were worked more 
correctly than unfamiliar context problems. 

These studies leave little doubt that familiarity of context Is an 
Important variable In problem-solving. However, It ^appears to ^trongly 
Interact wltli o'ther variables, and there Is no research that explores this 
Interaction with modern statistical methods. We believe that this Is" an 
important area for future research. In particular, we need to, look at the 
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j^trength of clues In different contexts and In connection&s (or lack of con- 
nections) between familiarity and reality.' -Star Wars suggests that the 
cjreal can be very familiar. The hands-on activities of Ms. Hope E. Ternal 
are in part designed to make the unfamiliar reality more famill«r. Is this 
logical dis.tlnction of psychological Importance in problem-solving? 

Interests and Contexts ' \ 

Doesjthe interest of the child in particu?.ar contexts affect problem- 
solving success? Holtan (1964) constructed four prograitoed instruction, 
treatments on inequalities using four different applieation contexts: auto- 
mob^ile 8, , farming', social utility, and. littellectual curioaity (gdmes) . Ninth- 
grade students were given Kuder Preference Records and assigned to' treat- 
ments i^ccording to a preferen<?e match (high interest) or mismatch (low 
interest).. Althdugh all four treatments were equally effective, there were 
significant achievement differences between high interest and low interest ^ 
groups oh each ol the treatments. Both immediate achievement test scores 
and retention test scores (thrqe weeks later) favored groups whose preference 
(interest) had be^n matched with; context. 

Travers (1965) presented ninth-graders with pairs of similar problems 
set in different contexts. ~ fte allowed them to choose which problem of the 
pair to wbtk according to their preference. He found that their problem 
preference wad related to interests as expressed on the Kuder Preference 
Record. However, total problem-solying success was no greater for the situ- 
ations most preferred by the groupsi than for the second or least preferred 
situations. 

Cohen (1976) attempted to i>redict problem-solving success of eighth 
graders on outdoor, computational, and scientific problems according to 
Interests measured by the Kuder General Interest Suryey. He found no sig- 
nificant predictions using multiple linear regression analyses. 

)■ 

It appears from these studies that the effect of interest in applica- 
tions contexts is important in instructional situations. Although Holtan' s 
instructional treatment was brief (two days), neither Travers nor Cohen 
gave any instruction in problem-solving at all. The importance of inter- 
esting contexts may depend upon the degree to which we view applications as 
something to be taught. If an application is presented merely as a' puzzle, 
the Importance of interesting contexts may be slight. 

However, pilot-study work by Metwali at Ohio State leads, us ^o believe 
that global measures of interest should be interpreted with extreme caution. 
She asked eighth graders for preferences about problem contexts, allowing 
them to choose not only an area of interest but an action within that 
interest as well. For example, students could choose problems about sports, 
and then within the sport category choose problems about earning wages, 
buying sports equipment, or breaking sporting records. There was considerable 
divergence of choice within categories. In general, preferences of the 
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eighth gtaders tested were m^re easily categbtlzed by "consumer concerns" 
than by the usu^al Interest areas. We have not looked at^stablllty of 
preferences e 1 ther across iaocloeconomlc leviels or time. Nevertheless, we 



believe that the matter of student Interest may be more complex than past 
research has accounted lor. . ' ^ ' 

Then of course there Is the question of whether the application con-.^. 
text must be |.nherently Interesting or whether It Is the teacher that makes 
the context Interesting. Certainly, many of the activities of Ms. Hope 
E. Ternal seemed designed to build Interest In volume measurement- -a topic' 
that might seem to have relatively little Inherent Interest. It may be .that> 
Interest In context Is highly Interactive with the teacher's presentation 
and style of teaching., Is It always pos'slble for a skillful teacher to 
develop context In such a way that students will become Interested In the 
application? 

Cognitive Levels of Cb i i^text • » 

Closely related to the way context Is developed are the levels at 
which It Is developed. It secims obvious to us that this can be done In 
.ways that are analogous to concrete. Iconic, and symbolic- Cognitive. levels. 
Mdst applications are presented to children at a symbolic level. Context 
Is usually described fo^ most applications^ Dara~' 
Is embeddedv within the context In raw numerical form. But this level of 
abstraction Is not the only alternative. For example, one can discuss 
speed-dlstance-Hme applications by actually bringing a toy train and stop- 
WjStch Into the classroom (concrete) or by drawing maps and pictures (Iconic) 
or by simply presenting numerical data. Do these different levels of context 
presentation make a difference In problem-solving? We do not believe that 
this question has'^been seriously addressed as yet. 

The many activities of Ms.UIope E. Ternal seemed aimed at presenting 
context in as concrete a way as possible. The emphasis on class discussion 
enhances the development of understanding of the context. The time 
requirements are enormous by usual standards. Are they worth it? 

Motivatinja: Effeb.ts of Contexts and Problems 

Air mathematical ideas are motivated by ai plications of some sort: 
They enable us to solve new problems and to understand situations 
we did not understand before. ...a concept should always be moti- 
vated. Its need in an application is a strong motive. (Cambridge 
Conference Report, 1^63, p. 21) 



Surely f ew> of us believi^ that the purpose of the school mathematics 
curriculum is to prepare applied mathematicians. The general reason we 
give for Introducing applicatioh^ into the curriculum is to motivate stu- 
dents in some way or an(^ther. But we know essentially nothing about the 
actual effects of' different contexts ln",motlvatlng (encouraging) students. 
We operate perilously close to the principle that if we only Introduce 
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applications into the curriculum "something good will happen." Indeed, the 
usual statements about motivating students with problems and applications . 
reveal some of the most shallow and fuzzy thinking going on today. 

We have yet to hear anyone publicly Acknowledge that problems and appll* 
'^ntions can turn students^ off just as easily they can turn them on. When 
Mowman (1929) asked children to choose between problems based on (1) adult 
^ictivlties, (2) children's activities, (3) science, (4) pUzisles, or (5) com- 
putation they overwhelmingly chose computation. This seeins^ to imply that 
the addition of a content to the first, four types of problems made them less 
appealing to children than mlTTlmaily.?di^giii^e^ Do {problems 

and applications turn children off? AslTanjrtesncher;^ Of course they do. 

We believe that the key to this dilemma lies in the success rate of 
children. All of. us are motivated to some degree by mathematical problems. 
For some of us-i it is the primary reason we are now mathematics educators. 
However, we like problems because we are sucoi^essful U solving problems. 
People who are not successful at tasks learn to avoid those tasks whenever 
possible. The child who experiences the thrill of bracking a mathematical 
puzzle is motivated to try another one. The child who is presented a 
series, of problems or applications which he cannot solve <or which must 1>e 
solved f or him by the teacher or ot h er memb ers of the class) is repelled 
from further mathematics study. Using problems and appiica£^ions~to~fflot:tvat€~ 
the study of mathematics is one of -the most dangerous tea ching techniques 
ever proposed . We may win with a few children.^ But current 'practice seems , 
to indicate that we lose many many more. z^- 

Thls is an area in urgent need of research and study. At what points do 
children become discouraged within the problem-solving process? What 
factors encourage persistence? Do group problem- solving techniques reduce 
the negative effects of failure? . " 

Ms. Hope E. Ternal tackles a very broad applications context. Does 
this allow her to individualize so that children may b6 presented with 
pieces of the proBlem that are appropriate to their skills- and abilities? 
Is this the secrtet behind the successful introduction of applications? 

Problem Formulation 

If we are beginning to ask questions about the processed children use 
in solving problems, we haVe not begun to realize that there are similar 
questions about how children formulate problems. 

The teacher of mathematics may recognize the values inhererit in 
improving students' ability to formulate their problems, foreseeing 
the nature of appropriate solutions, and yet wonder how the teaching 
of a technical subject such as arithmetic, algebra, or geometry, is 
to make any significant contribution. This is due in large measure 
to the fact that at present few mathematics courses provide adequate 
opportunities for students to practice the analysis of problem 
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situations, in other than a restricted sense. Most of the "problems" 
prest'ntetj are so simplified and' idealized that all^thaf reraaina to i 
_lby|.done. l8„M xew will lead to the answer expli- 

Sriy caiied fo^ perfprm^these operations-- a routine 

task to be completed by a prescribed set' of often relatively meaninigless 
steps. Rarely does the student begin with a more comprehensive situa- 
tion and go through the experience of simplifying and idealizing the 
problem for himself, so formulating it that he can work upon it and • 
arrive at a solution which he hims°elf conceives to be appropriate. 
Under these conditions he has np opportunity^ tio , realize the many ^ 
assumptions and restrictions that have to be made iir order to formulate 
and solve even the simplest problems . capable of mathematical treatment. 
(Commitztee for the Function of Mathematics in General Education, 1940, 
p. 76) 

It is now almost forty years later, and the situation is hardly better. 
With the possible exception of the USMES materials, popular advocates of 
applications in the curriculum still ignore the importance of problem formu- 
lation. If we are not making progress in this area, ,it may be time for , 
researchers to suggest why this is the case. In particular,, we would argue 
that the concept of problem-solving as a research area be broadened rather^ 
t han narrowed. It is one thing t.o narrow a particular problem for , research 
"design purposes. This does not mean that we have to think narrawly about 
problem-solving as a researchable area, however. By broadening our hori- 
zons from problems to applications we may indeed encounter new anid signi-" 
ficant research questions., We have tried to suggest some of these. Can you 
suggest others? 
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Teaching Problem Solving jln College jrtathematlcs: 
The Element? of a Theory and a Report on the ^ 
Teaching of General Mathematical ^roblem*»SQlvlng Skill? 



^ Alan H. Schoe^nf eld \ ^ 

University of California at Berkeley 

Can students be taught general strategies that trury enhance their 
abilities to solve mathematical problems? Or are the "heuristics" de- 
scribedby Polya and others merely a summary description of the actions 
of accotapllshed problem solvers , and are they essentially without value 
as prescriptions foi^ problem solving? While many mathematicians are 
convinced that they employ heuristics, there is little evidence to show 
that general pjToblem-solving skills can be taught. With some faith in 
these general strategies, X offered a cpurse based on their applications 
to mathematics, majors at the University of California, Berkeley. This 
article begins; with an overview, first presenting the rationale for 
hetitrlstics and then balancing that with some practical concerns arguing 
against their effectiveness in the teaching of problem solving. A means 
of circumventing these arguments 1b offered, accompanied by a description 
of the course I used to do it. Then— -wh^t we can and cannot acpect 
students to assipllate is discussed— 'the power of, the heuristics they 

can leariFt^ usej -and-t^ie-^stacies-tiiat-i^reven t^ them-from- learnlng-^ (^^ 

onploy others effectively. 

I. Problem Solving in Perspective t Theory and Practice 

t 

George Polva's How To Solve It was published in 194-5. That and 
his subsequent work laid the foundations for the study of general strat- 
egies for problem solving in mathematics, focusing on the broad strategies 
he' called "heuristics." Definitions vary, but* the follovdng is within 
the mainstream and compatible with Polya's usage. 

Definition: A heuristic is a general suggestion or strategy, 
independent of any topic or subject mp^tter, which helps problem 
solvers approach, understand, and/or efficiently marshal their 
resources in solving problems. 

s 

Examples of heuristics are "draw a diagram if at all possible," "try to 
establish subgoals,", and "exploit analogous problans": a more ciomp let e 
list is given in section III. In brl6f , a rationale ju«5tifying research 
Into and the teaching of heuristics, would be as follows: 

1. Through the course of his career, any particular problem solver 

develops his own personal. Idiosyncratic style and methods of problem 



* " . .: 

A similar report » entitled "Can Heuristics Be Taught?"*, will be 
published in the Proceedings of the' First Amherst Conference on Cognitive 
Process Instruction , September 197.8 
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solving. ^Developing a systematic use of these strategies is often 
a slow and painful process, taking years to mature fully, if it 
dCttis at alls 

2. There is a surprising .degree of homogeneity in the way t|;iat 
accomplished problem solVers attack problems. That is, in spite 
of personal Idiosyncracies, £here are global similarities in the 
behavior and methods of "experts'* when they solve problems. 

.. ■ ' . " ' • • ' ■ 

3. ^ By observation, beginning perhaps with the introspections of 

talented problem solvers and later incorporating the systematic 
observation techniques of artificial intelligence, one might be 
< able to extract the essence of these global approaches. Thus one 
might distill a global probleiQ-solving strategy, which accurately 
describes the principles f (Allowed (to some, degree) by accomplished 
problem solvers . 

4. ' The distillate extracted in (3) can serve as a guide to the problem- 

solving process. Students instructed according to this plan could 
short-circuit the long and arduous process of arriving at (some or 
or all of) these general principles by themselves. 

Most mathematicians who have seen Polya*s work are willing po 
accede to the first three points in the rationale. Certainly my i^ersonal 
experience was compatible with the rationale, up to that point. My 
problem-solving behavior when I emerged from graduate school was sub- 
stantially different from that when I was a college freshman; and even 
a first-year graduate student. To .quote Polya's "traditional mathematics 
professor," "a method is a device which you use twice." If it succeeds 
twice, you remember using it successfully, and you think of .using it 
when confronted with another problem, it becomes a strategy. Over a 
period of time some of these strategies remain^ (hopefully the mor«i useful 
ones!) and others pass into oblivion. And a personal, idiosyncratic, 
and more or less stable approach to problem solving evolves. 

But the degree of idiosyncracy can be misleading, as one can easily 
demonstrate with any problem which is accessible to freshmen but suffi- 
ciently unusual that it has to be approached, by both students and 
colleagues, from "scratch". Ask both colleagues dnd students individually 
to solve the problem out loud, and observe the process of solutioirj. In 
all likelihbbd the "experts" will engage in some form of systematic ex- 
>ploratlon designed to* "get at the heart of the problem" or "see what 
makes it tick" (and may indeed say something to that effect). The 
approGc'.ies of the novices will, in comparison, seem quite unstructured — 
even when the students succeed in solving the problems. 

Polya recognised this* His work in describing the gefieral problem- 
solving strategies employed by mathematicians excellent* I first 

HSJi l£ Solve It after completing a dissertation in pure mathematics ^ 
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and was simply amazed at Polya's accuracy. Page after page I nodded my 
head in agreement with his words, muttering "yes, I do that!" as I 
read. My response was slroiXar to most mathematicians', and it is safe 
to say that few mathematicians would seriously dispute claims (1) 
through (3) above. Number (A), however, is another" matter. 

Much to my surprise, I discovered that few of the people responsible 
for training students in mathematical problem solving at the college 
level actually use Polya's work in any substantive way when giving in- 
struction in problem solving. A colleague who has V€«ry successfully 
coached his university's team for competition in the Nationwide W.L. 
Putnam Mathematics Competition told me that his students did not find 
Polya's works useful. They enjoyed the books a great deal, but they 
neither seemed to ^olve problems more effectively , nor perceived them- 
selves as having a greater array of useful techniques for solving prob- 
■ 1 exma , ' than before they had read them . The faculty member who coached 
the team that won the Putnam Competition. that year told me much the same 
thing. 

Tho^e who are entrusted with training students to solve problems 
have generally followed this pragmatic but ^successful rule; ONE LEARNS 
'10. SOLVE PROBLEMS SUCCESSFULLY BY SOLVIN G A LARGE tTOMBER OF PROBLEMS , 
In practice, the formats qf their problem-solving courses are remarkably 
consi£(tent. The students are given a set of p;roblems (usually culled 
frow collections of mathematical problems, or from prior examinations) 
to try to solve for the next class meeting. When the group next meets, 
solutions (if any) are presented, various .approaches to the problems 
are discussed, and often comments about the application of the particular 
techniques to similar problems are made. We might describe this apprpach. 
as an attmpt to accelerate the process described above in (1) for each 
student by means of a "concentrated dose" of problem solving accompanied 
by direct feedback. 

For at least some students (generally the most talented ones), this 
method of learning problem solving is highly successful. Yet this ap- 
proach has a number of dr£.wbacks. Chief among them is that it is still 
ilE i£ g^ch student to make his own personal synthesis of the material 
that he has seen:, to ingest it, place it into context, organize it, 
and have it accessible for retrieval when appropriate. The product 
of many hours work and much thought can be irretrievably lost if the 
network of connections tying those ideas to others is weak. A student 
may deal at length with a particular problem, and understand it com- 
pletely at that time. Yet this does not guarantee that the "lesson" 
to be learned from it, dt even merely the solution to it, will be re- 
tained in any way by the student. Lacking (or more precisely, being 
unable to access) the appropriate connections, the problem solver may 
later find himself staring at the same problem in total frustration, ^ 
knowing that he has solved it before but is now unable to recall even 
the general method of approach. 
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Sutely this has happened to the reader mov^ than once In his probr 
lem« solving career t The most dramatic evidence I ha^^e regarding this 
kind of phenomenon was given to me by the first colleague mentioned 
above, It happened that one of the problems that appeared on the 
Putnam examination had been assigned In his problem*<-solving semi^nar 
before the examination was given t The three memibers oH the university 
team, and the three alternates, had all seen the problem solved, in details 
None of the six were able to solve the problem on the examination* 

The Instructor who wishes to give a cour&><^ in problem solving is 
caught between two extremes. On the one hand he has available an 
atractlve theoretical structure which seems to describe the way "experts'* 
go about solving problms but wh4.ch has not been shovm effective as a 
prescription for problem solving. - On the other hand there. is a prag- 
matic process which does indeed accelerate the growth o£ problem-*solving 
ability in some students. But that approach is inefficient, seems to 
be suitable only for .a 'minority of the /'better** students, and lacks 
any sense of theoretical coherence. 

The way out of the dilemma, of course, is to attempt a synthesis 
of the two: a judicious selection of problems presented within the 
context of an overall problem-solving strategy. < There are some obvious, 
and some not, so obvious reasons that attempts to teach problem solving 
via heuristics have not been terribly successful to datci. I shall dis- 
cuss these in section II. In particular, I shall argue that Instruction 
in heuristics alone will almost always jprova to be insuff icient : stu- 
dents need to be given, and trained in, an efficient means for selecting 
the appropi:;iate strategies for problem solving and, in general, for 
budgeting and allocating their problem-solving ^resources wijsely. The 
means for doing this, which I call a manageria l strategy , will be de- 
scribed iri some detail in section III. Th€ framework, consisting of 
a managerial strategy combined with Instruction in individual heuristics, 
provided the foundat^-pn for a course in problem soling I offered at 
the University of California at Berkeley in the fall -of 1976. The 
course provided clear evidence that students can be tabght to employ 
certain heuristics effectively « We will discuss these ^successes" in 
section IV. They are balanced in section V, where I describe what 
students cannot be expected to pick up, and why. Section VI provides 
a discussion of both some pragmatic and theoretical concerns for those 
interested in teaching problem solving, and an idea of some directions 
for future work. 

II. The Ma.lor Obstacles 

In order for a student to succeed in solving a particular problem 
through the use of an heuristic strategy, at least three things must 
happen: 

A. The student must have a "general understanding** of what 
It means to apply the heuristic. 
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B. The student miist hav§ a sufficient grasp of the subject 
matter at hand that he ca« apply the heuristic cbtrectly. 

C. The student must think to iapply the heuristic! 

Now (A) and (B) are without question substantive points and worthy 
of attention. The bulk of instruction on heuristics until now has 
focused on (A); the subject-matter competence described in (B) is an 
obvious . sine qua non for the specific application of any heuristic. 
(C), an apparent triviality, is far from that; in fact, insufficient 
attention to providing students with' a means for (C) may account for 
the failure of many attempts' to teach problem solving via heuristics. 
We will develop this argument after some elaboration of the first two 
points.' 

A; "Understanding" the Heuristic 

It is easy to und'erestimate the degree of sophistication required 
to understand and' use even the simpler heuristics. As an illustration 
of this, we will consider one heuristic and a series of problems to 
which it can be applied. First, the strategy: 

(*) "Exemplify the problem by considering various special cases. 
This may iSuggest the direction of, or perhaps the plausibility 
of, a solution." 

Now consider its application in each of these problems: 

1. Determine a formula in closed form for the series 

■ .. n • 

22 (i) (i+i) 

i=l 

2. Let P(x) and Q(x) be polynomials whose coefficients are the same 
but in "backwards" otder: 

P(x) =» a^ + a^^x + a2X^ + , . . + a^x" and 

2 n 
Q(x) =» a^ + a^_2^x + Si^^2^ + . . . + a^x . 

What is the relationship between the roots of P(x) and those of 
Q(x)? Prpve your answer, ' 

3. Let the real numbers ag and be given. Define the sequence 

f.^nl by a = h(a „ +^n-l) for each n72. Prove lim(a ) exists 
and determine its value* ri « oo oo. 
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A. Two 94uares» each "s" on a side, are placed such that the corner 
of one square lies pn the center of the other. Describe, In terms 
of (8)» the range of . possible areas representing the Intersections 
of the) two squares. 

•5. Of all triangles with fixed perimeter P, determine the triangle 
which b/is the largest area, . 

Problem 1 is most often encountered in courses oii Infinite, series, v. 
wfi'ere the clever use of partial fractions reveals the sum to be a , 
"telescoping series." This is entirely unnecessary, howeveT; computation 
of the partial sums for n » 1, 2, S.'^A, yields an obvious pattern , 

which can be trivially verified by -Induction. In problem 2, one employs 
the heurip^^c somewhat differently. In the linear case the relation 
between the roots of P(x) « a^ + a^^x- and Q(x) » aj^ H* a^ix is clear. This 

is obscure when P(x). » aQ + aj^x + a2X^ and Q(x) ag + a^^x + a^x^, how- 

ever. A choice; of conveniently factorable polynomials such as 

P(x) « + 3x'+ 2 and Q(x) » 1 + 3x + 2x2 makes things much more trans- 
parent » and allows one to suspect the answer. (Proving it is another 
matter!) ^ 

In problem 3 the computations for a^ rapidly become complex. Qy 
setting Sq ^ 0 and a^ » possible to compute a vrLth ease, 

and (especially if one draws a picture!) to generalize oack to the 
original problem. In problem 4, one should try a variety of positions 
where the area is easily calculated; this siiggests the desired conclusion. 
And' in problem 5^ fixing the periiaeter at some convenient \^aiue. and then \ 
calculating the areas for various triangles*-*- including extreme cases » 
isoceles right triangles » and the equilateral triangle — strongly suggests 
the result which the problem solver can proceed to verify analytically. 

For a relatively Inexperienced problem«-solver9 deriving these five 
distinct types of actions from the twenty-one word m in (*) is by no 
means trivial. Most often the statement of an heuristic is quite broad 
and contains few clues as to how one actually goes al^out using it. The 
heuristic is not, in Itself » nearly precise enough to allow for unam- 
biguous interpretation. Rather it is (for the '•expert*') a label 
attached to a closely related family of specific strategies. "Using 'the 
heuristic'' in a particular instance means sorting. through the fatnily of 
specific strategies and selecting the one appropriate to the problem. , 

The more nebulous the statement of the heurii^tlc, or the more 
difficult it is to apply^ the worse the difficulties mentioned above 
become. Consiider the following heuristic, taken from How To Solve It . 

(^*) If you cannot solve the proposed problem^ try to solve 
first some related problem. Could you imagine a more 
accessible related problem? 
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■ The range of types of related problems one can construct is immense, 
but even this is only the beginning. In order to apply (**) successfully, 
the student must be able to 

±) determine an appropriately more accessible related probl^, 
ii) solve the related problem, and 
iil) exploit something from the solution — perhaps the answer,' 
or perhaps the methods employed. 

The "moral" of this discussion is that learning to, use a partic- 
ular heuristic, even under ideal conditions, is far from'Slmple. What 
for the ."expert" is a label which serves as access to a variety of spe- 
cific useful techniques is to the naive student a vague and almost use- 
less suggestion. Even illustrating the heuristic "at work" in one or 
two ejferaplary cases is insufficient; the student must see it interpreted 
and applied in a variety of contexts, and then be given training in, and 
feedback on, his use of it, if we expect him (or her) to use it in any 
reliable" way. In brief, we must be as serious about instruction in 
heuristics as we are about any other mathematical technique (for example, 
using the quaidratic formula); with any less than that kind and degree 
of classroom attention, we cannot realistically expect students to learn 
to use heuristic strategies. (For a more detailed description of 
pedagogic "necessities" and a. sample classroom hour, see Schoenfeld, 
in press J c). ' 

B. Prerequisite Subject-Matter Competence 

Clearly the student must have some grasp of the subject miatter at 
hand in drder to solve a probl§im. But equally important in the applica- 
tion of heuristics, the student musjt also have some sort of. perspective' 
that enables him to transcend a local level of" analysis and sort out 
essential from inessential details. With respect to the heuristic (**) 
described above, the student's ability to perform (i) and (iii) may 
hing^ critically on possession of this perspective. One example taken 
from elementary physics will suffice here. A student had difficulty 
with the following problem. 

In figure 1, a ,bl9ck weighing 12 lbs. moves onr a smooth 
frictionless plane inclined at 30°, connected by a light 
flexible cord passing oVer a small frictionless pulley to 
a second hanging block weighlitg 8 lbs. What is the accel- 
eration of the system? 
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The student was absolutely baffled whe^i asked to create and explore 
..a "more accessible related problem.'^ From the teacher's point of view, 
some aspects of the problem were critical, and others merely technical 
complications; he could construct* „and examine a problem which retained 
"the essential elements" of the given example. But „the student found 
the problem as a whole so confusing that the heuristic was valueless. 
This kind of "cognitive ovei?load" is extreme, but reflective of the 
difficulties one can encounter. Much more subtle factors can have 
Similar debilitating effects, as we shall see in section V. 

C. You Can't Solve It if You Don't Think of It 

What is obvious is not necessarily 'insignificant , although it may 
be all too easily ignored. Such is the case with the truism above. 
It may reflect the most significant reason that attempts to teach 

problem solving via heuristics have failed in the past. 

• ■ ■ ." , • ■ 

The fact that a student has learned to employ a series of 
individual heuristics does not in any way guarantee that he 
will solve a heterogeneous collection of problems effectively, 
even w.hen he clearly demonstrates the necessary subject-matter 
competence discussed in (B) The student needs an efficient 
means of sorting through the heuristics at his disposal and 
determining within a reasonable amount of time^which heuristic 
is appropriate for approaching the problem — a means of assessing 
and allocating his resources which we will call a managerial 
strategy . Lacking a competent managerial strategy, the ^student 
may squander his heuristic resources feo badly that he loses, 
the benefits he might obtain from them. 

In perhaps the most suitable form of argument for this paper, let 
me plead the case for this statement by looking at a more accessible 
related problem. Cpnsider the problem of teaching students in a first- 
year calculus class to perform indefinite integrals with some degree 
of effectiveness. In this analogy the various techniques of integration 
substitutions, parts, partial fractions, etc. — play the roles of the 
various heuristic strategies in general problem solving. 

In (Schoenf eld, in press, a) I indicate that the obstacle preventing 
students from learning to integrate effectively is not that they have 
difficulty learning to apply each of the particular techniques. Most 
students can learn to apply each of the standard techniques — when they 
know it is the technique they are supposed to be using — with at least 
some facility, kather^the obstacle is that, when faced with a problem 
out of context (say on a test or in a set of miscellaneous exercises), 
students often find it quite difficult to select the technique appro- 
priate for employing on the problem. (If you doubt this, I suggest 
you give two versions of the sami examination on integration to a 
class. Let the problems on the two tests be identical, but let each 
problem ci the second- test be accompanied by a suggestion of the most 
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appropriate method of solution. ' The differences in student performance 

will be dramatic . ) . ' 

In the experiment described in (iSchoenfeld, Note 1> a group of stu- 
dents' provided with a managerial strategy for approaching integrals 
'r easily outperformed a control. group, in spite of spending less average 
, study time per student for the exam. The differences were achieved 
.» because the students in the experimental group could marshal their re- 

sources more effectively than the others, rather than because of addi- 
tional competence in applying the particular techniques— they had re- 
ceived no ext^a practice in that. ■ 

When we turn from indefinite integration to general mathematical 
. problem solving, we see that the role of a managerial strategy is per- 
force more significant. Even when (as is the case with integration) the 
problem-solving techniques are near] y algorithmic in nature and , the domain 
of problem solving is sufficiently small that we might legitimately ex- , 
jpect studenl;s to develop reasonably effective managerial strategies on 
their cwn, they do not; and providing them with replacement strategies 
yields significant results. In the realm of ^general mathematical problem 
solving the techniques are heuristic. T^ey are often subtle and diffi- 
cult to apply. The problem solver can be lured down long and torturous 
mathematical "blind alleys" by pursuing the "wrong" heuristics, so the 
need for guideposts is greater.. And the domain of prob^lem solving is , 
immiense. We cannot expect students to develop anything near efficient 
: managerial strategies on their own — especially when they are si:ill learn- 
ing to employ the heuristics themselves. If they are to "see the forest 
for the trees", it is incumbent upon u6 to provide them with the perspective. 

The point to keep in mii.d here is that the managerial strategy must 
be prescriptive rather than descriptive— and in sufficient detail that 
students can learn to execute it reliably. When we read the strategy 
, given on pp. xvi-xvii of How to Solve It. the much deeper. treatment 
of strategies in Mathematical Discovery^ or an elaboration of problem- 
sdlving techniques such as the one provided in Wickelgren's How to Solve 
Problems , we must remember that the important question is not "does this 
reflect the problem-solving behavior of experts" but "Is the presentation;, 
of the strategy sufficiently explicit that we can expect the student to 
learn to employ it reliably?" 

III. The Prescribed Remedy 

» 

We may take (A) through (C) on pages 40 and 41 as a rough description of what 
behavior we would like students to exhibit, over a broad spectrum of 
problems, when they have completed a course on problem solving. One 
way to guarantee (or at least raise the probability) that the students 
have (B) is to require jm^ior standing as a mathematics major for ad- 
mission to'the course. With this can assume that the students have 
seen a reasonable amount of mathematics, and we have a fair amount of 
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latitude iLn choosing our examples. . It le|, the instructor's responsibility 
to provide (A) and (C) : that is, training in the heuristics and a strat- 
egy for applying them. 

Polya and Wlckelgren together provide access to just: about all the 
heuristics one could treasonable desire. Thus the major theoretical prob- 
lem facing me before offering the course was to design a reasonably 
efficient managerial strategyv Under the assumption that -the students 
can be taught to employ certain heuristics with some reliability, I / 
could think of the students as "information processors" with more' or less 
well-defined attributes. In terms of Artificial Intelligence (AI), the 
managerial strategy I sought to design would be an "executive program" 
for the information processor— and the systematic observation/distil- ' 
lation/modeling cycle typical of AI** ultimately yielde.d a strategy 
which was detailed enough to be implementable and t;o serve as the founda? 
tion for the course. The fully elaborated strategy p even in Ifcs^ nascent 
form, was quite complex .and would be overwhelming to students (it would 
scare them all of' class the first day!); I provided them t?ith an out- 
line and told them that we would elaborate upon it during thft course of 
the quarter. The outline of the strategy, in the form of a £low chart, 
is given in figure 2 below. 

Of course the diagram in figure 2 was too sparse to be usefwl to 
the students when I gave it to them. It-served rather as an Indication 
of things to come and a frame of reference. During "the quarter the strat- 
egy was "unfolded" one step at a time. At the appropriate time, each 
individual box in the € low chart was elaborated upon in detail. Part 
of that elaboration consisted of a listing of the hi««ristic strategies 
most likely to be of use in that stage of problem aolving (see figure 3), 
and instruction in the individual heuristics. The class hour(s) devoted 
to the strategy "exdimine special cases" would, for example, be devoted 
to having the students work the problems (I) through (5) I gave as examples 
in section 2. The class format was also an important part of the course. 
Sii;!ice the major emphasis in this approach to problem solving is on 
process rather than product , classrooia dynamics has to reflect this. 
Class meetings were true "discussion sections" where each problem was 
examined in detail. The students were encouraged to develop the solutions 
on their own, with contributions from myself kept to a bare minimum.' 
After we succeeded in solving a problem (as many ways as possible!) I 
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, By the time they have reached their junior year in mathematics the 
students are certainly "ready" for the technicjues. If the students in my 
course were at all representative, we cannot assume that they have devel- 
oped either the heuristics or managerial strategies on their own. Some 
arguments for and against easing the requirements for admission to the 
class will be discussed in Section VX. 

** See (Newell & Simon, 1972) for the most elaborate description and 
(Schoenfeld, in press^ a) for a short description of the rationale and pro- 
cess behind the development. of the managerial strategy for integration, 
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would sum up, :{,ndlcatlng the way the heuristic was applied that case 
and how it might he applied in related problems. Whenever . possible w^ 
worked within the context of the global strategy, to reinforce that as 
well as the application of the particular heuri8tic(s). What follows 
is a brief, and necessarily incomplete, "tour" of the strategy. The 
reader should remember as he proceeds through it that the strategy is 
meant to serve as a guide , not as a straight jacket. Each sentence should 
be read as if it were fo.llowed by the phrase "with all other factors 
being equal." Some circumstances whi^h tend to make certain factors not 
equal will be discussed after we have "toured" the strategy. 

The first stage of the problem-solving process is ANALYSIS. It 
begins, of course, with the reading of the problem. It may be said to 
be successfully completed when the problem solver has a useful formulation 
of the problem in a convenient representation, a sense^^of orientation 
and a mathematical context for the problem, and access to some mechanisms 
„ f or a close examination of the workings of the problem. Colloquially 
speaking, after ANALYSIS one has a "feel" for the problem and a sense of 
what "makes it tick." The teacher should stress the importance of the 
often underplayed acts of categorizing and establishing a context for 
a problem. The accurate classification of a problem often accesses „ 
Immediately a set of procedures appropriate for dealing with it: for 
example, recognizing that a particular problem is a "maximization" probs- 
lem tells one that it will be appropriate to find an analytic represent 
tation of the quantity of Interest, and to use the calculus to find its 
maximum. Another often underplayed aspect of ANALYSIS is the importance 
of selecting an appropriate form of representation for a problem. Fa- 
miliar examples from the litarature are the fact that "number scrabble*' 
is a difficult game unless one knows that it is isomorphic to "tic--tac~ 
toe" (see Newell & Simon, 1972), or that "connection lists" can be quite 
difficult to handle unless oiie has a visual representation for them (see 
Hayes, 196,60 We can make the point dramatically to isttidents, however » 
simply by asking them to multiply the Roman numerals MMCDLXVII and 
MMMDCCCLOTIV.. 

We had in figure 3 a listing of the particular heuristic strategies 
which .(most often, with all other factors being equal) come into play 
during ANALYSIS. In section II we saw how complex even one of those sttat 
egies, "examining special cases" can be. Thus I can only hope to give 
the "flavor" of ANALYSIS here. Perhaps the best way is to work an ex- 
ample through that stage of the strategy. One final comment before 1 dot 
the heuristiv'^s listed within any stage of the strategy are given as a set» 
and not as an ordered set;. Any of them may be appropriate to bring to 
bear at any time during ANALYSIS (or, with a smaller probability, else- 
where) . 

' Sample I'roblem; Find the area of the largest triangle which 
can be inscribed in a circle of radius R. 

Sample ANALYSIS ; As one reads the problem, there is an orientation 
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Figures. A List of Our Major Heuristics 

■> -'i 

ANALYSIS 

1) DRAW A DIAGRAM if at all possible. 

2) EXAMINE SPECIAL CASES. 

a) Choose special values to exemplify the problem and get a "feel" 
for it, 

b) Examine limiting cases to explore the range of posaibilities. ' 

c) Set any integer parameters equal to 1, 2, 3» in sequence, 
and look for an inductive pattern. " 

3) . TRY TO SIMPLIFY THE PROBLEM BY ^ 

a) exploiting symmetry, or 

b) "Without Loss of Generality" arguments (including scaling). 
EXPLORATION ' > 

1) CONSIDER ESSENTIALLY EQUIVALENT PROBLEMS: 

a) ' Replacing conditions by equivalent ones 

b) R«t»comblnihg.. the elements of the problem in different ways. 

c) Introduce auxiliary elements 

d) Re-formulate the problem by , 

i) change of perspective or notation 
, ii) coaaidering argument by contradiction or contrapositive , 

iii) assuming you have a solution, and determining its properties 

2) CONSIDER SLIGHTLY liIODIFIED' PROBLEMS: « 
. a) Choose subgoais (o1;>tain partial fulfillment of the conditions) 

by Relax a condition and then try to re-impose it. , 
c) Decompose the domain of the problem and work , on it case by case. 

3) .CONSIDER BROADLY MODIFIED PROBLEMS: 

a) Consruct an analogous problem with fewer variables. 

b) Hold all but one variable fixed to determine that variable's 
impact. 

c) Try to exploit any related problems which have similar 
1) form V ' - 

ii) "glvens" 
iii)^ conclusions. 

Remember: when dealing with easier related problems, you should try to 
exploit both the RESULT and the METHOD OF SOLUTION on the given problem. 
\yERIFYING YOUR SOLU'tlON 

1) DOES YOUR SOLUTION PASS THESE SPECIFIC TESTS: 

a) Does it use all the pertinent data? ' > 

b) Does it conform to reasonable estimates or predictions? 

c) Does it withstand '^tests of symmetry, dimension analysis, or 
scaling? ■ '' , 

2) DOES IT PASS THESE GENERAL TESTS? 

a) Can it be obtained differently? 

b) Can it be substantiated by special cases? 

c) Can it be reduced to known results? 

d) Can it be used to generate something you know? 
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and categorization, probably involving the assumption "this will involve 
calculus." The problem solver should draw a diagram, and possibly begin 
searching for an analytic representation. For the sake of simplicity, 
he might decide to look at tlie unit, circle (scaling), and note (without 
loss of generality) that one may assume tUe base of the triangle to be 
horizontal. If one examines a ffw special cases— *ahd draws a few more 
diagrams— he may comisi to realize that, for any particular horizontal base, 
the triangle with the greatest height (and thus the largest arf a) is 
isoceles. At this point, the problem has been reduced to the following: 
find the base of th^ isoceles triangle in the unit circre which yields 
the largest area; The problem now is more or less jof a "titandard" one 
variable maximization problem, and with the appropriate choice of analytic 
representation, has a "ready-made" plan which will dispatch it as a routine 
matter. ' 

As the flow chart in figute 2 indicates, one proceeds from ANALYSIS 
to DESIGN. At the simplest level (which obtains for straightforward or 
routine problem solving) DESIGN consists "merely" of the intelligent 
ordering and structuring of an argument. The problem solver should have 
an overview of the solution process; he should be able to say, at any 
^ particular poivit in the process, what he (or she) is doin|;,->why he Is doing 
it, and how that action relates to the rest of the solution. He should 
proceed through (all but the most routine) solutions hierarchically, 
taking care to avoid being Immersed in Intricate calculations pertaining 
to one part of a solution if global aspects of another phase of problem 
solution remain unresolved. (We have all suffered the discomfort of solv- 
ing a difficult equation, only to discover that it didn't have to be solved 
in the first place!) 

For more complex problems, however, DESIGN takes pn more global and 
significant dimensions. It Is different from the other phases of prob- ' 
lem solving, In a sense pervading them all. Design is a '^master control," 
monitoring the whole of the problem-solving process, and (as best It can 
.with the information it has) allocating problem-solving resources effi- 
ciently. It keeps track of alternatives, so that if the- chosen approach 
to a problem prpves more difficult than expected, other approaches to the 
problem can be considered and (in the light of this difficulty) the most 
likely to succeed cKosen. If there is difficulty in making a straight- 
forward planv DESIGN sends the problem solver into EXPLORATION. Problems 
resolved without much difficulty are, returned to DESIGN and the elabora- 
tion of the problem-solving plan continues. However, if EXPLORATION pro- 
vides, new insights into the problem or the solution process, the "master 
cohtrol" may decide that it is most appropriate to return the problem, 
with the new information, to ANALYSIS. 

From the above disc\ission it should be clear that DESIGN is the most 
nebulous and most difficult to prescribe of the stages of the problem- 
solving strategy. In the classroom it calls for an openness and awareness 
on the teacher's part of the students' individual problem solving, and 
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for tremehdous restraint on the part- of the teacher. He (or she); must 

not say what is "right", but rather help the student to decide what is 

"right" for. him. , ^ 

EXPLORATION is the heuristic "heart" of the problem-solving strategy, 
in that it Is 'durix^g the exploratory phase that the majority of heuristics 
generally come intd play^ As we see in figure 3, EXPLORATION is divided 
into three stages. For the most part the suggestions in the first stage 
are either easl^er to use or more likely to provide a solution, or provide 
direct access* to a solution, of the original problem than suggestions in 
the secQnd stage; likewise for the relation between the second and third 
stages. All other factors being eiqualj the problem solver ^oxild begin 
EXPLORATION by briefly considering the -heuristics in stage 1, and select- 
ing those (if any) which seeroed appropriate for trial. When the strategies 
in stage 1 proved insufficient, he would consider those in stage 2; If 
need be, when stage 2 has been exhausted the problem solver tries the 
strategies in stage 3. At any point in the process where substantial pro- 
gress is made» the problem solver may decide either to return to DESIGN 
to plan the balance of the solution, or to re-enter ANALYSIS with the 
belief that the insights gained in EXPLORATION will help re-cast the 
problem in a way that was not accessible before. 

IMPLEMENTATION requires little by way of elaboration, save that 
(as called for by DESIGN) it should be hierarchical with detailed calcu- 
lations and such saved for the laat stages of solution. VERIFICATION, ' 
on the other hand, is deserving of more mention if only because X in 
practice) it is so often slighted. At a local level, checking over one's 
soluf^on often allows one to catch silly mistakes. In general, be re- 
viewing the solution process on^e can oft,en find other ways to solve a 
prot^lenf, see connections to r^la^ted subject matter, and on occasion, be7 
come consciously aware of useful aspects of the solution process which 
can be in9orporated into one •s global problem-solving strategy. 

/ ■• ^- ■ . 

F:|.nally, I should return to my earlier comment that the strategy is 
meant to serve as a ^uid e and not as a straight jacket. The intention 
of the strategy. is fco provide students with a useful framework for 
approaching problems (which is sorely niseded) ; it is not meant to be a^ 
rigidly followed algorithm, with the students serving as human automata.^ 
Certainly the work described in Schoenfeld (in press, a) indicates that 
well defined strategies are neither alien nor constricting to students^ 
But more, one must realize that this strategy is meant to be incorporated 
into the student's own framework and modified accordingly . Further, the 
phrase "with all other factors being equal'' is meant to be far more than 
a ritual incantation; it serves as a gateway to personal alteration of 
the strategy. For example, familiarity with a particular problem domain 
may enable one problem solver to consider in ANALYSIS what another might 
reach only in EXPLORATION. Also, experience may allow for by-passing 
some of the strategy; one might start a problem in vector analysis by 
decomposing the vector, oven though ''breaking into parts" is fotmally a 



Schoenfe.ld 



stage 2 operation. Similairly, certain strongly "cued" heuristics, or 
pattern recognition, or "intuition" may lead the problem solver to try 
a particular strategy "ahead of its time." This should and does happen 
with expert problem solvfers. For ex; aple, in a problem solving experirent, 
five out of five mathematicians individually- decided,- within one minute,' 
to approach the problem 

Let' a, b, c, and d be given real numbers between 0 and 1. 

Prove that (1-a) (1-b) (1-c) (l-d)> 1-a-b-c-d. 
by examining the two-variable pi ob?Lem and extrapolating the result. The 
strong "cue", the presence of too. many variables playing similar roles, 
prompted the action—as it should. At least, it should prompt consideration 
of the strategy. The "master control" in DESIGl-J should decide whether or ^ 
when it is appropriate to use it. 

% Ultimately, a much more refined version of ' the strategy might take 
such "cues" into account. Perhaps the "condltionractioti" language of 
production sytjtems will prove an appropriate vehicle for describing such 
behavior (see, for example, Larkin's' "Hi-Plan" model, in pr-^ss) . 

IV. What Impact CAN We Expect Heuristics to Have? ■ . 

In brief, the major statements I can make as a consequence of my 
course about students' abilities to learn problem solving via heuristics . 
are as follows: . ... 

A) in a wide variety of circumstances, individual heuristics can 
have a dramatic effect on students' abilities to splve particular 
problems. Often the mere mention pf a particular heuristic can 
either crystallize what were Jumbled thoughts in the student's mind 
or point out a new direction of attack on a problem, resulting in 
a solution to a problem that was previously inaccessible. With 
proper training, students can learn to apply heuristics to difficult 
proijlems in rather sophisticated ways. 

V B) Students can learn the essential ingredients of a managerial 
strategy. Most important in this regard, they can develf > skills 
in determining the appropriate heuristics for dealing with a wide 
variety of problems — an absolutely critical fact, in view of the' 
discussion in section IXC. This means that we can legitimately hope 
to have impact on students' problem-solving behavior, outfside of 
the heuristics classroom. 

A few caveats are appropriate before we proceed. The class was ekperimental 
with an enrollment of 8. On the one hand, the small enrollment allowed 
for a detailed monitoring of the students' performance and growth— en- 
tirely appropriate at this stage of development of the model and the idea. 
On the other hand, one should always be wary of extrapolating from a 
small sample in these unusual circumstances, especially when the studerits 
received such individual attention. The students claimed that the amount 
of work they did was "about average"; and frankly, I feel that any course 
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in problem solving, to be effective, will require a large degree of conmit- 
ment from the instructor. The numbers that I offer in the sequel ar6 in no 
wiay ^in attempt to argue statistically hstsed on a sample of eight students; 
they are rather an attempt to add quantitative substance to some qualitative 
sta[tements. 

A. Individual Heuristics. DO Have an Impact 

As indicated above, the mere mention of an heuristic can often trigger 
something that was hitherto inaccessible to the student. One dramatic ex- 
ample of this wias provided by a problem we discussed in flection IIA, where 
students were asked to 

^ n 

1. Find an expression ^in closed form for / 1 \ 

1=1 \ (i) 



Of the eight students in the class, two had succeeded in solving this 
as a homework problem. One remembered seeing it as a telescoping series, 
and the second remembered havirtg made some sort of algebraic manipulation; 
after a while he saw the partial fractions decomposition for the denomina- 
tor. In class the other six students said that they had tried but simply 
'•got nowhere" on the problem. At that point I presented them (for the 
first time*) with the heuristic: 

Examine Special Cases: 

a) . Choose special values to exemplify the problem and get a 

'•feel" for it. . 

b) Examine limiting cases to explore the range of possibilities. 

c) Set any integer parameters equal to 1, 2, 3, in sequence, 
and look for an inductive pattern. 

The students then worked by themselv^es for a while. Within four min- 
utes all had seen the pattern, and within ten all had verified it. [This 
example is one of the most spectacular I've seen for convincing skeptics 
that heuristics can work. Virtually everyone (except the mathematicians 
who know the telescoping series) is stumped by it at first, and finds the 
answer (if not the proof) apparent once the suggestion is made.] 
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*One of the difficulties in getting students to employ any strategy is 
that they are unlikely to employ it unless they are themselves convinced 
of its value. For that reason I would occasionally give students a prob- 
lem like the above to work on, and later provide them with the heuristic 
appropriate for solving it* The dramatic turnaround is impressive, and 
helps to convince them of the heuristic 's utility. This is a useful 
instruction strategy, but it should not be abused: if students are given 
too many inaccessible problems they can become frustrated, and the approach 
counterproductive* 
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Similar results occurred with the following problem: 

•\ ^ . « . 

2. For what values of (a) does the set of simultaneous equations 

r 2 2 ^ 1 

s y 

2 2 
(x-a) +> « 1 

have either 0, 1, 2, 3, or 4 solutions? 

This problem is not terribly difficult to crank out by algebraic means, 
although the '^bookkeeping** can get sufficiency complex that students make 
silly mistakes. The problem is number 173 from the U> R. Olympiad 

Problem Book > and the v^lg'ebraic solution is given on pp, 276-277 there* 
Only three of my eight students handed dtt error-*»free solutions 

Now consider approaching this problem via the following heuristic: 

DRAW A DIAGRAM if at all possible. 

The first equation becomes two Straight lines intersecting and at 45^ with 
the origin; the second equation a circle of radius 1 with center at (a^O) 
(see figure 4), With the graphic Interpretatioh the problem is trivial^, > 
Again seven students out of eight solved it completely^ all claiming the 
problem was easier to deal with. (Two had use the heuristic before,) 
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Figure ^4 

Another case in which an heuristic produced drastic results was in the 
following problem: 

3* Let n be an integer* Prove that if (2^ - 1) is ^ prime, then n is a 
prime* 

Two students out of eight solved the problem within ten minutes, with 
the rest of the cl^^ss making little progress* [Unfortunately the heuristic 
employed for question 1 yields the sequence of numbers (3, 7, 15, 31, 63, 



ERIC 



55 

Schoenfeld 

127, ...)» which does not seem especially suggestive; at this point the 
students were left without any ideas.] The idea introduced to the class 
at this point was that of trying to make the problem more apce88ibH.e by 
re-formulating it, as suggested below. 

s 

, Reformulate the problem by 

i) change of perspective or notation 
11) considering argument by contradiction or contrapoSlt^ve 
111) assuming you have a solution and determining its properties. 

.. . ■ 

Clearly the appropriate choice among, these is Xii) • The negative of 
"prime" is "composite" and the problem becomes 3'. Let a and b be integers 
greater than 1. Prove that 2^^ - 1 is composite. 

The problem was easy for the four of the remaining six students who 
realized that 2ab u i « (2a)b 1 has a factor of 2^ - 1. 

As a last example of the efficacy of particular heuristics consider 
the following problem: 

4. Show it is Impossible to find numbers a, b, c^ d, e, A, B, C, D, Et 
suchthat 

x,2+y2+z2+r2+82 « (ax+by+cz+dr+ex) (Ax+By+Cz+Dr+Es) . 

The problem is overwhelmingly complex, and the only three students to 
solv3 it on their own did so by employing the same heuristic that I later 
offered to the whole class: 

If a problem containing a number of variables is too complex 
to analyze, construct an analogous problem with fewer variables 
and solve that. Then try to exploit either the method, or the 
result, of the analogous problem. 

With that suggestion, another three students succeeded in solving it. 

These examples are atypical. One does not frequently encounter prob- 
lems which 4re relatively inaccessible to students when presented out of 
context, and which are completely "unlocked" by the mere mention of an 
heuristic. (If such problems abounded, the efficacy of heuristics would 
be unquestioned!) Yet the examples are significant. They indicate that 
particular heuristics can drastically affect the solution rates on prob- 
lems, if only because they focus the problem-solvers' attention on methods 
of attack which they might have used but did not think of using. The im- 
pact of heuristics easily transcends this "focusing", however. In the class 
room discussion of problem (4), I discovered that only one of the students 
recalled ever having seen the heuristic explicitly mentioned by any of his 
teachers before. It is safe to say the problem i^^ too complex for them to 
solve without recourse (prompted or otherwise) to the strategy. Thus a 
course in heuristics adds to the students' problem-solving repertoire in 
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addition to giving greater access to some already known techniques. But 
this claim, and evidence I obtainied' in the class to indicate that students 
can successfully use the heuristics described above to solve quite complex 
problems, while interesting oh its own, would be sterile in a practical 
sense unless j^e could deal with the difficulties raised in lection XIQ^» 
It is all well and good that particular heuristics can help students/unlock 
'{particular problems. But the students should be able, oh their own, to 
determine with some facility which heuristics should be brought to bear oh 
particular problems. At the very least they must have a coherent managerial 
strategy for approaching problems and calling the heuristics into play. 
Otherwise ^the effect of the heuristics could easily be dilute'd beyond the 
point of tangible, returns. \ We deal with this in part B. 

B. Students CAN Leairn t'o Choose Appropriate Heuristics 1 

Pfi^rt of the final examination in my problem-solving course was speci- 
fically designed to see if students could, within a short amount of time, 
select the appropriate means of approaching a variety of probl€)ms« The 
students were given one hour to examine twelve questions, and t^old to an- 
swer the following for each of "them: 1 

• ■ ' I ■ ' 

For this particular problem, which of the techniques we have studied 
in class strlHe you as being most likely to help you 1 . 

1) understand the problem, \ 
11) determine an appropriate means of, and make progress towards, a 
solution? 

How would you approach this problem if you had an hour to work, on it, 
and why (briefly!)? Mention specific heuristics. 

After the statement of each question the students were asked if they had 
seen that (or almost identical) problem beforeji and if so, how much of the 
solution to the problem they remembered. Since the course was offered pass/ 
hot-pass and they were assured that their answers to this question would in' 
no way affect the grading of their papers, I am fairly confident they an- 
swered honestly. (Certainly some of the problems they quoted as being 
"almost identical" to ones on the examination indicated they were trying to 
be honest!) A sample of the questions and the responses follows. 

1. Let S be any non-empty finite set. We define E (S) to be the number 
of subsets of S which have an EVEN number of elements, including the 
null set and possibly S. Determine E (S) in closed form for any finite 
set S, and prove your answer .\ 

Seven of the eight students indicated that they had not seen the prob- 
lem before. All of them indicated that they would examine sets of 0, 1,2, 
3, ... elements to see If a pattern emerged; if it did, they would prove it 
by induction. The one student who had seen a solution outlined a combina- 
torial argument. The next problem has been used in a variety of contexts. 
We saw it as an example of "expert" response to "cues" in section III. It 
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1 • .J, ' ■ . . • ■ ■> 

was 9U0 used as a pretest problem In an experiment where seven students 
with background similar to those in ray course were asked to solve it; only 
two,s,tudents of seven considered the "fewer variables" strategy. 

2. Let a» b,; c, and d be real numbers between Q and 1. 
Prove that . \ ;: 

(1-a) (,1-b) (1-c) (1-dy ^ 1-a-b-c-d . ' 

/' ■ •> ' ' • ■ ' 

This problem was^ new to all eight of the students. Seven of them 
indicated that they would go about solving it by f irst oCxamining %he one' 
and two variable cases, , 

' . i (1-a) > 1-a (rather trivial!) and 

(1-a) (1-b) > 1-a-b 

The eighth student (not the same as in problem 1) left, the problem untouched. 

3. Let Cj and Co be two smooth non-intersecting closed curves in the plane. 
Prove that the shortest line segment which connects a point of Cj^ to a " 
point of C2 is perpendicular to' both Cj and €3. 

None of the Students had seen, the problem before. (Th^ closest wfe 
had come in class to the problem was a discussion of some aspects of the 
isoperlmetric problem.) Not surprisingly six of the students mentioned 
■drawing a diagram, and the other two said something about "trying examples." 
But In addition four of the students suggested an argumentjl by contradiction, 
taking the line segment L as given and proving there would be a shorter one 
if L were not perpendicular to both Cj^ and C2. Three of the remaining four 
students noticed the symmetry of the problem statement and observed that it 
was sufficient to prove L perpendicular to Ci; one of these further noted 
it ih sufficient to examine the degenerate case where C2 is a points (The 
eighth suggested examining, two circles or perhaps two ellipses.) 

4. Let f be a function whose domain is ordered pairs of polynomials and 
whose range is the set of all polsmomials : 

f[p(x),q(x)] « r(x), where p, q, and r are polynomials. 
We define I (x) to be an identity polynomial under f if 
' p(x) a f[I(x),p(x)l a f[p(x),I(x)J for , all polynomials p(x). 

Prove the identity polynomial is unique. 

The phrasing of the problem was deliberately obfuscatory, for I was 
curious to see if they would apply (ii) on page 55* Two of the students 
left^ the question blank. The other six suggested assuming the existence 
of two identities and proving them equal, one of them commenting "we do 
this any time we want to prove uniqueness/' 

These results are far from conclusive, but they are suggestive. 
Judgftifi; frc the quality of their homework papers at the beginning ot* the 
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.quarter » \\ie students* ability to make such determinations improved sub- 
stantially during the quarter.. Certainly one can argue that the -fact 
that students were able to select an appropriate means of approach to a 
problem in no way guarantees that they would be able to solve it. Ser 
lectins ain appropriate heuristic is far from a sufficient condition' for ^ 
success , but it my be necessary . If l:he~ students~did' no^ approach any ' " 
of the above problems via the means described , they would have had al- 
most no chaiice of solving them!- . ^ . 

V* What Can We NOT Expect of Heuristics? 

The examples in Section IV were^ chosen to indicate that students can 
le^rn to apply a variety of heuristics to a wide range of problems, using 
a managerial strategy to assist in the selection of the lieuristics. Ye^ 
clearly there are limits to the problem solving via. heuristics that stu- 
dents can learn. In this section we examine some upper bounds on student 
performance, and reasons for them. ^ 

k. Subtlety In Application May StymleyStiidents , ' 

The statements of heuristics are often vague, and leave much in 
the way of interpretation to their users. Consider the heuristic "exemine 
an easier analogous problem, with fewer variables" when applied to the 
following. 

la. Prove that for all real numbers a, b, and c, 

2 2 2 
a + b = c = ab + be + ba 

implies that a « b « c. 

In class I asked what the easier problem to analyze would be. A student 

answered that by setting c = 0, we obtain the simpler problem 

'-2 2 

lb. Prove that a + b « ab implies a « b, and the class agreed. ^ 
That choice ia inappropriate, of course: the correct statement obtained 
from setting c « 0 in (la) is 

Ic. Prove a^ + b « ab implies a = b « 0 , which Is not analogous. 

In view of the cyclic naturae of the terms on the rlghthand side of la, 

the correct analogous problem is 

2 9 ' 
Id. Prove a + b^ = ab + ba(= 2ab) implies a « b. 

This is easy to solve, and the method used to solve (Id) can be used to 
solve (la) . 

B> Cognitive Organization and Perspective are Limiting Factors > 

The degree to which any particular person can employ an heurijg^tic 
depends significantly on the way he enpodes information and the perspec- 
tive he brings to the subject natter. As an example, the last lines of 
the proof we developed in class to problem (la) read: 
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(*) Since Ca - b)^ + (b - c)^, + (c. r a)^ - 0,, we have a « b, b - c, and 

C' f a> as desired* 
As an experiment I left the solution' to this probt^ on the blackboard 
and gave the following problem. \ , 
2. Let^ai. ag. . . • , a„j and ^b^^Jp^^. . ^ 

of real numbers. Determine necessary and sufficient condltlonii 

on the ' a^^j and j b^| such that there are real constants A and B 

\flth the property that ' \ 

(**) (a^^x + b^) ,+ (a2X + b2)^ + . . . + (a„x + b^) - (Ax +B) , 

for all values of x. . 

I told the students that the two problems were related In some way, 
and that they should seek to exploit the \flrst In trying to solve the 
second. I gave them fifteen minutes and Wsked them to work Individually. 
None of the students made any, progress toWds solving the problem, for 
none of them saw the structural similarity between (*).and (**) . 

This' Is not surprising. Equation (**) Is, after all, a morass of 
symbols none of which are quite comparable to those in (*) : the number 
of terms Is different j the quantities are polynomials Instead of numbers; 
there are subscripted variables; and the right-hand side, rather than being 
zero. Is a quadratic polynomial with undetermined coefficients. Nonethe- 
less when I read problem 2, I was Immediately reminded of problem la, . 
although about an hour had passed since I had selected problem la for 
discussion. In solving problem la, I had beJen impressed by the fact 
that a great deal of information is contained in an equation where-^a sum 
of squares- equals zero. When I read problem. 2, I saw ^,sum of squares 
equal to something . Thus, if I could replace something by zero, I would 
gain much information. The compact, form of encoding "sum of squares 
equals . . ." enabled me to do this. Anyone lacking such a concise yet 
powerful means of summarizing the two equations would probably find 
the structural similarity between them obscured- beyond recoghltion. 

Similarly the perspective one brings to a probl em (largely a func- 
tion of one's experience) may subtly determine what he sees in that 
problem and thus how successful he will be in Solving it. 

Consider the following problem. 
3. Let T be a given triangle of area A. Using a ruler and compass, 
construct two lines parallel to the base of T such that the three 
resulting areas (see figure 5) are all equal. 




Figure 5 
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A quite competent graduate student with a background in physics had 
great difficulty with this problem because he was only able to perceive 
the problem as illustrated in figure 6. He found it "nearly Impossible 
to equate the area of the upper , triangle with that of each of the two 
trapezoids*. - — ' ■■ ' — 

Figure 6 

For myself , for a colleague who had taught high school geometry, &nd for 
four of the eight ' student^ confronted with this problem on my final 
examination, figure 7 is a reasonable representation of the way our 
perspective enabled us to see figure. 5. . 




Figure ' 

With this perspective we see three similar triangles of areas A/3, 2A/3, 
and A respectively. Since the areas of similar plane figures are pro- 
portional to the squares of thsir sides, the problem reduces^ to that of 
constructing 1/ v/S and VT / with ruler and compass. But only those 
who see the similar triangles in figure 5 will make, this observation, 
and no amount of training in heuristics can compensate for not seeing it. 

C. Induction Yes; Generalization Perhaps; Syntheois No . 

The fundamental assumption underlying any attempt to teach heuristics 
is that, once students hav^ been shown how to apply an heuristic in a 
variety of circumstances, they will themselves be able to apply it. 
To a certain degree this held true in my course. By the end of the 
quarter students were substituting n = 1,2,3,. . . , f or integer parameters, 
even when the parameters were only implicit; they were analyzing the 
impact of particular variables on problems by holding all but that vari- 
able fixed and letting that one vary; and so on. But as soon as the 
class encountered something that was substantially beyond their range of 
experience ♦ they ran into trouble. For example, the following was a 
homework problem* 

4. Let N be any integer. Find D(N), the number of distinct integer 
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■' divisors of N, Including 1 and N. 



The table oi values for D(N) does not, on first glance, reveal any sugges- 
tive pattern^^ \ 
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9 


10 


11 


12 


13 


14 


15 


16 
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2 
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At this point the class was stuck. It did not occur to them that 
the next question to ask in the search for a pattern was: Which values 
of N give particular values of D(N)| Once. I asked them this it became 
apparent that whenever D(N) was 2, N was prime; that N was a prime square 
when D(N) was 3; and" they were on the way to solving the problem. But 
this application of '•look~ for a pattern" wias beyond, the range of their 
experience and thus not useful to them. (Assumedly this^ particular 
method of see^king a pattern may have become incorporated Into their in- 
terpretation of the heuristic after we solved the problem. But there i 
is no guarantee that they will be at all successful the next time they 
encounter a problem, where an unusual interpretation of the heuristic is 
called for.) , 

This difficulty become^ more critical when students encounter a 
problem whose successful solution depends on the concurrent (synthetic) 
use of two heuristics. 

5. Let P be a polygon drawn in the plane whose vertices are all points 
with integer coordinates (lattice points). Find a simple formula 
for the area of ?, which depends on the nuinbej: of lattice points. in 
the interiors and on the boundary of P"; 

The answer (known as Pick's Theorem) is that the area is hi21 + B - 2) 
where I and IB are the number of interior axid boundary lattice points of 
P, respectively; Thi« formula is sufficiently complex that: most students 
are uallkely to hit upon it with a random selection of special cases. 
The. optimal approach to this problem is to combine two heuristics we had 
studied. One should .first fix one variable (say I «« 0) and then take 
sequentliil values B « 3, 4, 5, 7'; then fix I « 1 and repeat the process, 
and then the same for X « !>. At that point the formula should be ac~ 
cesfijible. But t^ls kind of synthetic approach was not at all apparent 
to the students in spite of the fact that they had kept variables fixed 
in the past and had certainly looked for inductive patterns. Likewise, 
we cannot ey.pect students to combine' in synthetic fashion other heuristics 
they have l«arned individually, 

VI. Conclusi ons 

The "state of the art" in the teaching o'l general mathematical 
problem siolvlng is extremely primitive, notwithstanding the fact, that 
the notion of "modern heuristic" as introduced and substantially developed 
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by Polya has been^with us for more than thirty years. The established 
theory has not progressed to anywheUe near. the , Jint where it provides an 
implementable prescriptive model for problem solving; current practice is 
largely in the hands of isolated individuals, each proceeding oh the 
basis of his personal pragmatic ^sxperience. This paper has dealt, often 
in speculative fashion, with various aspects of a ptescriptive theory of 
problem"^^ solving. Pragmatic and theoretical issues have been mixed, for 
(obvibusly) they *^eed off each other. In this' concluding section they \ 
are separated. In part U A) I will discuss some, utilitarian concerns for 
those who might . themselves consider offering a course on problem-solving. 
In part (B) I preseifit an overview of this theory in its nascent state 
and indicate some avenues for exploration. 

A. Pragmatic Concerns for the Teacher of Problem Solving 

v> ■ , ' . 

Far mlore/ goes into the successful teaching of a course on problem 
solving than the compilation of the strategies which serve as its theo- 
retical foundation. For example the role of affective considerations, 
which have barely been touched upon in this paper, is critical. In a 
domain where the confidence (or latk thereof) of the individual problem 
solver may decide whether or not he solves any particular problem, we can 
. scarcely afford to pass lightly over such concerns. This is not the 
place for an extended discussion of the dynamics o^ teacher-studerit re- 
lationships, however. Let me merely note that the issue is worth serious 
attention and refer the reader to discussions by Polya (1965.,,, Chap. 14) 
and Schoenfeld (in press^ c) . 

In preparing for my course, I found tx^o things to be critical. First 
was the philosophical framework, which I will try to sum up in part (B) . 
Second — and most germane here — is the choice of examples for discussion. 
If the teacher of problem solving via heuristics takes his responsibility 
seriously, selecting a collection of valuable and instructive problems 
for his class may be the hardest task he faces. The purpose of the 
examples iS; to illustrate, in a wide variety of context 5 ^ how each general 
heuristic can prove valuable. Problems which are "unlocked" by a single 
heuristic or which serve as dramatic examples of an heuristic •s utility 
are not common and^ it may be argued, are not reflective of the universe 
of mathematical problems as a whole. Nonetheless they are absolutely 
necessary to the process of instruction: they serve both to convince 
the students of the importance of heuristics and to illustrate their use. 
Only when the student has mastered the use of heuristics in this sub- 
universe can we expect him to use them in the large. (The weaning process 
to more complex problems should take place near the end of the term of 
instruction.) Some of the problem sources I found most useful are listed 
in the bibliography. The problems given as examples in this paper are 
a fair sample of those which meet my criteria. Let me indicate two classes 
of problems which I feel should be avoided. First » avoid problems for 
which the ^iveri solution depends on what might be called "divine revela - 
tion ." Consider the following » taken from The U.S.S.R . Olympiad Problem 
Book (Shklarsky, et al., 1962): 
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1. ?rove that n*^ + 3n + 5 is never divisible by 121 for any integer n. 
Now consider the way the argument In the book begins: 

r'We shall u€«e the Identity ti^ ± 3n + 5 « Xn+7) (h-4^^ _ 

I cannot see how anyone (except the person who constructed the problem) 
dan be expected to arrive at the identity himself, and I see no instruction- 
al value in the problem. Second, avoid problems whose sole justification 
for Inclusion Is a subject-matter theme . The "easy way out of selecting / 
examples for clasi^ is to pick a series of problems fr^m. a text (or a 
collection, like the Olympiad book) dealing with a particular isubject: di- 
visibility by integers, for example, or cardinalities <if sets. There is 
no doubt that such problems occur frequently in problem-solving competi- 
tions and that the student -who- wishe.s to do well in such competitions 
should be familiar with the subject areas. However the techniques in any ''^ 
particular subject area are often domain-specific" and may shed no,;light 
•on general problem-solving skills. A domain-by-domain approach to the 
teaching of problem-solving is fundamentally at odds with an efficient 
presentation of heuristics as general strategies, . at least at the beginning 
of instruction. The students can be given problems united by a subject 
matter theme after they hav^ learned to employ a variety of heuristics, 
as a part of the weaiiing process mentioned above. 

Finally I should comment about the level of the problems we can use 
in a course on problem solving, and the implications of this. Surprisingly, 
the problems we use as examples need not be as "advanced" as we might Ex- 
pect. Often a problem which is easy within a particular subject matter 
^context can be quite difficult for students when their established patterns 
of problem solving within that domain have eroded with time. For example, 
consider the following problem. It is routinely "solved" and often a 
"required proof" in high school geometry classes. 

2. Prove that in any circle, the central angle wnich subtends a given 
arc is twice as large as any inscribed angle which subtends the 
same arc. (figure 8a) 




a. •'general" case b. ••special" case c. parametrlzation 

r - 2a cos 0 



Figure 8 
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My intention when I assigned the problem was that the students consider' 
a special case, where one side of the inscribed angle is^a diameter of 
the circle (figure 8b).. The general case can be obtained by adding (or 
subtracting, if the inscribed angle does not include the center of the 
circle) two special cases. To my surprise, the problem (assigned as 
homework) caused^ my students some difficulty. When students encounter a 
problem out of context, strange Ching8,>cdn happen: one person whose pro- 
blem solving was particularly idiosyncratic solved the problem by 
parametrising the circle and performing an arc length integral in polAr 
coordinates! (I pointed out- gently that he might have . suspected that 
th€(re would be a simpler proof.) 

Thus one need not use only advanced mathematical liroblems for 
object lessons. A word of warning in this regard, however: it was good 
that I gave the problem as homework and not as an in-class example. Stu- 
dents may perceive such elementary problems as Insults to their int:elli- 
getice. (After all, they solved that t^pe of problem routinely four years 
ago!) Purely as a matter of instructional strategy, we must convince 
th6m there is a lesson to be learned from such "sample'V problems. This 
iiS best done by letting the students discover that the problems are not 
as trivial as they might have thought. ^ 

Since one can learn the "object lessons" of the heurisitics from 
some problems at a fairly elementary level, it may well be possible to 
ease the admissions requirements for the course. With a careful selection 
of problems, the course I offered might be tailored to students who have 
finished sl year's instruction in calculus. I wonder about the bc^n^fits 
of ^uch a course to students with weaWr backgrounds, however, tt might 
be core appropriate to offer them a basic course in learning to think 
and argue in logical, mathematical fashion— something which, justified 
or not, we assume that upper division mathematics majors bring with them 
to a problem-solving course. Offering a problem-solving course to people 
with minimal backgrounds would present difficulties both in finding enough 
appropriate problems (a major limiting factor!) arid in the range of 
. possible exemplification. The lowest level at which these strategies 
can be presented, with tangible benefit to students, is an empirical 
question. That it can be done at all, with cthe results described. in 
sections IV and V, has been established. 

B. Theoretical tssues ^ 

For the sake of brevity, 1 will make the following basic assumptions 
to provide a context for this discussion. 

. a. Although there is a great deal of idios'yncracy and individualism 

in problem-solving behavior, ^'experts" deomonstrate discernable pat- 
terns in the way they approach mathematics problems. They often seem 
to explore unfamiliar problems through the (conscious or unconscious) 
use of certain global problem-solving strategies. 
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b. . The essence of these global strategies can be distilled, and described 

with a larj;e degree of accuracy. Polya has singlehandedly succeeded 
in capturing the essence of the most 'important heuristics, with Wickel- 
gren covering whatever ground Polya left open. In addition Polya has 
treate^d th*e affective aspects of teaching problem solving with insight. 

c. '^A substantive number of ma,thema.ticians--and scientists in general, to 

the degree fhat they perceive the heuristics described by Polya to' 
apply to their disciplines— accept Polya' s descriptions of heuristics 
as valid. They acknowledge having used many of them themselves (most 
often Independently of. Polya, only to discover his descriptions later), 
and would be happy if > their students could use them. 

d* Notwithstanding (a) through (c) , and the fact that' there have been 

numerous attempts to teach general problem-solving skills via heuristics, 
there is virtually no reliable evidence to indicate that one can ^iib- 
stantially enhance students' abilities to solve problems (in any mean- 
ingful way) by teaching them heuristics. 

Now if we accept these four assumptions, we are forced to draw one of two 
conclusions: 

!• Heuristics such as those described by Polya luay well serve as a suii- 
mary description of "expert" problem-solvirtg behavior* They are, 
however, doomed to failure as prescriptions or guides to problem 
solving for tton-experts. Unfortunately, each individual must — on 
his own, over a period of years, and in an undoubtedly inefficient / 
fashion—develop his own personal approach to problem solving; / 

or I 

2. Some element is lacking in the established theory of problem solvirtg 
or in the means that have been used to teach it (or both) . If we can 
extend or modify the theory to incorporate the missing element, we 
may hope to teach problem solving via heuristics successfully. 

I personally am not r^ady to conclude (1) in despair. In this paper 
I have discussed, kt some length, the reasons that I believe the present 
theory is. Incomplete. I have offered a means for supplementing the es- 
tablished theory with the* elements that seem to be lacking in it, and 
given some (rather teiitative) evidence to indicate that these ideas not 
only have some foundation in reality, but can be implemented in a practi- 
cal course on problem solving. Let me summarize. 

Suppose that we can succeed, to a reasonable degree, in training 
students to apply each of a series of individual heuristics. These may 
well be substantive additions to the students* problem-solving repertoire. 
Even so, we cannot expect the students to demonstrate substantially en- 
hanced performance when tested on a range of problems calling for the 
application of a variety of heuristics. There is another element which 
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is absolutely essential if students are to use these heuristics to advan- 
tage: they must be able to . selec t . w,^th some speed , the appropriate means 
of approach to each problem. If students lack this ability to make an 
efficient choice of a problem-»solving approach to any problem, they may 
dissipate thelp heuristic respurces beyond the point of tangible returns. ' 
It is' incumbent on us, therefore, . to provide students (ds best we can) 
with an efficient means of selecting the methods they will bring to bear 
upon pr.obleras . 

The means I propose is a "managerial strategy",, the outline of which 
was given in section III. , The strategy was designed to simulate (^within 
reason) the way that accomplished problem solvers would approach problems 
that were new to them. .It provides for . a global 'allocation of, resources 
in the way that an "executi."* program" rtoeS in Artificial Intelligence 
programs. It is further buttressed with a series of "cues" which, in 
certain circumstances, serve to rdute the problem solver directly to 
specific approaches for particular types of problems. If the heuristics 
^ from the established theory are taught within the context of- this man-: 
agerial strategy, and if the students can learn to allocate their heuristic 
resources thereby with some efficiency, we may hope to overcbme the diff- 
iculties mentioned above. 

Altliough the sample 'of students I had in the problem-solving class 
.was too amall to lend real authority to any statement about the imple- - 
mentability of such a managerial strategy, the results I obtained in the 
class and described in section IV are definitely suggestive. They indicate 
first tl^at students can learn to employ individual heuristics with some 
degree of competence. But this is not all. They indicate further that' 
students can indeed learn to select the appropriate means of approach to 
a wide varity of problems, and that the selection car b,e done in a short 
amaunt of time. In 3hort: there is reason to believe that a managerial 
strategy — or its equivalent — is the missing element in the established 
theory of problem solving. With its inclusion we may hope to teach prob- 
len\ solving via heuristics successfv'lly and with demonstrable, replic~ 
able impact. ' ^ 

TransfomJ.ng that; hope to documented fact will be a major enc.eavor, 
and would be even if the theory were at a far more advanced state of 
de';elopment. The difficulties in obtaining successful and meaningful 
results in experimental environments are legion. Our experimental subjects 
are not rats, or pigeons but human beings. They are not being trained in 
the exec\ition of linear S-?R chains whose links .consist of pressing levers 
when green lights go on (or the human equivalent, reciting paired asso- 
ciates) but in the mo£:t complex and least understood thought processes 
known to man. They do not enter the experimental area with tabulae ras^^T 
and they are not in a virginal state relative to the experimental materials 
as one would like for purposes ofr **ideal** experimental design. Rat^ersJ- 
and this is a difflcalty one must face if he hopes to perform experMents 
whose results will translate meaningfully into the real world— each indi- 
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vidual brings with him his own personal host of preconc6jf)tions, mis- 
conceptions, and idiosyncracies which must be circumvented, obliterated, 
Olf superseded by the problem-solving strategies wh^ch a^re offered him. 

The results described in section IV are su'ggestiv4, and indicate 
that we may well hope to teach effective problem solving via heuristics. 
Let us not forget, however, what went into the instruction that produced 
the results. The students met with an interested instructor for three 
hours per week, receiving (almost) personal attention in the classroom. 
This 'twas supplemeiKted with a fair amount of homework, for^ total of ten 
weekd. It is safe to assume each student spent in /the vicinity of a 
hundred hours dealing with various aspects of problem solving for the 
course. Much of that time is probably necessary,, although refinements 
of the theory hay shorten the total time needed to produce significant 
results. Tidy little experiments which will proyide incontrovertible 
evidence of the success of such atrate^ies are pimply not in the offering: 
there remains much to be^;sorted out before we know enough,, or have enough ' 
control over instructional variables, to be abl^'e to document some of 
the claims m^de here. Iprogress is being made, however. The experiment 
described in (Schoenf elii, "Note l^^hows that, under certain circumstances, 
we can demonstrate the impapt of heuristics. It provides as well a 
mechanism for further j^tudy of heuristic behaviors. The use of protocol 
analyses for detailed 'investigations into coghitive process and of pro- 
duction systems for modeling may provide both more information about 
problem-*solving strategies and a convenient language for discussing them. 
More generally, the ejaerging field of cognit;Lve science may provide in- 
sights into the nature of human thought whic/h we can exploit. In brief, 
there is indeed reason to believe that we cdn come to a better under- 
standing of productive human thinking, and that we will be able to use 
this understanding to| the benefit of our students. 
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This chapter includes a review of selected literature in several areas 
of problem solving. No attempt was made here to cover all identifiable 
areas. The focus is on "routine" applied problems— e . g . , the typical 
textbook verbal problem — rather than nonroutine problems. The first two 
sections, on problem context and on the physical way in which the problem . 
is presented, supplement the Trimble and Higgins chapter Chapter 2. The 
third section centers on the many language factors which have been studied 
with verbal problems. The final section treats studies which have ex- . 
amined "processes" in problem solving. Each section concludes with s6me 
recommendations for research. 

Problem Contexts 

As in the Trimble-Higgins paper, the word "context" will be used here, 
to refer to the setting in which the problem arises. For example, the 
talented Trimble-Higgins teacher, Hope E. Ternal, chose a context involving 
the volume of dirt in the streets or of garbage collected in the city. 

Interest 

One would expect that 'interesting" contexts for problems would be 
related to greater problem-solving success. As Trimble and Higgins point 
out, neither Travers (1965, 1967) nor Cohen (1976) found such an effect. 
Travers' subjects, however, solved only their preferred problems in each 
of 15 pairs. The problems in each pair were matched, but without matching 
across pairs the success rates observed might be spurious. Cohen chose 
outdoor, scientific, and computational contexts for his problems but 
notes that contexts from snorts, automechanics, and music might have led 
to greater predictive power. Pursuing a different line, Blake (1976) 
studied the influence of context on heuristics used by eleventh graders. 
Although he did not determine the relative degree of students' interest 
in his matched real-world context vs. mathematical context problems, he 
found that the problem contexts did not result in different quantities or 
types of heuristics used. 
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Even though attempts to demonstrate the effectiveness of a match of 
a student's interests to problem contexts have been largely fruitless to 
date, one might nonetheless wish to choose problem contexts to meet "average" 
student interests in some global fashion. DeLong's (1975) survey of pre- 
and early-adolescents suggests that pets, atheletics, working with the 
hands, outdoor games, travel, association with peers, spending money, 
living outdoors, and watching cartoons and comedies might provide problem 
contexts of interest to many children. Textbooks, of course., Yary. in the 
match of their problem contexts with student interests. To compare text 
contexts with children's interests, Hensell. (1956) first reviewed surveys 
of children's general interests and found these areas to he high ranking: 
game play, organized sports, movies (note the 1956 date), areas of study, 
academic" subjects, and relations or activities with people. When he looked 
at two text series, he found that they utilized only 43% and 60% of the 
31 general interest areas he isolated. " > : ' - 

Another way to attempt to adapt to different interests would be Co use 
sex-appropriate contexts. (The adjective "sex-appropriate" is Leder's., 
1976, and is intended to reflect commonly cited interests and leisure 
activities of boys and of girls.) Leder devised two fortns of a problem- ^ 
solving test, one using activities stereotyped as male (M papeji.*) > the other, 
female (F paper) . With 310 Australian tenth-graders she found that "there 
was a slight tendency for boys to perform better on the M than the F paper 
...Girls tended to perform better on the F than the M paper" (p. 123). No 
means or significance levels were given for these results. 

Familiarity ot Contexts 

Trimble and Higgins ably discussed the familiarity-unfamiliarity 
dimension in their chapter. As they note, one discomfiting feature of 
studies involving familiarity vs. unfamiliarity is, what is "familiar?" 
Certainly the nonsense words used by Brownell and Stretch would be un^ 
familiar. On the other hand, Welch (1950) reported a greater interest by 
fifth and sixth graders in "unreal" problems (with fanciful elements) 
than in "real*' problems (of social significance) . 

Here is a "matched" pair of problems used by VTashburne and Morphett 
(1928, p. 222), which illustrates what they meant by "familiar" and "urv-' 
familiar": 

Unfamiliar A coke plant had to turn out 673 tons of coke for 
a steel company. It has already produced 129 tons. There 
are 32 ovens in the plant. How many moriG tons will each 
oven have to produce? (53% of the studient:s used the correct 
algorithms) 

Familiar My committee has been asked to dress 363 pencils for 
the bazaar. We have already dressed 1A9 pencils. There are 
23 girls on the committee. Hov; many more pencils v;ill each 
girl have to dress? (71% "of the students used the correct 
algorithms) 
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The performances on the problems in this pair do seem striking. Yet per- 
formance on the unfamiliar problem in other such pairs sometimes was as 
good as that on the familiar one in the pair. (The language section below 
will touch on the many questions that can be raised about the matching of 
such problems.) 

Brownell and Stretch did not put the matter to rest. White (1934) » 
for example, driticized earlier studies for having had teachers decide 
what was familiar and unfamiliar. She polled sixth-grade students them- 
selves to determine familiarity and then gave 12 pairs of iproblems, one 
within llie experience of children, the other notj to 1000 students. She 
concluded that if a problem was easy, the amount o^f experience of the child 
with the situation was not a factor. With other problems, experience was 
a "highly significant" factor. (Recall that many studies of this vintage 
did not undertake elaborate statistical analyses. It is perhaps note- 
worthy then that Post, 1958, did detect a main effect for familiarity of- 
setting, in an analysis of variance.) 

The Lyda (1947) and Lyda and Chorch (1964) studies also involved de- 
termining the degree of student experience with the contexts of textbook 
problems selected for their "realism" and then studying the relationship 
between the degree of experience and success with the problems. These 
studies are small-scale and strangely-reported. Yet they do suggest that 
experience with a situation may be more important for the average and 
below average student than for the above average student. 

Having students write their own problems has often been advocated. 
Besides providing practice with concepts, perhaps this strategy would re- 
sult in familiar problems and should play on the motivation of having 
"one's own" problams. Keil (1964) provided contexts (usually without 
numbers) for sixth-graders, and contrasted the effects of (a) having the 
students make up and solve their own problems and of (b) having them 
solve given problems about the settings. After 16 weekly sessions, she 
found significant (0.01) effects favoring the group which wrote its own 
problems. The. dissertation does not report means (!) and it is likely 
that the classroom rather than the student should have been the unit of 
analysis, but still the results are encouraging. Riedesel (1964) also 
included the practice of having pupils make up their own problems as 
part of his successful experimental treatment, but the design did not 
allow tracing the effect of the problem-writing. 

Cottventi onal vs. Imaginative Contexts 

About a half -century ago, there was a sequence of studies on the 
effect of embellishing the usual story problem with more information 
about the situation— i.e. , an "imaginative" presentation as opposed to 
a "conventional" one. Conventional problems v/ere marked by simple, com- 
pact, direct statements of the problem, whereas imaginary problems de- 
scribed more details of tne larger situation, intended to add interest. 
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H«!r« is a siawplft of each (from Wheat, 1929» p. 25) J 

Conyentioytal A girl caught 35 of her string of 135 beads when 
the string broke, and could only find half of the rest. How 
many beads did she save? 

Imaginative Bertha's daddy bought her a new string of 100 beads. 
While she was playing tag, the string broke. Poor Bertha I 
Ttie beads scattered in every direction. She caught 48 of 
them before they fell, but she found only half of the rest. 
When she put the beads on another string, she had only .... 
beads. 

Myers (1925) gave six conventional and six imaginative problems to 
494 children in grades 5-8 and to 19 normal-school students. The results 
led him to assert rather definitely the superiority of the imaginative 
presentation on word problem performance. Wheat (1929), apparently dis- 
mayed in part at the size of arithmetic texts which incorporated several 
itoaginative problems ^ felt that Myers had not proved his case. Hence, 
Wheat replicated the Myers' study and also tested the conventional vs. 
imaginative types with other sets of problems. After giving different 
tests to several hundred students, he concluded that there were no dif- 
ferences in difficulty between the two types, except that conventional 
problems take less time. 

Ten years later Bramhall (1939) reported another study dealing with 
the conventional vs. Imaginative issue. Noting that Myers and Wheat had 
given only tests, he had 427 sixth-graders work either conventional or 
imaginative problems three days a week for 10 weeks, with teacher super- 
vision but without a great deal of teacher "Influence." Bramhall con- 
cluded that the types were equally effective. The data table in the re- 
port is for a standardized reasoning-in-arithmctic test, but no data 
for a 20-problem posttest (10 of each type) are tabulated. Bramhall 
does mention that the imaginative-problem students performed slightly 
better (about 5%) than the conventional-problem students on this test. 
Since imaginative problems take longer to work however, he felt that the 
better performance was offset by the fact that fewer problems could be 
worked. It is v;orth noting that after the 10 weeks, students had gained 
an average of 8 months on the reasonlng-in-arithmetic test. 

S ome Recotantenda 1 1 on s 

1. Kell's (1964) study, In which student-generated and student- 
solved problems apparently led to improved problem-solving with siicth-" 
graders, should be replicated. Perhaps some freedom of choice of contexts 
could be allowed in an attempt to increase the match of interest and 
context . 

2, Would a concentration on word problems give the same results aa 
in Bramhall's (1939) study: 8 months growth in 2k months? If indeed 
.problem-solving Is as important as many feel, it should be moved from an 
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"If there's time " status to a central role featuring much problem 

solving. Until there is a supply of Hope E. Ternals, a stop-gap approach 
would be to solve lots of problems. 

3. Knifong and Holtan (1976) .found that reading difficulties may not 
play as great a role in incorrect problem solutions as is commonly believed. 
Students do have trouble with problems which include extraneous ~data (e.g., 
Post, 1958, James, 1967). Perhaps if. is time to revive the conventional- 
imaginative issue, with extraneous data in each type. Presenting the "full" " 
context with extraneous data is much more life-like, and perhaps the imag- 
inative version better reflects real-life situations. 

4. Interest, familiarity, Imaginative appeal, extraneous data — what 
other context variables might play a role in applied problem-solving? 
Caldwell (1978), for example, found that couching a verbal problem in terms 

of an unknown number ("If 15 is added to an unknown number ") rather 

than in terms of a concrete referent ("If 15 dolls are added^ tq a cqllection,.. 
....") resulted in more difficult problems for students in grades four through 
twelve. 

Problem Formats 

In this section, "formats" will refer to what Trimble and Higgins call 
"cognitive levels of context." For example, a problem might be presented 
by written or spoken words only, by a picture with minimal use oi words, 
or by appropriate physical prop's with minimal use of words. A problem about 
the cost of bicycle accessories could be couched in words, in a pictur«^ 
with price tags, or with actual accessories marked with prices. This 
section focuses on contrasts between formats rather than within-format 
variations such as the following, (a) Some texts do list data line by line, 
perhaps reflecting the influence of the positive results found for such a 
format in the learning of complicated definitions (Markle, 1975). 
(b) Recent studies by Campbell (1976, Note 1) warn of the danger in 
assuming that student perception of pictorial or concrete formats will be 
what are intended. Her work with presenting problems by pictures to first 
graders suggests that sequences of pictures be used before single pictures 
and that the pupils may interpret postural cues (e.g., legs "moving") 
somewhat better than cues like clouds of dust or "motion" lines. 

Formats in Tests 

When elementary school pupils have been tested, d^^gramy or pictures 
have often seemed to result in better performances. For example, Neil 
(1969) included diagrams to be completed with half the problems given 'to 
groups of third graders. She found that performance on the problems with 
diagrams was statistically superior (0.01). Portis (1973) examined t e 
influence of a physical aid or a pictorial aid (or no aid) when he tet,..ed 
groups of fourth, fifth, and sixth graders on problems involving propor- 
tions. Both the physical aid and the pictorial aid groups performed better 
than the words-only group. On the other hand, O' Flaherty (1971) found no 
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differences between providing a picture (black and white or colored) with a 
verbal problem, or just presenting the problem orally. Her subject? wftre 
6A fourth and 67 seventh graders, tested individually. 

Sherrill (1973) and Webb and Sherrill (1974) , in testing tenth graders 
and pre-service teachers, respectively, found that an accurate drawing 
accompanying a verV.al problem gave better performance than the word state- 
ment alone, but that the word statement alone gave better performance than 
the word statement accompanied by an inaccurat e drawing. In contrast, how- 
ever, Kulra, Lewis, Omari, and Cook (1974) gave 116 ninth graders either a , 
text statement, a. student-generated statement, a drawing, a text-statement 
+ drawing, or a student-Statement + drawing for a given problem. Only their 
students with IQ" 92-109 performed differently. For them, the text state- 
ment treatment was superior, in terms of number of correct or correct meth- 
od, to any treatment involving a drawing! Kulm etal. opine that perhaps 
the familiarity of the textbook language and the novelty of the other treat- 
ments accounted for this result. Then too, their mode of presentation- 
one minute via overhead projector, then three minutes to work after the 
overhead was turned off— was unusual. Only this last study, with its un- 
usual presentation mode, conflicts with this conclusion: Accompanying a 
verbal problem with a diagram or an accurate drawing in a group-testing 
situation gives better performance than the verbal presentation alone. 

Finley (1962) presented 20 problems to third-graders and to retarded 
students (mean MA 8 years, 5 months) in three ways; first, with actual 
money (accompanied by the written question, which was also read) i second, 
with pictures of the money, similarly accompanied; and third, with numer- 
ical symbols only, as computation exercises. The third version can. scarcely 
be equated to the first two, so it will not be discussed herti. The actual- 
money format was given first (individually); the picture-format was second, 
one week later (group). She found that both the third-graders and the re- 
tarded students performed better on the picture-f oraat than on the actual- 
money-format I However, the fixed order of the tests, the individual ad- 
ministration of only the actual-money test, and the students' familiarity 
with money may account for these differences. 

Formats in Instruction 

Nickel (1971) used concrete materials as mil as pictures-and diagrams 
in a "multi-experience" treatment which, after six weeks of instruction, 
produced a performance superior (0.10) to that of a verbal^only treatment 
on an arithmetic applications test. This difference, however, did not 
show up when the fourth graders were tested again after three w<seks. Thjf?. 
design did not allow one to study the infiuftnce of the pictures 'atui diagrams 
alone. 

Shoecraft (1972) designed three approaches for teaching the trans- 
lating of algebra problems: direct tranaiation, r.he use of drawings 
(actually diagrams) before translation, and the use of concrete materials 
before translation. With 12 days of instruction, the 366 seventh graders 
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an4 336 ninth graders in no case performed best under the diagrams treat- 
ment, on learning, retention, or traxiisfer tests. 

c i 

Yet, Nelson (1975) found an enhancing effect from instruction .which 
incorporated the presentation of problems via diagrams.. Of his 362 sixth 
graders, the ones who received diagram-presented problems di,d perform 
better on such prpblerao, but not significantly better on problems presented 
only in words. . ^ 7 

Boersig (1973), with 98 ninth-grade algebra students^ studied the 
effect on problem solving of videotape demonstrations oii, for example, 
distance-rate-time situations acted out with toy cars, or perimet6r prob- 
lems demonstrated with yarn on a pegboard. In addition, the materials 
were also present in the classroom, and each student in the experimental 
group used the material at least three times. Boersig called this use of 
videotape-plus-materials the enactive mode of representation and used them 
to supplement programmed materials (using drawings and symbols) on solving 
coin, mixture, and uniform motion problems. A control group fused only the 
programmed materials. There were no differences on ajproblem solving post- 
test with respect to writing appropriate equations, although the exper- 
imental group means were higher than the control group means. Experimental 
group subjects were significantly better (0.10) at writing out the implicit 
conditions for the problems (e.g., that two distances in a problem were 
equal or suiraned to a given distance) . 

Formats and Problem Formulation 

Trimble and Higgins call for research in problem formulation. Besides ' 
being an important goal in its own right, problem formulation may help to 
make students better problem solvers, as the work by Keil (1964) suggests. 
In, a study with some questionable procedures, Airanon (1972) investigated 
whether 170 fourth and fifth graders generated more problem statements 
after seeing a picture or after seeing a written description of the same 
theme (each was presented via a slide). Even if design difficulties are 
ignored, the statistically significant (0.01) results may not be of prac- 
tical significance (pictiires: 3.32 problems generated; written: 3.07 
problems generated) . Indeed, based on raw means the results favored the 
\«:itten versions in 8 of the 18 situations and the picture versions in 9 
of the 18 (one situation gave equal means). -Thus it is difficult to assert 
the superiority of either format. Even if substantial differences had 
appeared, it is likely that learners should liave some practice in formu- 
lating problems in several formats—from words, from pictures, and from 
physical situations- 

Visual Imagery 

As a result of several studifes Paivio was willing to assert, "The 
most general assumption is that verbal and 'nonverbal information are re- 
presented and processed in distinct but interconnected symbolic systems'* 
(1974, p. 8). Hence, different f ormats— e.g . , pictures vs. words only— 
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might lead to different processing by different students. A drawing or 
physical object could supply information that a low-imagery student might 
not process f,rom a word, statement of a problem. Studies linking problem 
format, visual imagery, and brain hemispheric dominance (e.g., Wheatley, 
Mitchell, Frankland, and Kraft, 1978) would seam to be an area where problem- 
solving research can profit from basic psychological research. For example, 
Rohwer and Matz (1975) found that accompanying' the reading of a passage by 
a picture resulted in better learning than accompanying the reading of a 
passage by a written version. Their 128 fourth graders gave performances 
favoring the picture treatment whether tested with the picture/printed 
version out of sight or within sight. Such V7ork might suggest an improved 
format for presenting problems to some students. 

Some Recommendations 

1. The relative effects of different formats for problems should be 
investigated, particularly as they relate to learner characteristics. With- 
out considering learner characteristics a global look may be too gross, 
judging from the inconsistent results from studies of manipulative materials. 
The potential seems great. If, for example, a picture format is better for 
many students, it would be an easy matter for publishers to put inore prob- 
lems-via-pictures in textbooks. \ 

2. What within-f ormat variations make a difference? For examplev 
if all the data are presented at the top of the page or in a chart or a 
picture, rather than in the tidy 3 or 4 sentence package, would students 
become more proficient at ignoring extraneous data? Bapia and Nelson's 
(1978) observations that youngsters can be distracted by irrelevant aspects 
of concrete materials, as well as Campbell's studies mentioned earlier, 
show that within-format variations may be very important to children. 

3. There is a nagging feeling that instruction which includes a 
variety of formats should ^be more effective. Perhaps some payoff could 
be found in long-term retention of ability to solve similar problems or 
in attitude toward mathematics. 

4. Krutetiskii (1976) noted the mathematical "cast of mind" of stu- 
dents talented in mathematics — i.e., their tendency to impose mathematicfi 
on situations which most people regard as non-mathematical. Perhaps ex- 
periences in problem formulation with physical obj^zcts might result in a 
greater mathematizing on the part of average students. 

Language Factors in Routine Problem Solving 

The role of language in the problem-solving process has received con- 
siderable attention as an area of research for many years, a^id a significant 
amount of general information has been accumulated. For example, the rel- 
atively high correlation between mathematical problem-solving ability and 
the ability to read and comprehend written material has been well estab- 
lished by numerous studies since the beginning of the twentieth century. 
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Several reviews of research irt this area have shown correlations between 
readi:<(5 i^lbility apd mathematical achievement to range from .40 to .86 
(Monroe & Englehaict, . 1931;' Aiken, 1972). . Sizable correilations between 
problem-solving ability and reading abil;J.fcy' have also been demonstrated. 
For example, Martin (1964) found that the correlation between reading com- 
prehension and problem-solving ability, with computational .loility pa.rtialed 
out, was higher for fourth and eighth grade ^students' than the correlations 
between computational ability andf problerarsolving ability, wit.i reading 
comprehension pa^tialed out. Other studies 'have sh elated res'.ilts 
(Murray, 1949; Cottrell, 1967; Harvin & Gilchiist, . 

Following the suggestions of earlier, investigators (Monroe &,Englehart, 
1931) , efforts have been made to determine the more precise relationships 
between specific language factors and problem solvingt To help classify 
these studies, it may be productive to consider the- routine problem-solving 
process to be 'composed of several stages, each requiring a different level 
of analysib. It is in the first state that' the problem solver mupt .perform 
a surface analysis of the problem task, followed by a more detailed semantic 
analysis of the problem statement. It may therefore be convenient Co clas** 
sify language variables into two subtypes. Those that deal with the meaning 
of words and phrases, semantic variables,' aire actually special types of 
context task variables. Numerous studied' have^ attempted to determine th^ . 
relationship of vocabulary level, a semantic variable, to reading difficulty 
of routine problems and to instruction in problem solving.. Variables that 
deal with the form of problem statements, their syntactic complexity, are 
Important at th^ surface level of analysis. The term "syntax" will be used 
to denote those variables which account for the arrangement of and relation- 
ships among words and symbols in routine problem statements. It is clear 
from this definition that tiany syntax variables, particularly those inr 
volving sequencing of information and position of sentences and phrases 
are reflective of a problem's underlying structure and therefore directly 
affect the ease or difficulty of decoding and processing the information 
contained in problem statements. 

While thp. distinction between semantics and syntax has traditionally 
been made in studies of languag,e acquisition and reading, both types of 
variables are often present in studies of mathematical problem solving. 
Aiken (1972) reports tha'c the data included in the 1P63 Technical Report 
on the California Achievement Tests are representative of a nuiaber of 
findings which show that Reading Vocabulary (semantics), Reading Compre- 
hension, Mechanics of English (syntax), and Spelling have sizable correla- 
tions with Arithmetic Fundamentals and even higher correlations with 
Arithmetic Reasoning. 

A particularly interesting study designed to explore the relation- 
ship of difficult vocabulary and syntax to routine problem-solving ability 
was conducted by Linville (1970> . Fout arithmetic word problem t6sts were 
constructed. The problems in each were the same structurally, biit varied 
according to difficulty of syntax and vocabulary. Fourth grade students 
(n = AOS) were randomly assigned to one of four treatments: Easy Vocab- 
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ula»y. Easy Syntax; r-'.fficult Vocabuiary;, Dli'flcult Syntax. Significant 
main ct.'ects favoring the easy syntaii andVeasy vocabulary tests were found. 
Not surprisingly, the investigators also found that in all four trep'jments, 
st.adenti of higher general ability aiid/or higher reading ability petfonned 
significantly better than students ofi lowep(abllity. 

While very few investigations h^ve b6en\ Concerned solely w^,th the 
relat:lonship of syntax to routine mathematical problems, the role of se- 
mantics has been studied extensively* A number of older studies, ("Hansen, 
1944; Treacy, 1944) as well as tnore recent studies employing a linear re- 
gression model have shown that knowledge of vocabulary is an important 
factor in the ability to solve routihe mathematical problems. For example, 
a study by Johnson (1949) revealed correlations of .45, .50,, and .51 be- 
twiegn tesits of arithmetic reasoning and the Primary Hcntal Abilities 
Vocabulary Test. Arnold (1968) found the correlation coefficieuts for the 
relationships between knowledge of niath.etoatical vocabulary and ability to 
solve word problems which did or did not contain njiathemaLical terms to 
range from .38 to ^78, from a samplte of 167 sixth /grade children. 

With 296 sixth grade students. Early (196.7) at^tempted to assess the 
effects of the presence or absence of the semantic Variable word clues 
on performance on a 26 item test of routine verbal problems in mathematics. 
For th^ entire sample tested, students performed significantly better when 
word clues were present than when they wfere absent. ; Low performers were 
found to rely more heavily on word clues than middle; or high level performers. 
This study is particularly significant since it is oi}.e of the few language 
investigations that considered correct choice of aJgc^ritnms as a dependent 
variable. ' The above results held for both algorithms' selected and correct 
solution. 

Readability \ 

During the last decade, several attempts have been made to use the 
relationship of vocabulary and syntax variables to reajding difficulty, as 
an index to classify mathematics materials. Several tj'pes of readability 
.formulas have been used for Eihglish prose, and a few of them, particularly 
the Dale-Chall formula, the Spache. formula, and the Clpze technique, have 
been applied to mathematics texts and routine problems^ A number of in~ 
vestigations which have employed one or more of these foirmulas have demon- 
strated a wide range of reaanbility levels in selected mathematics text- 
books (Shaw, 1967) and have provided evidence that the! readability levtl 
of mathematics problems can have a significant effect on problem-solving 
performance (Thompson, 1968). However, the application: of readability 
formulas to mathematics materials and problems has not,' as yet, been 
widely accepted as a defensible approach. Kane (1968, 1970) maintains that 
readability formulas for ordinary English prose are usuAny not appropriate 
for use with mathematical materials in several ways: (X) Intf , word, 
and syntactical redundancies are different for English prose -iv. ..athematical 
material, (2) unlike ordinary English, the names of mathematical objects 
usually have a single denotation, (3) the role of adjectives becomea more 
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important in mathematical English than in ordinary prose, and (4) the syn- 
tactic structure of mathematical English is less flexible than in ordinary 
English. Despite these claims', in a more recent study. Hater and Kane 
(1970) found the Cloze technique to be a highly reliable and valid pre- 
dictor of comprehensibility of mathematical material designed for secondary 
students. 

Very little information is available on the readability level of 
mathematics problems ^s compared to the average reading ability of students 
at each grade level. The few studies that have been done offer conflicting 
conclusions, After reviewing the literature on reading in mathematics, 
Earp (1969) concluded that the vocabulary of arithmetic texts is often at 
a higher readability level than the performance level of students in the 
classes where texts are used. He also noted that there is little overlap 
between the vocabulary of. reading texts and that of arithmetic texts. Some- 
what different results were reported by Smith (1971). After surveying the 
readability of sixth-grade arithmetic texts (as measured by the Dale-Chall 
formula). Smith found: (1) 'the average readabilit. of routine problems 
fell within the normal bounds usually considered appropriate for that grade 
levelj (2) the readability levels varied widely from problem to problem 
within the same text, and (3) overall the readability levels of the texts 
were generally comparable to those of related mathematics achievement tests. 
Smith concluded that readability may not be the most important factor in 
arithmetic problem-solving difficulty for this population of students. 
This conclusion, however, is based on the assumption that the Dale-Chall 
formula is an appropriate instrument to use with word problems in mathe- 
matics, an assumption that needs verification before these results can be 
meaningfully interpreted. 

In the study mentioned earlier, Knifong and Holtan (1976) analyzed 
the written solution of 35 sixch-graders to word problems In the Metropol- 
itan Achievement Test. They concluded that poor reading ability could not 
have been a factor in 52% of the problems, since errors on these problems 
were strictly computational or clerical. The role of reading difficulty 
for the remaining 48% of the mistakes was not determined. 

Instruction in Syntax and Semantics 

Although the evidence is far from conclusive, it is still reasonable 
to assume that if problem solvers have difficulty reading a problem state- . 
ment, they are less likely to be able to understand and solve it correctly 
than if they can read itf" with relative ease. If, indeed, syntax variables 
relate to, and therefore affect, the difficulty of verbal problems in 
ma^.hematics, it seems reasonable to expect that instruction designed to 
help children deal with semantic and syntax variables could be effective 
in reducing the difficulty of m.ny problems. Research on this hypothesis 
has been conducted for many years. Several early studies have shown that 
instruction on specific mathematical terms produces significant gains in 
problem-solving ability (Ui.esher, 1934; Johnson, 1944). Further evidence 
continues to be obtained in more recent studies. VanderLinde (1964) con- 
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ducted an experiment with nine fifth grade classes matched with nine control 
classes on IQ and scores on achievement tests in vocabulary, reading com- 
prehension, arithmetic Concepts, and arithmetic problem solving. Classes 
in the experimental group studied different lists of eight quantitative 
terms each week for a period of 20-24 weeks. R(?sults of the achievement 
tests following the 24 week period showed significantly greater gains by 
the experimental group on both arithmetic concepts and problem solving. 
Students wit,i low IQ scores showed smaller' gains than students with average 
or above average IQs. 

At this point, it should be emphasized that any discussion of training 
in syntax must ir.clude a discussion of reading instruction, for it is clear 
that the ability to understand the meanings of words and the ability to 
process syntax is essential in learning to read all types of material 
(Aiken, 1972). However, as Henney (1971) notes, students often find read-, 
ing mathematics to be different, and in general, more difficult than read- 
ing other materials. Spencer and Russell (1960) have pointed out that 
students experience difficulty in reading Arithmetic material for several 
reasons: (1) the names of certain numerals are confusing; (2) number 
languages which are patterned differently from the decimal system are used; 
(3) the language of expressed fractions and ratios is complicated; (4) 
charts and other diagrams are frequently confusing; and (5) the reading 
of computational procedures requires specialized skills. 

The question of whether reading instruction, particularly reading 
instruction in mathematics, can have a positive effect on the ability to 
understand mathematics'^ and mathematical problems has only recently been 
investigated. Gilmary (1967) found >\iat elementary school children who 
received instruction in both reading and arithmetic gained one third of 
a grade more on the Metropolitan Achievement Test - Arithmetic than did a 
control group which received instruction in arithmetic only. The results 
were even more pronounced favoring the experimental group when differences 
in IQ were controlled statistically. 

In contrast, Henney (1968) tested the effects of 18 lessons on reading 
verbal problems with 179 fourth grade students. Approximately half of this 
group received the lessons over a nine week period. During the same time 
period on alternate days, the other half of the students studied and solved 
verbal problems in any way that they choose, under the direction of the 
same teacher. The results showed significant gains for both groups over 
the nine week period, but no significant differences were found between 
the groups on the verbal problem posttest. 

A number of other studies relating to the effects of training in 
reading mathematical word problems have been reported, but many of these 
have suffered from lack of control or have been conducted with very few 
subjects. Nonetl. less a few recent studies dealing with instructional 
techniques should be mentioned, since their results offer some promising 
suggestions for future research. Earp (1969) noted that verbal problems 
hav«?. a high conceptual density factor and include three types of symbolic 
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meanings—verbal, numerical, and literal— within a single problem task. 
He maintains that three kinds of reading adjustments are required (that 
is, adjustments from the reading pattern used in ordinary English prose) : 
(1) adjustment to a slower rate than with narrative materials; (2) varied 
eye movements, including some regressions; (3) reading with an attitude 
of aggressiveness and thoroughness. 

A number of suggestions for helping students read wcrd problems have 
emerged from the literature. Earp (1970), for example, has suggested five 
steps in reading verbal problems: 

(1) Read first to visualize the overall situation, 

(2) Read to get the specific facts, 

(3) t.ote difficult vocabulary and concepts. 

(4) Reread to help plan the solution. 

(5) Reread the problem to check the procedure and solution. 

The effectiveness of the use of the above five steps was tested by Barnett 
(1974). In this study, Barnett defined a composite variable composed of 
key mathematical terms and two measures of length (defined in terms of 
the number of words and sentences in the routine problem statements) . In 
an attempt to show that such a composite semantic and syntactic variable 
could be used as a basis for writing instructional material, Barnett wrote 
an instructional' unit designed to help students overcome the difficulty 
attributable to this variable, using some of Earp's suggestions with cer- 
tain modifications. The subjects consisted of 150 pre-service elementary 
education majors randomly assigned to either an experimental group (which 
received the instructional unit) or to one of two control groups (which 
received an instructional unit not related to problem solving). , The 
results showed that the experimental group made significantly greater gains 
than either of the control groups. Posttest scores for the two control 
grotpa were not significantly different from each other. The results 
suggest that variables of this nature may be effective as a basis for 
writing instructional material to help students learn to read routine 
verbal problems with understanding. 

Several other attempts hirve been made to design instructional pro- 
cedures to help children rea'^ mathematics materials and problems. Taschow 
(1969) suggests a remedial-preventive program in reading mathematics. 
Students are first given a Group Informal Reading Inventory to determine 
which students have difficulty with reading mathematics. In the second 
phase, a five step program called the Directed Reading Activity in Algebra 
is given to each child. The five step DRA consists of: (1) readiness, 
(2) guided silent reading, (3) questions, (A) Oral reading when needed, 
and (5) application. While this program does not provide instruction in 
specific semantic or syntactic variables, the exposure to, and practice 
with, reading mathematical materials can help students learn to deal with 
the morfj difficult syntax structure and vocabulary found in routine verbal 
problem?. 

Another program offers more specific instruction in processing syntax 
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structure. Dahmus (1970) suggests a "direct-pure-piecemeal-complete" (DPPC) 
approach to solving verbal problems. In this method, the student is en- 
couraged to translate the data presented in the problem into mathematical 
sentences, by concentrating on a few words at a time. He gradually learns 
to put together the "piecemeal" mathematical statements into equations, 
and final/.y, into systems of equations. It is clear that the ability to 
translate data in routine problem statements into mathematical form is 
one of the most important aspects of general problem-solving ability. It 

seems that it is also one of the most difficult abilities to cultivate. 

Several procedures, similar to the one above, have been suggested, but it 
is not at all clear if any of these procedures are effective across popu- 
lations and prablem-types. 

Although the results of some of the previously discussed investigations 
are encouraging, it is evident that to understand, the importance of reading 
difficulty to problem-solving ability, researchers must address themselves 
to determining what specific components of verbal' problem readability (such 
as grammatical structure, vocabulary, etc.) affect problem-solving behavior, 
and how the roles of these factors change over different age groups and 
problem sets. A number of recent studies employing a linear regression 
model have demonstrated a potentially fruitful method for investigating 
these questions. 

Regression Studies 

The first studies applying the multiple linear regression analysis 
to mathematical problems were conducted at Stanford University with ele- 
mentary school children, operating in a computer-assisted instructional 
mode (Suppes, Hyman, & Jerman, Note' 2; Suppes, Jerraan, & Brian, 1968). 
The problems studied were computational arithmetic problems, involving 
one or more of the four basic arithmetic operations. Since these "pio- 
neer" studies did not directly deal with routine verbal problems, the 
reader is referred to other sources for a discussion of the procedures 
used in these investigations (Loftu.s, Note 3; Segalla, Note 4; Barnett, 
1974). 

Encouraged by the results of the first few studies, a first attempt 
to extend the linear regression model to mathematics word problems was 
made by Suppes, Loftus, and Jerman (1969). la this study, 68 word prob- 
lems were presented and solved in a computer-assisted instr—'.tional mode, 
using 27 above-average fifth grade students, i'he syntax variable of 
LENGTH (a measure of the number of words in the problem statement) was 
used for the first time, along with several other variables dealing with 
the number of operations used to reach a solution, the sequence of data, 
and the semantic variable of verbal cues. The results were disappointing. 
The semiintic and syntactic variables did not significantly affect prob- 
lem difficulty, and the three variables that were found to be significant 
accounted for only approximately 45 percent of the variance in problem 
difficulty. However, the organization and procedures used in the study 
provided a model for further investigations to use and refine. 
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A 1970 study by Loftus (Note 3) used the six variables from the pre- 
vious study, plus two new ones; the 3yntax variables of ORDER (indicating 
the sequence of data presented in the problem) and DEPTH (a measure of 
grammatical complexity). A set of 100 problems was administered to 16 
sixth grade students, characterized as "low ability". The students 
solved the 100 problems after four weeks of practice on a computer tele- 
type. The results showed an r2 value (the amount of variance in pro- 
portion of problems done Correctly) of .70, a respectable amount of vari- 

...xanoe- accounted. for. Both^^the syntax- variables- o^^^ 

significant contributions to the amount of variance accounted for, and 
entered the regression equation In the third' and fourth steps respectively. 
It should be noted, however, that the numtier of subjects was very small 
and it was assumed that using the. partial correlation coefficients for 
the variables was a valid measure of importance. 

In the following year, a number of studies provided further evidence 
of the consistency of some of the previously defined variables, defined 
new ones, and extended the mode of presentation to paper-and-pencil. 
Jerman (Note 5) reported the results of two studies. In the first, Searle 
re-analyzed the data from the 1969 Suppes, Loftus, Jerman study, using 
14 new variables, including an ORDER variable. Both the ORDER and 
LENGTH variables were found to be significant. Jerman followed up this 
study with an investigation using 30 word problems administered to 20 
fifth graders in a.paper-and-pencil mode . Five variables, including the 
syntax variable LENGTH, were found to account for 87 percent of the 
variance in problem difficulty. Further support for the LENGTH variable 
was found in a study by Jerman and Rees (1972) and in a fcllow-up study 
by Jerman (Note 6) . 

At this point it should be noted that dirp.ct comparisons of the im- 
portance of variables from one study to another are no longer possible. 
Investigators began to modify the definitions of the variables in each 
study, and used different problem sets and various grade levels . More 
recent studies, however, have attempted to show similarities between 
the variables and by observing the trends, have tried to generalize re- 
sults to several problem types and grades. 

After six years of experimentation with variable definitions and 
the linear regression equations, the time seemed right to apply these 
previous results predictively . Using the data from Jerman* s 1971 study 
with students in grades 4 to 9, Jerman and Mlrman (1974) took the top 
lmX varifiblfts found in that study and coded them on a new problem set. 
Using trie resulting regression model, they then attempted to predict 
before administering the problem set, the proportion of students in a 
new population that would correctly solve each of the problems. The 
results indicated that the regression model based on data from grades 
4 to 9 was unsatisfactory. The data were then re-a. cxlyzed , with the 
same six variables used for each grade level. The resulting regression 
equations for each grade level gave much better predictions, with re- 
siduals of percent correct ranging from 4 to 15 percent. Although these 
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results were not as good as the researchers would have Hked, the. study 
did establish a model for further investigations. It ranaiiis for future 
investigations to contribute to the understanding of Ia,ng«agej variable??^ 
so that predictive equations ,can be refined to yield reswJLta' in an 
acceptable range. 

The application of the regression model to arithxaelCic word problem's 

was extended to the junior college pojiulation by Se^alXa (po.fte. 4>.,^ 

vinced of the importance of syntax variabiesT Segalia defined thirty 
variables that inclvided many syntax variables not defivied in any previous 
study. A set of 172 word problems was administered to 4A l(W ability 
junior college ttiathematics students. Based on the siae in the drop ict 
when the variable was removed from the regression equation, the set of the 
six most significant variables included the syntax vaiiiiblca of ORDER, 
NOUNS (the number of nouns in the problem statement), DEPTH , LENGTH, and 
ADVERBS (the number of adverbs in the problem staUaaent) , 

As interest in the regression model began to grow, it became apparent 
that syntax and semantic variables played art important role in de terming 
problem difficulty for subjects of all ages. In 1973, Krushinski .inves- 
tigated the relative importance of 14 syntax variables with respect to 
each other. The set of variables included eight dealing with aspects of 
length, four dealing with grammatical structure, . and tv;o dealing with 
numerals and the position of the question sentence. Three sections of 
pre-service elementary school teachers enrolled in a course in the teaching 
of arithmetic were administered a problem-solving test. The amomut of 
time permitted on the test varied from 20 minutes, to 60 minutes, to one 
day for the three sections. Krushinski found that six variables, NUJ/lfJ'fiR 
OF SENTENCES, NUMBER OF CLAUSES, CLAUSE LENGTH (the avarage length of' the 
main clauses), NUMBER OF PREPOSITIONAL PHRASES, NUl-lBER OF WORDS .3IN THE 
QUESTION SENTENCE, and NUMERAL? IN; THE QUESTION SENTENCE entered the 
regression analyses within the first six steps in at least two of the 
three sections. After the sixth step, the multiple R*s for the three 
sections in order of decreasing time limits were .856, c738, and .626^ In 
light of these interesting results, it is tempting to speculate that as 
time becomes a crucial factor, some syntax variables decrease in. import- 
ance with respect to other factors. However, there is not enough evidencs? 
to generalize these results with ary degree of confidence. 

Following the Krushinski study, Beardsleo and Jeman (1973) attempted 
to apply Krushinski 's 14 syntax variables to a problem set appropriate for 
students in grades 4 to 8. Three test forms of 30 problems, each were ptrtj- 
pared using a problem set from a pr«,>.vious study. The number of words was 
systematically varied, so that two forms contained one-third more and one- 
third fewer words than the originaJ. problem set. Eighteen separate? analyses 
were conducted on the data . Only two of the six variables which Krushlnaki 
found to be significant entered aonsiatently among the first six variables 
in the linear regression analysis. In addition to theat: two variables, 
CLAUSE LENGTH and PREPOSITIONAL PHRASES, two other varlabl<>ci, SENTENCE 
LENGTH and WORDS IN RUBCUUSES entered the rogreflalon consistently within 
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the Sixst six steps on two or more test forms. These re .Its suggest that 
it my he poeaibl*?, to idantify syntax: variables that are important for 
both college and pre-college students. This study is significant in that 
it is one. of the .eew attempts to observe the effects on problem-solving 
ability resulting from systemetic.varlatiotva in syntax. 

Using the same, data set froin the previous study, Beardslee and Jerman 
(Notr 7 ) T.onducted a second BtwAy with the same population of stu»;eii's 
frosis grades 4 to 8. Once again, the number of words was systematically 
varisid on three test forms. One purpose of this second study was to ex- 
tend the previous study to include syntax variables not used in the 1973 
Krushinski study. A second purpose was to investigate a wide variety 
oi jaeasures of problem length, to deteraiine which definition accounted 
for the most variance In proportion of problems correct. This second 
purpase \m& of particular importance, since the many definitions of 
liingth employed in several different studies made interpretation of 
results extren<ely difficult. Seventeen variables were defined for the 
investigation. Of these, nine were considered to be different versions 
of the problem length variable. Although none of the variables was found 
to account for a significant amoxmt of var.Unce for all grades, five of 
Lhm were significant for several grades on one or more test, forms. Most 
interestingly, not one of the nine variations of the length variable was 
shown to be superior to any of the other length variablec?. It would appear 
that the many definir.ions of length really describe the same* thing. 

Although most of the linear regression studies included a number of 
types oS: variables., the dominance of any particular type of variable 
(structural, computational, syntactic, etc.) "was not established in terms 
of the importance of the variable type 1,n determining problem difficulty. 
This quest,lot\ was investigated by Beardslee and Jerman (Note 8) in a 
8tudy involving five str'.ctural variable.s, and twelve topic variables. 
A 50~item achievement test was administered to fourth and fifth grade 
students. After a regression analysis involving only the twelve topic 
variables, four v/ere selected to be combined with the five structural 
and four .«yntax variable The results showed that three variables made 
significant contributions to the amount of variance accounted for; the 
topic' var lab. U> GEOJ'iETB.Y, ind the two structural variables dealing with 
multipM.catioti awi cognitive level. None of the syntax variables was 
found to be .significant, and the total amount of var.lance accounted for 
wf(S on.)y .47. Despite the.-se disappointing results, the study established 
the nesd for a more inclusive iaodel. As Lbe eKpvflrlmentery state, "None- 
the-less some encouraging signs seem evident. One, that a combination of 
diff/irent classes of variables prodoces a higher R than using only one 
class" (Beatdslee d .Jertnan, Kot<^ 8. p. 10). 

Some Recoimnaryl at 135:. 

1. Res^raKchors in tlw. field of mathematics educatlovj. should continue 
to try'to Mke use ot new developmyats in the field of linguistics (such 
as th*? b-.nta.x complexity fornmla developed by bote.1, DawkXns, and Granowski, 
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1971), and work with investigar.ors in this area to apply their methods, 
formulas, and definitions to mathematical problem solving. 

2. Wliile a large variety of semantic and synt^ variables have been 
identified, very few studies have been conducted to determine their con- 
tribution to & better understanding of , routine problt..fl-solving Lehavidr. 
The relationship of specific syntax and semantic variat^es to the other 

aspects of verbal problem tasks > such as format, problem structure, and. 

heuristics, need intensive study across age. and ability groups. Of par- 
ticular iiTiportance are studies f;hat attempt to determine the role of .sy>i- 

tax and aemaritic variables in the, decoding process in the first stage of 
problem solving. 

3. Another area of tieeded research is that concerned with the im- 
provement of instruction in reading and its relationship to improved prob- 
lem-solving ability, ^he application of existing methods of determining 
readability to mathematics word problems is a good beginning, but perhaps 
what is really needed are formulas or techniques that are baaed on semantic 
and syntactic parameters specific to mathematical word problems. Although 
extremely little research has been conducted on the effects of variation 

of syntax and semantics on readability and comprehensibility of mathematical 
problems, this is precisely the type of research that is needed to form a 
basis for designing instructional material. The 1970 study by Linville 
discussed previously is a good example of this type of research. 

4. While the results to date of studies that h^ve used a linear re- 
gression model are far fivom conclusive, some consistencies have already 
emerged in terms of which general categories of variables need to be 
controlled or varied systematically. However, from the large variety of 
subjects, problem sets, and definitions, it is evident that Lmprovements 
In this area are needed. First, knowledge of the relationships of ser mtic 
and syntactic variables to problem difficulty will be increased only when 
studies can be compared meaningfully. Investigations using comparable 
populations would be helpful. More comprehensive studies across mtmy 
grade levels would also help establish which variables are the most impoj.- 
tant for each level of development. The use of similar problem sets y" 
would provide control of a number of important vari.ibles. A major pfoblem 
in this area of researcli has been the taany different def initions-of the 
same variable, making comparison of results across studies isnpossible. 
More studies like the 1973 Beardslee and Jerman efforts are needed to 
discover which definition is beist for each semantic and syntactic variable. 
Once this inf ormatlott is obtained, studies designed to investigate the 
relative importance of various categories of variables need. to be conducted. 

5. While t.he linear regression model has shown some promise as a 
research ttM/hniqtie in the area of structural and language variable re- 
search, it is clear that in its present form it fa31s short of being 
able to predict problem-solving success. Improvements in the model 
might include different criteria of importance, svtch as the size of the 
regression coefficient, size of the partial correlation coefficient, order 
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of entry into the regression equation, contribution to the total variance, 
and size of the drop in R"^ caused by removing' the variable from the analysis. 
Until more information is obtained to give direction to the choice of the 
best factors to use in the model, it would be helpful for studies to pro- 
vide data on several dependent meafsures used with several measures of im- 
portance. Of course, studies should be replicated to insure stability of 
results for meaningful interpretation. 

6. It is interesting to note that in almost all of the studies con- 
cerned with verbal problem solving, the dependent variable is the "cor- 
rectness" of the solution or the latency of response time in reaching 
the correct solution. This author could find only one study (Early, 1967) 
that considered variation of semantics as the independent variable ai^d 
"process" used (selection of algorithms) to find a solution as the depen- 
dent variable. No studies could be found that considered changes in proc- 
esses used as a result of changes In syntax. The effects of language 
factors on problem-solving behavior— i.e . , "process'Nin the modern sense- 
is clearly an area of research that has been overlooked for too long. It 
is unreasonable to believe that a model of verbal problem-solving behav- 
ior will ever be developed, unless process as well as product is taken in- 
to consideration. The role of process variables will be considered in the 
next section. 

Process Variables, 

Research on mathematical problem solving has deservedly been labeled 
one of the most chaotic of all areas of research. It is therefore under- 
standable that within the research on problem solving, a specific focus 
such as process variables would be fragmented and often contradictory. 
Beginning in the early 1920' s until the preaent day, problem-solving 
research admitsS to the importance of process variables but usually bases 
the conclusions on the correctness of the solution or the product of the 
problem-solving activities. Researchers today agree. that the process of 
problem solving is a collection of moves or activities which focus the 
search for the correct solution and the product of problem solving is the 
actual' solution to the problem. 

This review of problem-solving process research is Separated into two 
distinct periods of time. Most of the studies reported before the middle 
of the 1940' s considered "process" variables as meaning the fundamental 
operations of addition, subtraction, multiplication, and division. These 
studies will form the first part of this section, even though this view 
of "process" is more akin to "product." From the middle 1940' s until 
the l^te 1960's investigators tended to report results based only on 
product scores or on the number (^f students who solved the problem versus 
the number of students who did not solve the problem. Therefore this 
review will not reflect the period of time from 1945 to 1961). (As a 
case in point, Spitzer and Florney (1956) examined five different text- 
books for that time period and could not fine one single specific procedure 
for improving problem solving.) Since 1965, however, many studies have 
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been reported that address the problem-solving rrocess directly. These 
studies will form the second part of this section. 

Earlier Studi es , 

Success in solving multi-step routine problems can be described in 
terms of the basic operations invoked. Berglund-Gray and Young (1940) 
studied the Influence on the difficulty of solving two-step problems when 
the order of the basic operations is reversed. For example, the study 
considered th6 difficulty of these two problems. 

r 

Mr. Smith bought 24 melons for $2.88 and sold them at a profit 
of $3.12. For how much did he sell each melon? 

Mr. Smith bought 24 melons for $2.88 and sold tham at a profit 
of $.13 V.,,iece. For how much did he sell each melon? 

Two tests were constructed, using the same problems written with the ordei 
of the basic operations reversed, as in the examples. The criteria were 
the interpretation or understanding of the problem and the recognition 
of the basic operations needed for the solution. It was not necessary 
for the 5th, 6th, and 7th grdde students to solve the problems. Since 
all the problems were two-Step problems, an -attswer^-sheet was devised on 
which the students indicated the order of the basic operations they would 
use if they actually had to solve the problem. Examples from the tests 
show the type of problems as well as format of the answer sheet. 
- « 

Alice picked' 13 quarts of cherries. Her sister picked 6 times as 
many. How many quarts did both pick together? 
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John's mother gave him 450 to buy bread. He lost lOo. How 
many loaveJ of br-ead can he get for the money he has left, 
if bread cost.s 7c a l9af? (Remember these were 1940 prices!) 
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Conclusions from the study are quite clear: the order of occurrence of 
the basic operations in, two-step problems does affect the difficulty of 
solving these problems. It was found that division followed by any of 
the other three operations gave the most difficult problems. Also, the 
order of subtraction-addition and subtraction-multiplication was more 
difficult than their reverses. Interestingly, the order of addition-mu 
plication was shown to be more difficult than multiplication-addition. 
Throughout this study the term ''process" was used exclusively^ to identify 
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the basic operations in arithmetic. Processes and basic operations needed 
to solve the problems were identical. 

Since the basic operations were considered the most important "process" 
variable before the middle 1940' s, John (1930) focused exclusively- on 
computational or algorithm errors made in solving two-step arithmetic word 
problems. This study with intermediate grade students Identified forty 
distinct errors within the categories of reasoning, fundamentals, reading 
and miscellaneous. A problem such as the following was solved and a clas- 
sification scheme of common errors was devised, \ 

The lunch counter sells apples. In the last box there were lAO 
apples. Six of them spoiled, and the rest were sold at 5c each. 
How much money was received for the apples? 

Some «!>f the. errors in reasoning were the use of a wtong process-f~e.g. , ad- 
dition for subtraction—selection of a process by numbers or by the typ^s 
of nijmbers on a problem, and combining unlike quantities. Some of the 
errors in fundamentals were the failure to attempt multiplication or di- 
vision, the inability to interpret a fraction, and the attempt to sub :ract 
thre^ numbers. Recently Hutcherson (1976) conducted a partial replication 
of the John investigation. This stvdy determined the types of errors that 
sixth grade students make in solving routine two-step word problems. Hutz'ch- 
erson concluded that there had been no major change in the list of errors 
students. make today when compared with forty years ago. However there / 
was 'some e^Mdence that students today make errors more frequently than/ 
theljr counterparts did in the 1920's. According to the investigator ^ome 
of this difference could be attributed to the lack of exposure of today's 
studients to these types of problems. 

•During the 1920' s two major studies addressed the issue of teaching 
studjsnts how to increase their problem-solving ability by emphasizing 
the process involved in solving a Vord problem. In a serif.s of studies, 
Washjjurne and Osborne (1926) found that there was no definite relationship 
between the ability to perform the formal analysis of problems and problem- 
solving ability. (Formal analysis meant the identification of the "given " 
and the "to find" terras, the elimination of extraneous data, t^ie selec- • 
tion of the basic operation needed, and estimation of the result.) Their 
general conclusion was interesting: they suggested that merely giving 
many problems for practice withon/t any instruction in analysis was the most 
effective method. In other words, practice in, or exposure to, problems 
was more effective than trying to teach a definite process procedure. 
Newcpmbe (1922) had found the opposite to be true. His st^idy forced an" 
elaborate scheme of steps that had to be completed before the problem 
was solved,. A group of students. was taught very specif ic guidelines while 
another group had regular classroom instruction. The group given instruc- 
tion! in specific guidelines had to work every problem in the following 
format. • . , 

' If a motor truck delivered 91 tons of coal in one' day at a cost 
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of $18.24 and a team and wagon delivered 40 tons In one day 

at a total cbat of $15.84, find the amount saved on each ton . 

by delivering |With a motor truck. 

Given: 91 tons 

$18.24 cost by truck 
40 tons, 

$15 .84 cost by wagon 
To Find: amounr. saved per ton 

Processes: division, division, subtraction ' 

Appro>lmate ansv^er: 20 cents 

Solution: 

Check: 

Results showed the group given instruction in specific guidelines was 
superior in speed and accuracy when compared with the group receiving only 
regular classroom instruction. This study supported the idea that it is 
possible to S:each students part of the process of problem solving. 

More Recent Studi es 

The second section of related research in process variables will re- 
view studies since the middle of the 1960*s. / Without a doubt, the greatest 
influences on these studies has been the writings of George Polya. Heuristic 
heuristic strategies, and process sequence variables ar^ terms mentioned iti 
recent studies concerning probleir solving. Polya ^s influence unfortunately 
has not lessened the unpatterned and fragmented nature of problem-solving 
process research. In some respects it has heightened the confusion since 
the terms have not been defined or distinguished by the researchers. In- 
formation processing proponents claimed they would sort out the confusion. 
Again this claim has not been fulfilled at present. However, Damarin (1976) 
applied concepts from the psychological study of problem solving and deter*- 
mined that three elements from Polya *s list — understanding the problem, 
carrying_gut the plan, and looking back: — are important in the process- of 
solving problems. Psychological researr^h does n c support Polya* s fourth 
element — devising a plan — but rather supports the idea tha" ^his aspect is 
really restructuring of the data. Silver (1977) has explored one aspect 
of the deviii^ing-a-plan element: think of a similar problem. Many of his 
eighth-graders classified problems as being similar on the basis of some 
ishared measurable quantity (e.g., time or age). After seeing solutions, 
however, more students used associations based on underlying mathematical 
structures. 

-A few studies during the 1960/ s were not directly influenced by the 
Polya euphasis but rather were reflective of the .studies conducted during 
the 192 '^•s. As noted earlier, a study by Early (1967) attempted to deter- 
mine whether the absence or presence of wox'd clues had any effect on the 
correct process to siolve the problem • These sixth grade students selected 
the correct algorithm to solve word problems more frequently if the problem 
had word clues. Also more practice with word problems seemed to cause the 
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dependence on word clues to lessen considerable. ^Another study by Lerch 
Ind Hamilton (19&6) detected two distinct categories in the ability to 
solvHiowL : ability to program or to determine the correct p,o^ 
aoxvc nrocess or to do the correct computations. By 

fenm^s^eS 'ins«S:ri:^ in «lti„g a „u»ber sentence which totally • 
described the problem, students were able to improve their ability to deter- 

the procedure M be followed in solving problems. The ability to program 
Sas foUy to be more Important than the ability to perform computations. 

Research studies during this time period gradually moved from ^ f ixa- 
hinn on arithmetic processes to more general processes. When this transition 
took pLcfmSrstudles classified process variables into broad categories 
orstJateei^ An investigation by Sanders (1973) concentrated on discover- 
?L wSt !t?aUgie8 successful and unsuccessful fourth graders used in solv- 
n| inrte^tb^^/problems. The most popular strategy was I^ogical Analysis 
ihich meant solving the problem with an equation or algorithm. The most 
^i^ooafu? Jrateev was Creative or Divergent Thinking which meant solving 
't^e p?obfem suggesting 'many possible solutions. The least 

oM^r!««fnrstrateeies were Blind Guessing and Trial-and-Error. Successful 
p^ori^m sil^Ss'SiaUy employed Logical Analysis or Creative Thinking as 
their strateeJes while unsuccessful problem solvers usually employed Blind 
their strategies wnixe ^ closely related study by Hollander 

??9nWth s5x h g'rlde students fLo identified successful problem-solving 
iirltLTes conclusions showed that successfu. problem-solving strategies 
iTllcl tle ab?Uty to reason analytically, reason insightfully, and compute 
' the soLtion in the minimum number of steps necessary. Surprisingly, suc- 
tne 8°^"^^°";" „ol^r^na abilitv was not related to accuracy in recalling 
l^?o»it!r„'"«Lri":v:n%ememberi„g what information was asUed 

for within the problem. 

A study by Means and Loree (1968) identified three P'^^r'i^ra'tior 
trJeval or recall of infortnation necessary to solve a problem, 
r?!fi™Lion in the problem, ahd combining operations or strategies. 
?he ?lsS?s1ndicated ?tat instruction had influence only in improving the 
IbJUties to extract info«ation and to combine strategies. Instruction^ 
Hid not ImMove the ability to retrieve information. It was believed that 
thl rffectHn increased pioblem-solving ability would be noticed only 
aftefa prolonged period of instruction in these three process areas. 

components of a model of the problem-solving process were ""ed by 
Robinson (W73). These components were the problem, previously learned 
Content ore "oislv learned processes, search, organization, and a solution. 
Surin ihe moder L following aspects were considered Important : recogni- 
aon; analysis, search for related processes or content, oriianization of 

B'zh:^ :tt^f :fsVo^ 'irdierdiiiitrntr ?om 
ir b s=f :iaCni- T^^^^J^ 
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of trlal-and-error. Another study by Webb (1975) does not support the con- 
tention that a range of strategies is a characteristic of a ^oor problem 
solver. This study identified the better problem solver as one who used 
a range pf strategies and a medium amount of trial-and-error . 

Shields (1976) adopted an information processing approach to problem 
solving. Str-^negies exhibited by fourth grade students were examined to 
see if they ncided with an information processing model. This model 
has fourdL , . steps: 1) clearly define the goal, 2) f 
tives. 3) 8yT.-i,esize information concerning these alternatives, and 4 ^ 
choos; the result which is most consistent with the gcal. Problem-solving 
processes of the model were evident when the students attained accurate 
solutions. 

A particular strategy, ' trial-and-error , seems- to appear in many 
different studies and yields inconsistent conclusions. Some studies claim 
?iif!-anle«or as the most effective strategy while other studies imply 
^atlTLl be haifmful to encourage trial-and-error as a strategy. Maxwell 
(5975) f3 that trial-and-error was used frequently in Initial approaches 
to a problem task but decreased in importance as the solution was. approached. 
Also ?he continued use of the trial-and-error strategy lengthened the 
solution time and was identified as one of the main ^^^^^^^f 
ineffective problem solvers. Poor problem solvers tried a trial-and-error 
strategrmore often than good problem solvers in the study by Robinson 
n973? Grady (1976) established there was no difference between success- 
ful ani unsucceLful solvers in the use of the trial-and-error strategy 
wUh routine algebra problems. At least two modes of thinking were evident 
In an investigation by Dalton (1975). These modes were deduction and ^ 
trial-and-error, with the more effective problem solvers using the trial- 
and-error s"at;gy. in a study by Kilpatrick (1968) deduction was ^PPl^e^ 
more frequently than trial-and-error. Deduction as a strategy usually led 
to an incorrect solution while trial-and-error usually resulted in a 
correct^solution. The group of students who applied the trial-and-error 
strategy least often also had the greatest difficulty with the problems, 
spent the least time in solving the problems, and had the fewest number 
of problems correct* 

Since the trial-and-error strategy Implies the ability to estimate, 
two studies have focused on the relationship of estimation and trial-and- 
error. Students with good estimation ability were superior in Problem 
solving in an investigation conducted by Hall (1977) . The relationship 
o? estimation ability'and problem-solving ability " ^^-^f^f^^^^,/^^ 
studied by Paull (1972). Results showed that the ability to estimate 
numerical computations was a significant predictor of the ability to 
solve problems by the trial-and-error strategy. Also the efficient use 
of trial-and-error in solving problems was not related to making accurate 
first estimates. 
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I nstruction in Processes 

It is quite natural that following the identification of problem- 
solving processes, there would be research studies on Jhe effect of in- 
struction with these processes. With few exceptions, in the bulk of this 
type of research, instruction has not been effective in promoting i«<^"^sed 
problem-solving ability. A general model of instruction in P^f 
ing procedures was constructed by Post and Brennan (1976), This mode^had 
the following components: general heuristic prbblem-8olyin& procedure, 
recognition, clarification and understanding of the prohlem; plan ot 
attack-analysis; productive phase, validating phase-checki.ng-proving . 
The conclusions of this study suggested that Instruction in a model with 
general components of the problem-solving process was not effective, in 
promoting increased problem-solving ability. In an earlier study Post 
(1968) also arrived at this same conclusion with ypunger students. In 
an exploratory study involving nonroutine problems, howeyer, Lee s 
Wth-graders did use heuristics more frequently and solved more prob- 
lems after 20 instructional periods than a control group . 

Rather than focus on general instruction. in P^^^ij^^-^^^^J-;? P^J^f^""' 
Vos (1976) concentrated on five specific processes. The specif ic processes 
for instruction were drawing a diagram, approximating. and verifying, con- 
structing an algebraic equation, classifying data and ^^^f 
Results indicated that it was possible to teach the use of the processes 
but the increase in the ability to solve problems was very flight. 
Nelson (1975). cited earlier, investigated the effectiveness of teaching 
only one procUs-drawing a diagram. Conclasions from the study noted that 
students were better able to solve problems presented in diagram 
the treatment did not significantly affect their problem-solving ability. 
Evidence showed they did use the diagram method quite frequently in 
attempting to solve the problems. 

The Measurement of Processes 

Research in the instructional effects of problem-solving processes is 
somewhat hampered by the crude coding schemes and instruments ^^^il^^le. 
In addition, to analyze thought processes of a problem solver, interviews 
or ingenious written testing instruments are presently required. These 
instruments either involve complex coding schemes or oversimplified cate- 
gories fo. which the data analysis is somewhat meaningless. 

A technique developed by Rimoldi (1955) has been utilized by very 
few studies in mathematical problem solving. This technique involves 
giving a problem with a set o^' -ards that have one question on each 
card and an answer on the rev(...3e side. The investigator records the 
sequence of the questions se3.ccted to solve the problem. This sequence 
will indicate the successive S'teps in the solution of the problem. It 
is possible to define three different. Item properties for e^ch 6ard 
question. The utility index (1.00 to .00) for any one card is thXratio 
of the number of times that it has been selected and the total number of 
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students. The median value of each card's appearance in time indicates 
during which part of the solution process the card was selected. Another 
item property is Che dispersion of the cards, that is, certain questions 
are always toward the conclusion of the solution process. There are 
three different ways to score this instrument. A criterion group selects 
the cards and this selection is defined as the optimal sequence. An 
agreement score can be obtained by using the tau coefficient which estimates 
the agreement between the student's sequence and the optimal sequence. 
The higher this value the better the agreement. Another scoring scheme 
involves the utility index. A student's utility score (1-00 to .00) 
is the sum of the utility indexes of the selected cards divided by the 
total number of cards selected. A score can also be based on the num- 
ber of cards selected. A comparison can be made with the average num- 
ber of cards used by the criterion group with the number of cards selected 
by the students . 

Several studies have devised coding schemes. As an example, Flaherty's 
1975 system contained these seventeen variables: 

• 

misreads problem, 
rewords problem, 
draws diagram, 

indicates familiarity with type of problem, 

notes need for auxiliary information., 

lacks a systematic app" oach, 

recalls definition or siliary information, 

fails to ur.e correct liary cues, 

unsuccessful, adopts new approach, 

fails to retain model of solution, 

makes computational errors, , 

indicates concern about method, 

signifies inability to solve. problem, 

uses equations, 

uses deductions and arithmetic, 
stops without solution, 
makes structural errors. 

Forcing the student to think aloud did not significantly influence the 
problem-solving score. However, the students who were required to think 
aloud made significantly more computational errors than the students not 
forced to verbalize their thoughts. 

Another popular scoring-coding scheme was utilized by Kantowski (1977) 
in an exploratory study of processes in problem solving. This scoring- 
coding scheme gave one point for each of the following: suggesting a plan 
of solution, persistence, looking back, absence of structural errors, 
absence of Executive errirs, absence of superfluous deductions and correct- 
ness of result. Presently there are some different scoring-coding schemes 
being developed but none of them can be considered either elegant or 
efficient for use with a large collection of data. 
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Some Recommendations 

■ ■ ■ ) 

Process variable research may be at the brljik -of a breakthrough If 
the following can be resolved: 

1. Agreement among researchers on the definition of crucial terms 
such as process, heuristics, organizers, strategies, and be- 
haviors. . . 

2. Development of a scorlng-codi|h4„scheme that is both elegant 

and efficient. 

3. Development of test instruments that emphasize process vari- 
ables rather than just reflect process variables. 

4. Acceptance of the research^ prof ession for small-scale ex- 
periments that rely on protocol analysis techniques. 

5. Increased cooperation among researchers Interested in prob- 
Ifem solving so that common problems, similar Instruments 
and shared data analysis can be more easily facilitated-. 

6. More clearly defined techniques for Instruction in improving 
problem-solving ability. 

Optimism by researchers In problem' solving is great at the present time. 
This optimism is justified considering the quality of research condw ned 
and reported in problem solving since 1968. Problem-solving process 
research has only begun coming into its own since 1973, but already tech- 
niques and process variables are being used effectively in additional 
research studies as well as in classroom instruction. 
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Mathematical Learning Disabilities: ^ / 

Considerations for Identification, Diagnosis, Remediation 

Richard Lesh 
Northwestern University 

Why Is a paper on "learnli^g disabilities" being included In a mono- 
eraph on "applied problem solving"? Traditionally, a great deal of 
the research on problem solving h&s focused on Identifying and analyzing 
the abilities and processes used by bright students ana good problem 
solvers. The assumption has been that average and below average .ability 
youngsters can be taught to use the processes used by gifted problem 
solvers. Krutetskll (1976), however, has shown that this assumption may 
be unwarranted. That Is, many of the abilities and processes used by 
gifted youngsters may be Inaccessible to average ability youngsters. 
These Inaccessible abilities may Involve, among other things: (a) a 
"mathematical cast of mlnd"-'a tendency to Interpret the world mathema- 
tically, perceiving and remembering the mathematical structure of problem 
situations, (b) the ability for rapid and broad generalizations— often 
from single situations, (c) the ability to curtail reasoning processes 
rafllcally— skipping Intermediate steps In normal chains of reasoning, 
moving rapidly from problems to solutions. 

In many ways, Krutetskll' s work can be compared/ centres ted with 
that of Plaget. For exairiple, Plaget showed that young children are not 
just shrunken adults. The knowledge structures and thought processes of 
young children are qualitatively different (not just quantitatively fewer) 
than those of adults. Similarly, Krutets4cll's research suggests that 
normal problem solvers are not just Inferior versions of gifted problem 
solvers. The thought processes and knowledge structures used by gi,,;fted 
students may not simply be refined or elaborate versions of those used 
by normal problem solvers; they may be qualitatively different. Further- 
more, the qualitatively different systems of thought used by gifted 
problem solvers may be just as Inaccessible to normal' problem solvers as 
formal operational reasoning Is to most seven-year-olds. 

The above argument does not imply that research about gifted problem 
sol\?ers l3 irrelevant to the training of normal students. However, It 
does suggest that getting normal children to perform like, gifted problem 
solvers (Jf this Is possible or desirable) may not occur through the 
teaching of Isolated skills, abilities, heuristics, or pieo^bjem-solvlng — 
strategies. Rather, students may need to develop a whole new mode of 
thlnklng--a tranw format Ion analogous to the qualitative shift from con- 
crete operational to formal operational modes of thought. 

If Krutetskll' s conclusion Is correct concerning the relative Inac- 
cessibility of many of che abilities used by gifted students, Plaget's 
research suggests another fruitful direction for research to take. 



* Special thanks go to Kenneth James and Robert Kefferston for their con 
trlbutlons to the preparation of this manuscript. 
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Researchers can analyze the disabilities of poor problem solvers or the 
difficulty-causing processes for "learning disabilities" students and 
can Investigate the extent to which these processes and disabilities 
also cause difficulties among average ability problem solvers. 

Research on exceptional students, whether it involves "gifted" or 
"learning disabled" youngsters, serves important functions for theory 
development. The abilities of normal youngsters can be put into per- 
spective by comparing their systems of thought processes to: (a) a less 
powerful state of thought processes used by poor P^o^]-e«^«°t^"^„ 
(b) a more powerful system o£ thought processes used by gifted students. 
In some cases these less powerful, or mdfe powerful, systems^of thought 
may correspond to states of cognition frbm which normal problem solyers 
may have evolved or to which they may de^^.elop. But, even if develop- 
mental inferences are inappropriate, learhlng theorists can benefit 
greatly by comparing the cognitive abilitl^es of normal students to those 
of exceptional students. Many assumptions about learning and problem 
solving seem quite sensible when they are only used to describe average 
ability youngsters, but may become obviously absurd when then are applied 
to exceptional children. 

UnfortunatiBly, investigating the mathematical abilities of learning 
disabilities youngsters seems to pose practical problems that, are more 
severe than those which arise when investigating the abilities of gifted 
youngsters. Certainly mathematical abilities research involving learning 
disabilities students has been far less popular than that involving 
gifted students. Part of the difficulty results' from the ^act that In- 
vestigating the deve.lopment of mathematical knowledge and abilities in 
children requires twd diverse kinds of expertise: (1) knowledge about 
the characteristics and capabilities of children and (2) knowledge about 
the mathematical concepts under investigation. But, few researchers 
have developed sufficient expertise in both Of these specialized areas. 
Consequently, researchers who are knowledgeable about child psychology 
(particularly in special areas like "learning disabilities") have tended 
to avoid issues involving mathematical content; and researchers with , 
expertise in mathematics have tended to focus on children who are most 
like themselves— mathematically gifted. 

• This paper cond'ists^ of four parts. Problems Involved in the identi- 
fication, diagnosis, and remediation of LD subjects are discussed' in 
Part I. Some igiportant abilities and processes that LD subjects may lack 
are described in Parts II, III. and IV, beginning with three different 
psychological theories that are familiar to mathematics educators. The 
goal ts to clarify some important problem-solving processes that are 
accessible, but perhaps not well developed, in age ability youngsters 
The discussion should also allow some inferences. be drawn about method 
of diagnosing certain types of disabilities and about some appropriate 
types of remedial activities. Hopefully, it will also encourage LD 
specialists to investigate problems involving mathematical abilities or 
encourage mathematics education specialists to invesKgate issues 
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involving LD subjects. 

I. Learning Disabilities in Mathematics 

It is common to meet unusually intelligent arid highly educated 
people who claim to lack a "mathematical mind," The presumptionHs that 
regardless of a person's stock of prerequisite knowledge and prior 
training, there are certain underlying abilities that are unique and 
apecific to mathematics, and that people who lack these abilities (evenX 
though they may perform outstandingly in other areas of thought) may be 
restricted in their ability' to reason mathematically. But what are 
these mathematical abilities? How are they related to other categories 
of abilities (e.g., verbal abilities)? How , can mathematical abilities 
be improved or refined? What compensating strategies can be mastered 
that might be helpful to people with mathematical "learning disabilities? 
These are among the major issues to be considered in this paper. 

Among "learning disabilities" specialists, there has been a ;great 
deal of controversy about the definition of LD subjects. From the point 
of view of a mathematics educator, there is even more ambiguity about 
the nature of the mathematical, abilities that LD subjects presumably 
lack. Consequently, it is often unclear whether teachers should try to 
teach LD. youngsters using techniques that are qualitatively different 
from those they use with normal children (or normal slow learners) , or 
whether they should simply use the same techniques— only do it better, 
perhaps with more practice and drill. . ' 

Learning Disabilities Subjects 

/Vmong specialists in the area of learning disabilities^ there is gen- 
eral "agreement that the field includes people of average or above average 
intelligence who exhibit failure in certain isolated areas, despite over- 
all competence in other areas. Consider the following cases: 

Johnny (fifth grade): Johnny is one of the best students in his 
class in verbal and reading skills, but he is unable to c^rry out 
even the simplest arithmetic computations. He h&u difficulty 
judging quantities in everyday situations— e.g. , how much food can 
go on a spoon, how much milk can go in a glass, how fast the milk 
should be poured, etc. He becomes easily disoriented in super- 
, market- type situations, and he has great difficulties with simple 
mathematical relationships --e. g. , he has difficulty lining up 
buttons on his clothes. Consequently, he has difficulty in every- 
day situations where he must dress himself or eat without making a 
mess . ■ " ■ 

Bill (seventh grade): Bill is very good at computation. He can add 
in his head a sequence such as 781 + 432 + 394 and always get the 
correct answer. His reading skills are also among the best in his 
class. He does, however, have difficulty with word probaems. He 
can relate the relevant information given in the problem, but cannot 
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choose the correct operation to solve the problem. His difficulty 
is characterized by adding when he should multiply, dividing when 
he should subtract, etc. In other words, he cannot apply his good . 
computational skills in a problem-solving situation. His disability 
Is In mathematics reasoning, not computation. 

Larry (28 years old); A social worker with a master's degree ;Ln 
criminology, Larry decided to get Involved with rehabilitation of 
juvenile delinquents. Part of his new job required him to appear 
^In court on behalf of the young offenders, and to read aloud the 
report of psychiatrists concerning .the delinquents, Larry found 
that he was unable to phrase his oral reading correctly; his stress 
and accent of multisyllabic words made his oral contributions almost 
unintelligible. He understood what he read; ln4eed, to get his 
master's, '.degree he doubtlessly read iiundreds of similarly worded 
reports, yet transforming the written word to Its oral counterpart 
pro<red enormously difficult. 

Of course, language difficulties and arithmetic difficulties can re- 
sult from a variety of causes--lncludlng physical handicaps, poor motiva- 
tion, poor Instruction, or general, limited intellectual capacity to learn. 
But, In the cases of Johnny, Bill, and Larry, the difficulties were judged 
to have resulted from central nervous system dysfunctions. They also 
exhibited a discrepancy between potential and achievement. 

Johnny, Bill, and Larry each Illustrate common types of learning 
disabilities. Nonetheless, neither Johnny nor Bill nor Ldrfy can be conn, 
sldered "typical" LD subjects. In fact, there may be no. such thing as a 
"typical" LD subject. The common element among the learning disabled Is 
their "Information processing dysfunction," which m&y rahge from severe 
disturbances of perception to highly specif 16 conceptual deficits. In 
addition, the way the processing dysfunction becomes manifest depends on 
^environmental situations, individual goals and aspirations, and cultural 
demSnds (Wallace & McLougHlin', 1975). Consequently, many qualitatively 
different types of subjects are lumped together under the category of 
"learning disabled." At the present time, depending on the definition 
employed, learning disabled Ind i vidua lamay comprise 1% to 20% of the 
population. 



The Definition of LD 

In an effort to clarify the concept of "learning disabilities" for 
the special educator, an institute for advanced study was held at North- 
western University (Myklebust & Boshes, 1969). The definition evolving 
from that institute involved the following three criteria: (a) Th^e 
Exclusion Clause, says that the learning difficulty is not primarily the 
result of^oor instruction or lack of opportunities to learn, nor of 
sensory, motor, intellectual, or emotional handicaps— e.g. , poor physical 
health, motor problems such as cerebral palsy, blindness, deafness, gen- 
eral mental retardation, (b) The Discrepancy Clause says that the child 
should demonstrate a discrepancy between actual and expected achievement 

■ ' '■ - ■ l.U 
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in one or more areas--e.g. , auditory receptive language, auditory expres- 
sive language, reading, writing, mathematics and non-verbal areas Including 
time orientation, left-right orientation, spatial orientation, body image, 
social perception, perceptual-motor, picture Interpretation, and self- 
help skills', (c) The Central Process ing Deficits Clause says that 
learning difficulties should stem from central processing deficits— e.g. , 
neurologi^cal or psychoneurological dysfunctions Involving (for exaimple) 
perception, integration, or expression. 

Since the 1969 institute, different restatements of definition have 
been offered. -Nonetheless, most contain the three basic criteria, either 
explicitly or implicitly (National Advisory Committee on Handicapped 
Children, 1968): For example, as recently as November, 1975, the following 
restatement of definition was ptoposed (Department for Children with 
Learning Disabilities, Note 1): 

A specific learning disability . is a serious Impediment to cognitive 
functioning which: 

(a) is manifested in such wide discrepancies among developmental 
and/or school achievement areas that special, remedial and/or 
compensatory teaching is r^quiredi - - - 

(b) exists independently of or in addition to mental retardation, 
sensory deficits, emotional disturbance, or lack of opportunity 
to learn. 

The term "cognitive functioning" corresponds to "central processes" 
in the 1969 version, and the "discrepancy clause'^ and "exclusion clause" 
appear almost unchanged in the "new" 1975 version. 

Evei. though recent refinements of the definition seem quite precise 
in a formal sort of way, ambiguities often arise in practice because of weak- 
nesses in the accepted diagnostic Instruments that are available. Senf (1977) 
states, "If we cannot define those children who represent the kernel of our 
concern, then we shall aexi-er generate' an informational base concerning their 
problems." Operational definitions are needed to explain key elements of 
the criteria, auch as "cognitive functioning,", "remedial teaching," "wide 
-discrepancy-"- and- so for th- (Department for -Children- w^tt-h^-Learrti^ig Disabi4 itiefr^ 
Note 1). However, from the point of view of the present article, concern 
about definitions of Lfi subjects is' of interest primarily because it involves 
an attempt to give precise behavioral descriptions of abilities that aire 
deficient in LD children... Marolda (1977) writes: "The study of specific 
learning disabilities in mathematics is dependent upon our ability .to define 
and assess mathematical ability." Some examples are given below to Illustrate 
difficulties related to ambiguities in the definition of mathematical abilltle 

The Centra^l Process ing .Clajj^e 

.With respect to the central processing deficits clause, many 
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psychoneurologlcaJ dysfunctions (e.g.; spatializatlon) are not easy to 
Isolate and diagnose. Furthermore, connections between neurological 
dysfunctions and specific conceptual abilities have not usually been 

established. Consequently, if it is impossible to correctL the neurolo- 

gical or psychoneurological dysfunctions, it is difficult to know how 
the affected abilities can be improve^ or refined. That is, it is dif- 
ficult to find compensating strategies that might be helpful to people 
with particular types of disabilities. Effective .remedial activities 
are difficult to preacrT until more is known about relationships 
between central processins dysfunctions and important underlying mathe- 
matical abilities. But this will ^require an analysis of causal connections 
and precise description of the mathematical abilities that are most often 
affected. 

The Exclusion Clause 

The exclusion clause presents difficulties because of the "chicken- 
egg" causal relationship between central processing difficulties and 
other factors associated with learning difficulties— e.g. , poor motiva- 
tion, low tolerance for frustration, poor peer group relations,, poor 
health, poor judgment in social and interpersonal situations. Often, 

espectally-with older -childrea- or addleacents ,-"-t^^ 

mine whether a youngster's learning difficulties have been caused by 
social or emotional difficulties, or whether the social arid emotional 
difficulties were caused by an apparent disability. 

It i^ difficult to eliminate the possibility that an apparent 
learning disability results ftom poor 'instruction, lack of oppor-^ 
tunitles to learn, lack of motivation, or general mental retardation. 
Consequently, regardless of what formal definition is accepted to describe 
LD subjects, the fact remains that many youngsters who are assigned to 
LD classes frequently do not really conform^ to the intended definition. 
Once again, too little is known about the nature of the abilities that 
are affected by various neurological, psychoneurological^ physical, ^ 
social, or emotional factors. Therefore, too little is known about 
relationships -between these factors and specific learning disabilities. 

the Discrepancy Clause 

The discrepancy clause is perhaps the most useful criterion for > 
Identifying LD subjects. Because It is the critetion most 
closely linked to specific abilities that are lacking in individual 
subjects. It is also the most useful for helping to prescribe appropriate 
remedial activities. The fra.mes of reference used in designing the diag- 
nostic battery can (or should) serve as guides to the selection of appro- 
priate remedial activities, c 

There are t'^o general and closely related ways the discrepancy 
clause can be satisf ted--on6 is A horizontal discrepancy and the other is 
a vertical discrepancy. A vertical discrepancy occurs when the actual 
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achievement Ugs behind expected achievement In a givjn area of joncej[>t 
formation.* A horizontal discrepancy occurs when a <ihlld s aTjilUtea in 
one area of concept formation are "oufr. of phase" with abilities in other 
areas. For example, test soores on the Wechsler Intelligence Scale fior 
Children (Wechsler. 1974)- may Indicate characteristic types of "scattet 
Involving high verbal-low performance or low verbal-high per£o»rmance/ 
scores. . r> 

As the above descriptions indicate, both vertical and horizontal 
discrepancies depend heavily on the effectiveness of standardUed Jesting 
Instruments to Isolate specific cognitive abilities. But, ♦'abllltfea 
are difficult to measure using standardized testing Instsfuments. So, 
"achievement" Is typically used as an Indirect measure of ability/ Unfor- 
tunately, however, ability and achievement are not equivalent, l^/ot example, 
Krutetskll (1976), gives examples from his research to Illustrate that 
"The same progress In different pupils can be an Index of different abil- 
ities, and those with Identical abilities can differ In their p^togress. 
Krutetskll argues that tests show which tasks can and cannot bd done by a 
child, but they do not disclose how a child has arrived at a practical 
solution of a certain problem; they say nothing about the reasons for lack 
of success. 

. . .In most cases where the same test result has .been obtained the 
mental processes that have led to the result can be essentially 
different. And :hls very difference can be the most valuable 
material for judging an examinee's psychological traits— his abili- 
ties.... (p. 14) 



* Expectancy age (EA) can be calculated as a weighted average (for example, 
'see equation 1) of several other factors Including chronological age (GA), 
grade age (GA) , and mental age (MA) -where mental dge Is determined on the 
basis of IQ scores or some other measure of general Intelligence or achieve 
ment. A learning quotient (LQ) can then be determined for a particular 
-Cffregory-o^-abirlil:tcs-CeTg7» matheraauics) by calculating the ratio of 
actual achievement ^to expected achlevemept In the given area (for example, 
see equation 2) . 

Equation 1 Equation 2 

AA 

EA - 1/3 (CA + GA + MA) LQ - ^ X 100 

In the past, l,earnlng disabilities subjects have sometimes been defined 
as youngsters whose IQ's are normal or above normal (e.g., IQ = 90) but 
whose learning quotients are below a certain cutoff point (e.g., LQ = 89) 
in a given area. 
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Using Stitn daH^*'^^ TA^frft Tdftntlfy; t^tfaftmat^c^ 

gtandardiaed testes have played a cetttiefti tc»li In atumpts to Iden- 
tify both mathematical abilities and diaabJLlit.leav Btft iche use of stan- 
dardised tests pos^s loany difficulties for abilities research. 

The reform o^ the?, school mathematics curriculum in the United States 
over the' last two decades has hot been accottipaniftd by a comparable 
reform in mafcheroatics testing. Most standardized matbematics tests 
in use today have undergone modest revision at best, and teachers 
have cast about in vain for ways to measure the •♦higher cognitive 
abilities" that the new curriculum claimed to deV(^lop. There has 
been no test development effort, no sustained research program, and 
no statement- of underlying theory that (nathematica educators could 
turn to as a basis for understanding what these higher abilities 
might be, let alone how they might be developed. (Kilpatrick & Wirsaupi 

1976, p. xv) . . 

Furthermore, 

...Because of the emphasis on correct solutions within fixed time 
. periods, these testa do not help in determining the reasons for « , 
errors, nor in discovering the point at which learning has broken 
(dowtti Anotheif linjitation of these instrmilents is that they do not 
allow consideration of varied thinking or learning styles. 
XMarolda, 1977, p. 589) 

One of' the major -difficulties with using currently available tests 
to identify learning disabilities^ is that the tests w^re designed to 
find children who ar e havini ^ difficulties (or who excel) rather than 
to Identify the specif ic difficulties of an individu al youngster. 

if the function of a test is simply to identify children who are 
having difficulty, rather than to isolate the particular difficulty of 
an individual child, then it may not- be important to determine why indi- 
vidual items are missed, or to investigate how conclusions are found for 
specific questions. Nonetheless, Krutetskii's research shows that focus- 
ing on specific errors of individual children, and "following thej.r 
tfiinkTng^' to determ is cruci^l'for a tliorough 

analysis of mathematical abilities. Because the same solution to a mathe- 
matical problem can often be obtained in quite different ways. Krutetskii 
argues that one cannbt discover much about thinking by analyzing only 
final responses on standardized test items. Often, the hallmark of 
outstanding problem solvers is not so much whether answers to specific 
questions are right or wrong but whether "clever" procedures were used 
In the attempt. "Good" problem solvers are t^ypicaUy flexible thinke.rs 
who are capable of solving problems in several different ways; so. when 
one path is blocked, another route can be taken. Quality, as well as 
quantity of answers, must be considered. For example, speed alotie can, 
be a misleading measure of problem solving ability. Because of 
Impulsiveness or Inflexibility of their thinking, LD youngsters may 
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actually solve some levels of problems (if they are able to solve them 
at all) faster than their normal ability peers. Yet, impulsivity and . 
inflexibility are common hindrances to general problem solving ability. 

Krutetskii also argues that short term tests typically ignore the 
influences of numerous factors (especially personal factors like motiva- 
tion, interest, anxiety, and fatigue, but also nonablllty factors like 
specific prior training) that affect performance. Krutetskii 
criticizes "bourgeois" psychdloglsts for assurping that abilities are 
stably functioning factors throughout a person's lifetime and that a per- 
son's profile of abilities is relatively unaffected by experience and 
instruction. The "ability categories" (e.g., "perceptual" abilities, 
"spatial" abilities, "associative memory" abilities, etc.) that most 
standardized testing procedures identify seldom specify processes that 
learning specialists can modify through instruction. Yet, the kinds of 
abilities that will be most useful to LD specialists are those that can 
be influenced by instruction. 

The Uniqueness of Mathematical Abilities , 

Do exceptional children (either "gifted" or "learning disabled") 
really use qualitatively different processing abilities and problem- 
solving strategies from "normal" children; or are differences primarily 
due to motivation, or knowledge of specific prerequisites in an isolated 
subject matter area? The discrepancy clause is. based on the idea that 
the abilities in one area (e.g., mathematics) are either (a) "out of phase 
with abilities in. other areas or (b) inconsistent with some measure of 
general ability. However, the existence of cognitive abilities that are 
unique and specific to mathematics and not simply attributable to "lack 
of knowledge concerning prerequisite facts" is by no means universally 
accepted among psychologists, mdthemattcians, or educators. For example, 
distinctions between mathematical algorithms and grammatical systems do 
not se^m to be as clear as many people have naively assumed. 

Understanding a paragraph is like solving a problem in mathematics. 
It consists in selecting the right elements of the situation and 
putting them together in the tight relations, and also with the right 
amount of weight or influence or force for each. The mind is 
assailed as it were by every word in the paragraph. It must select, 
repress, soften, emphasise, correlate, and organize, all under the 
Influence of the right mental aet or purpose or demand. (Thorndike, 
' 1917, p. 326) ' 

Many aspects of language development implicitly involve the mastery of 
certain logical-mathematical rules and systems (Sinclair-de-Zwart , 1969) 
and significant portions of elementary mathematics involve little more 
than the mastery of specialized verbal-syntactical systems (Beilin, 1975, 
1976; Chao, 1968; Werner & Kaplan, 1963). The processes and abilities 
required for two mathematics tasks may be quite different, whereas a 
mathematics task and a language task may involve nearly identical under- 
IvinR processes. Under these circumstances, labeling a given process as 
"mathematical" or "nonmathematical" can be quite artificial. Future research 
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on mathematical disaSilities should-rlovolve careful analyses of the pro-' 
cesses that are actually needed to perform specific tasks. 

Although a number of studies have claimed to furnish evidence that 
ability in mathematics is distinct from general intelligence, "the influ- 
ence of non-ability factors like "motivation and interest,!' !'prlpr train- 
ing or practice In specific content areas," and "lack of specific bits 
of information or specific- prerequisite skills, have usually been ignored. 
For example, Gagne's research (1970) indicates that, after differences in 
prerequisite knowledge have been factored out, mathematical abilities, may 
be nothing more than specific manifestations of general intelligence. 

Several mathematicians (e.g., Polncare, Hadamard, Kolmogorov) and 
psychologists (e.g., Krutetskll,. Blnet, Revesz) have argued convincingly 
for the uniqueness of mathematical ablUties, Nonetheless, these indivl-.. 
duals have been c .^ful to distinguish between ordinary "school" ability 
and Independent, creative mathematical ability. For example, Kolmogorov 
(cited in Krutetskil, 1976) stated that "ordinary, average human abilities 
are quite sufficient for mastering-rwith good guidance or good books...— 
the mathematics that is taught, in secondary school" (p; 4). Krutetskii 
writes, "Anyone can become an ordinary mathematician; (but) one fnust.be 
born an outstanding, talented mathematician C1976, p. 361)." 

The above opinions Indicate^ that if researchers study only normal 
"average ability" youngsters," and if they investigate only low level- 
concepts (the kinds tested in most standardized tests), it may be ve;f:y 
difficult to identify abilities that are unique to. mathematlcsv This , 
point of view is strengthened by the -act that, eyidenee^sup.poi?tlng the 
existence of special mathematical abilities is most available from rejearch 
involving gifted students. On the other hand, in later sections of this; 
paper it will be argued that,, by neglecting to work with learning dis-vV 
abilities students or other students whose mathematical abilities may 
differ from those of normal children, researchers may have overlooked certain 
elementary but critically Important mathematical processes. 

Little work has been done to isolate and describe specific mathema- 
tical disabilities of LD youngsters. LD specialists h$ve tended to study 
only the lowest levels of mathematical abilities and concepts (e.g., 
simple calculation skills) and have neglected a broad range of Important 
underlying concepts (e.g., regrouping) atd processes (e.g., modeling). 
Furthermore, the real mathematical status is questionable for many of the 
concepts (e.g.. number conservation, serlatton) which have been Investi- 
gated, and it is unclear how some "abilities" which have been studied 
(e.g., Imagery, tactile-kinesthetic or motor skills) are related to 
standard ideas that typically occur in aii elementary school curriculum 
(Lesh & Mlerklewlcz, 1978). 

■ Summary 

It seems unlikely that mathematical disabilities will be Isolated 
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unless tasks are presented that involve real mathematical substance, and 
unless mathematically skilled Interviewers '° 
focus on the specific mathematical processes ^sed by individual children. 
Unfortunately, the cross disciplinary expertise required in this type of 
research, and the time consuming nature of the techniques used pose sig- 
nificant obstacles for this type of veaearch. One of th^ ,mos4: obvious - 
difficulties for anyone attempting to bridge, the theoretical gap^between 
learning disabilities and raathemAtics education is a general lack ot ^ 
communication Wween these two fields. For example, many ot the words 
that mathematics educators use to describe the acquisition of mathematical 
concepts (e.g., isomorphic systems, concrete embodiments, modeling pro- 
cesses) ar; unfamiliar to most learning disabilities specialists. 
Similarly, ideas such as "semi-autonomous systems," "preferred modality,, 
and "overloading" are unfamiliar to mathematics educator^. Nonetheless, 
many ideas and techniques from learning disabilities (e.g., clinical 
teaching cyclfe, frames of reference) appear to be pot;entiaUy useful to ^ 
mathematics educators, aftd many of the ideas and instructional materials 
from mathematics education (e.g., mathematics laboratory^activities using 
cuisenaire rods, arithmetic blocks, geoboards, counting discs) appear to 
offer potentially useful ideas for learning disabilities specialists. 
TO highlight some of these potentially useful ideas, several theories 
familiar to mathematics educators will be used in the remainder of this 
paper to describe some abilities that ID youngs t-.rs may lack. Hopefully, 
by focusing these theories on LD subjects, some new Insights may arise 
concerning abilities normal children must refine to master mathematical 
conHpts^^and, some of the abilities identified will be helpfur^to LD 
dpeciallsta who must conduct diagnostic interviews and prescribe remedial 
activities for children with lear^ning difficulties in mathematics. 

II. Abilities Associated With Gagne'a Theory of Learning 

This section will emphasize three categories of abilities: (a) abilr^ 
ittAs associated with adjusting learning or problem-solving styles to^ ."t 
differe^usk sltia?ioJ (b)%bilities associated with informatiotf^stor- 
age and retrieval, and (c) abilities associate-, with lower ord^forms of 
learning, . ^ , 

The Ability to Adjust Learning S tyles to Fit the Task 

One of the fundamental principles underlying Gagne's (1970) theory 
is that there are different varieties of learning that can .^^^^^"flfJ^^J^^ 
by means of the conditions that produce, '•-hem. For example, after analyzing 
the things that an instructov must do to ptfoduce various typej of learning, 
Gagn4 identified eight varieties of learning: (1) problem ' 
combining rules into higher order rules, (2) rul. l«^^"^"8--i.e., learning 
relations between lower order concepts (or ^^lf) '<3) . concept lear^ 
i.e., making a common response to different stimuli, (4) discrimination 
leariing-iTe., making a different response to diffe'^ent stimu i (5) verbal 
associations, or verbal chains, (6) stimulus-response chains, (7) simple 
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stimulus-response learning, and (8) signal learning. 

A basic assumption underlying Gagng»8 schetpe J'j*^ ^J^I 
structiona program, or student should do ^^»^^«8%<J-^;'; P^"^^^" ' 

different conditions) to produce each of the eight types of learning. 
Conversely, if a teacher provides the same kind of learning activities 
every day. the same type learning can be expected to pccur-whether or 
not the instructor intentionally planned for this to, be the case. ^ 

Ma urice (fifth grade); M« ice' is quite verbal. He can state a 
correct rule about most of the ideas in his mathematics book. For 
example, when aske^ about finding the area of a triangle, he stated 
that the, rule was to "muttiply one-half of the base timfes the alti- 
tude." Unfortunately. Maurice's performance in ipathematics ; 
had been very poor. Although Maurice seemed. to have mastered an 
unusually large number of mathematical rules, most of what he knew 
were not rules at all according to GagnS's. criteria. Maurice was 
unable to use his rules in most simple concrete situations and he 
had difficulty describing what most rules meant in situations invol- 
ving simple pictures or instructional materials. According to 
Cagn^'j classification scheme, most of Maurice's "rules" were merely ' 
verbal chains. 

-Normal children (at least those who are doing well in mathematics) 
have usually learned to provide for their own conditions for learning 
mathematics-even when their teachers or textbooks neglect to P.erform > 
these functions. A distinguishing ability of good students is that, they 
do different things to learn different kinds of ideas, whereas learners 
who are having difficulty are often much less flexible in adjusting their 
learning chyles to tasks they confront. For ekample. when left to his 
own devices. Maurice tried to learn most things as though they were simple 
verbal chains. Furthermore. Maurice's teacher also tended to teach most 
ideas as though they were verbal chains. That is. the conditions for 
learning that she provided usually were conditions that facilitate the 
learning of verbal, chains-not rules or concepts. Consequently, the teach- 
ing style of his teacher was compounding Maurice's difficulties rather than 
helping him overcome them. 

If 

Lack of flexibility in adjusting his learning or problem-solving 
techniques to fit specific tasks was not a difficulty unique to Maurice. 
For example, Maurice's class had been learning to use a problem-solving 
strategy that his teacher called "make a graph." Many of the children 
became quite skillful at making graphs when they were told to do so. but 
no time was spent helping the children learn to identify situations where 
this particular strategy might be appropriate. Therefore, one week 
after the "making graphs" unit had been completed, none of the children- 
not even the exceptionally bright students-in Maurice's class used the 
"make a graph" strategy to try to solve problems. in which Maurice s 
teacher thought it would "obviously be helpful." 
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rp^tlna an idea Into a youngster's head does not guarantee that the 
idea iui Se integrated with other Ideas that are* already understood-, . 
U d"s\ot guaran?ee'tSe youngster will be able to use the library-type 
nook up" skiils that allow the idea tp be retrieved when it is needed; 
no^does it guarantee that. he will be able to identify situations in ^ 
TicrtSe' dfaTuseful or relevant. For --P^^'/*- ^^^^^^^^ ^ 
to carry out pencil and paper computations did not ensure that he knew 
when to compute, which operation to use in si"Pl« «^«^y^«7 i^^^^^??;; 
S?!^to ti^p the an*S^^ once they were found. Similarly, bther children 
ifnaurrce' class had Lamed I variety of P-oble?/°l-^«8 f "'^^^r^.f, 
heuristics but they had not learned: (a) to Identify sltuatlogs In which 
pa^tlcS ar'st^ategSs mlghTbe useful, (b) to .^d^J^^^^ fSfSS^in f e problem 
solving process when particular strategies might be useful, (O relatlon- 
shlps among various Ideas and strategies. 

There was no evidence to prove that Maurice's tendency to J;f«J". 
rules as though they were verbal. chains resulted from some ^underlying 
learning disability! But, he had been enroUed'ln "help sessions" with his 
school'! LD specialist, who, altir extensive testing, was still unable to 
iSenUfy the caSse of Maurice's learning difficulties. Did 'hey "suit 
frnm in anderlvlne learning disorder or had he simply failed to learn 
fome SLlc ldtat ?hat caused particular difficulties In mathematlcsrin 

ci e tS: diagnostic and prescriptive teaching techniques that, the 
LD teacher ised were very helpful to Maurice. At the end of the year 
te wasTmg acceptable Lrk In mathematics and he was far more flexible 
in adjustlhi his learning Style to particular task situations. 

Rpcause many different types Qf rules, laws, tasks, and Ideas are 
encountered in schoo flexible adjustment of learning style Is Important 
foHu students. Foi example, the Inductive strategies required to find 
the nth te^m of ; given number sequence are quite different from the de- 
ductive strategies needed to prove a trigonometric Identity. The repetition 
anS rluance on cues that characterize learning Important ^names and dates 
In history would' not help the student analyze the causes of the Glvll War. 
Slf^lcStues can a?lse If the student Is unable to adapt his learning or 
pioblem-soLlng procedures to fit the conditions for learning In different 
situations. 

Abilities Ass»c.tated With Information fitorage and Ret rieval 

Gagnl analyzes the act of learning Into separate "Information proces- ^ 
sine" phases: (a) an apprehending phase, (b) an acquisition phase, (c) a 
storage phase, and (d) a%etrleval phase. He also partitions these phases 
into fmaller categories. For example, the storage P^^^^/^P^f "^me 
into (i) temporary hdldlng, (II) medlatlonal holding, and (111) lifetime 
ieJention^aSdthe^retrieva phase Is partitioned Into such categories as 
recognition memory' arid reproductive memory. 

In mathematics, as in most subjects, some facts °^}>; «^^^^ 
remembering for a short period of time (as when someone tells you a 
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telephone number) ; some facts are only for medlatlonal use (they contri- 
bute to learning a higher order rule but may be forgotten ^fter the higher 
order rule has been learned) ; and some facts are appropriate candidates for 
lifetime retention. However, in mathematics, relatively few facts fall 
Into the latter category. Most isolated facts can be regenerated from 
other facts If they are forgotten. The more regeneration rulqs a child 
learns, the easier It is to remember those basic facts that are most 
Important. Consequently, InsV.ead of learning to recall Isolated bits of 
Information, outstanding mathematics students usually focus on remember- 
Ing broad categories of Information that will efficiently organize many 
details and serve as cues for mentally "looking It up," On the other ^ 
hand, students who are K'avlng difficulty In mathematics, commonly lack 
the flexibility of thought that allows tbem to switch quickly to appro- 
priate types of memory functions , .and', they often lack the ability or Incli- 
nation to organize Information Into broad categories so they can effectively 
retrieve Information relevant to a given problem or task. 

The preceding section described Maurice's tendency tp memorize 
■ all facts as Isolated bits of Information, He Implicitly seemed to 

consider all facts to be equally Important and worthy of being memorized 
' forever. Therefore, even though Maurice had a remarkable ability to 
remember Isolated facts, Information overload eventually caused his ^mem- 
ory to fall. Perhaps some of these retrieval skills correspond to abil- 
ities" that LD youngsters may lack, but It seems likely that Inferior 
retrieval skills often result from the general disorganized nature of a 
body of knowledge— plus a lack of flexibility In adjusting learning and ^ 
memory factors to different task situations. 

Efficient information retrieval systems usually require well orga- 
nized systems of knowledge. To be remembered when they are needed, new > 
ideas muet be cross-referenced using flexible, organizational- schemes 
that tell how individual ideas are related to other ideas. One of the 
characteristics of gifted students is their tendency to compare new 
ideas with a vast range of things they already know (Davis, Jockusch, & 
McKnight, 1978), and one striking characteristic of many students who 
experience difficulty in mathematics is the disorganized nature of the 
mathematical information, they have learned. 

Kathy (fourth grade): Kathy had mastered a large quantity of verbal 
information about mathematical ideas. Yet she was doing very poorly 
in her mathematics classes and on math related sections of most 
tests. Even though Kathy had memorized all of her addition and 
multiplication facts, as well ap most subtraction and division facts, 
there was little evidence that she had organized these facts. Also Kathy 
was usually unable to use facts that she knew as substeps in more 
complex problems. She was unaware of most of the nu-nber patterns (e.g., 
multiples of five, multiples of nine) and properties (e.g., 3 X 5 = 15 
and 5 X 3 » 15) that most children use to organize the arithmetic 
factors they learn, and she seemed unaware of the relationship 
between addition facts like 7 + 5 = 12 and subtraction facts like 
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12 - 5 - 7. Remarkably, Kathy had succeeded In memorizing nearly all 
subtraction and division facts without relating them to addition and 
multiplication. ' 

* Mary (sixth grade): Ma.ry had difficulties with most kinds of compu- 
tation problems. Surprisingly, however, sne had become quite skill- 
ful at calculating multiplication problems like 38 X 27 «tJ . Yet, 
she had extraordinary difficulty performing "regrouping' addition 
problems like 266 + 760 « □ even though, for most people, the 
addition problem 266 + 760 « □ is a substep in the multiplication 
problem 38 X 27. « □ .. Among Mary's difficulties was the fact that 
she saw little connection .between "addition in an addition context 
and "addition in a multiplication context. 

Ideas that are logically related (e,g., 9 X 7 .« 63 and 63 f 7 « 9) 
way not be psychologically related in the minds of students. Just because 
adults consider two situations to be "alike" does not mean that children 
will consider them to be similar. A distinguishing characteristic of 
gifted children l^ that they have ah ability tfo recognize similarities 
among seemingly unrelated sltuiations; and a distinguishing characteristic 
of many LD children Is that sicuatlotis which educators, ma thematic tans, ^ 
and psychologists usually consider to be closely related may be treated 
by an LD child as being quite unrelated. 

Mathematics, probably more than any other subject matter ^area. Is 
based on well organlzed'^systems of relationships among ideas and skills. • 
Consequently, a disability affecting the overall organization and struc- 
ture of a child's concepts could be expected to have a greater detrimental 
effect on mathematics than on other subject areas. 

Problems associated with fragmented knowledge systems are quite 
commoh atnong students at alliage levels and In all types of mathematical 
tasks. For example. In his research Involving the use of problem-solving 
strategies by college students, Schoenfeld (In this volume) demonstrated 
that learning managerial strateglas for a system of specific strateg. ^3 
was quite different from simply learning each of the strategies In is. ela- 
tion. Similarly, fragmentation aluo occurs among younger children in 
simpler learning situations. For example, teachers or researchers dealing 
with children who have learning difficulties tend to break down complex 
tasks and Ideas Into sequences of smaller discrete learning units. This 
process of analysis can be quite useful, but It can also reinforce the 
fragmented nature of children's thinking. Teachers must do more than 
teach Isolated sequences of Ideas. Otherwise, their analytic teaching 
procedures may actually accentuate the very things that are causing dif- 
ficulties for the child— producing short range success which lays the 
groundwork for even greater future difficulties. In mathematics, a whole 
system of Ideas Is often more than the sum of Its parts; and to teach or 
conduct research as though this were not true demonstrates a misunder- 
standing of the nature of mathematics— and the thought processes children 
use to do mathematics. 
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Behavioral objectives furnish another example of an Instructional 
component that can produce fragmentation of content if they are misused. 
According to Gagn^'s theory, an instructional "^^^ should be accompanied 
by behavioral criteria for determining whether the objectives of the unit 
were achieved. For example, if a teacher's objective concerned adding 
one digit numbers, some of the b^^havioral criteria might be; (a) the 
child can give (write, name, or select) the answer to equations liUe 
»3 + 4 = □ . (b) the chiU can give (write, name, select) the answer to . 
equations lik.e 3. (c) the child can use concrete materials (i.e.. poker 

. ±^ > . ■ 

chips. Cuisenaire rods, a number line) to illustrate problens like 
3 + 4 » Q , (d) the child can write (or describe verbally, or select from 
a set of choices) the correct equation to describe a given concrete illus- 
tration of addition. 



Objective 




Behavioral Criteria 

■\ . 
give the answer to 3 + 4 » □ 

give the answer to 3 
give a concrete illustration of 

3 4 - a 

give a correct equation for 
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Sometimes "behavioral criteria" are called "behavioral objectives - 
implying that the objective of a unit is simply to get children to behave 
in^i particular way on particular tasks. Nonetheless, it is usually 
possible to teach students to perform the designated behaviors without 
having learned the underlying objective. For example, the student may be 
able to perform each of ^the isolated behavioral objectives but may not 
understand how they are related to one another. 

Johnn y (second grade): John r could give correct answers to most 
addTtion problems of the form 7, and to many problems of the form 

7 8 = □. Surprisingly, however, the systematic errors he made 
on horizontal addition problems did not necessarily correspond to hi 
errors on vertical problems. He seemed to treat the vertical and 
horizontal forms of addition problems as two unrelated systems. He 
could illustrate problems like 3 + 4 = □ using either poker chips 
or a number line, but he had great difficulty translating directly 
from a number line illustration to a poker chip illustration (or 
vice versa). Again, he seemed to treat poker chip illustrations and 
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number line illustrations as two unrelated systems. 

The following two teaching objectives. are quite different: <a) teach 
a child to understand an idea in such a way that he will beh^ye in a par- 
ticular way on a given task, (b) teach the child to petforn a given taslj. 
• The distinct ion between these two types of objectives becomes especially ^ 
.apparent in research on '♦systematic errors" (e.g., Ashlock, 197,2; Cox^ 1.975). 
In many cases, and particularly in cases Involving LD subjects, the errors ^ 
children make are quite systematic and are based on identifiabU rules. Xn^, 
most cases, the incorrect rules were able to generate correct answers for a 
small class of problems^ but are unable to generate correct answers- for a 
larger class Q.f problems. ' 

Jennifer (fourth grade): In^a series of subtraction problems, she 
gave the following responses. 

47 52 68 74 82 56 

-24 -37 / -35 -28 -57 -44 

23 25 3a 54 35 .12 

y ^ 

Clearly, Jennifer's difficulties did hot result from^ random errors. ^ 
She had learned a rule tliat worked for subtraction problems that did 
not invalve regrouping, but her rule gave incorrect answers to re- 
grouping subtraction problems* 

Ashlock' s book, Error Patterns in Computation (1972), is filled with 
examples of systematic errors that are quite common among both LD and non- 
LD students. 9ut, an uniisual' proportion of U> children seem to generate sys 
tematic procedures which (for a short period of time involving some small 
class of problems) give right answers for the wrong reasons. 

In the same way that a computer can usually use many different programs 
to produce "correct answers" on a given set of problems, m^ny children are 
also quite creative in their abilities to create non-standard procedures for 
performing specific tasks. Unfortunately, many of these non-standard tech- 
niques will only yield correct answers for a restricted class of problems. 
The teacher's objective is not simply to modify a child's avert responses on 
a given task, she must also modify the "internal programs" the child uses 
to generate the responses. Most instructional situations can be expected, 
to have both behavioral criteria and cognitive objectives. 

Abilities ABSociiiM- with Prerequisite Forms of Learning 

■ " . ' ■ ■ 

According ii0;'&gne , one of the most important factors influencing a 
youngster's ability to learn a new idea is the extent to which prerequisite 
ideas and skills are available. Starting with a clear statement of the 
idea one wants to teach, it is possible to derive a "learning hierarchy" 
of prerequisite Ideas by progressively asking. "What would a student have 
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to know (or be able to do) In order to know (or be Able to do) that?*' By 
asking this question, first for the terminal objective, and Chen for each 
of the prerequisites, an upside-down tree diagram (l»e., a ''learning 
hierarchy", (see Figure I) can be constructed. The final objective can 
be visualized as the trunk of the tree with prerequisite concej^ts on the 
branches below. 




figure 1. A tree diagram* 

..Another Important feature of Gagng's theory Is that the eight basic 
types of learning are ordered In a prerequisite sense. That Is, If the 
objective of ari Instructional unit Is to learn a rule, then the prerequi- 
sites will be concepts and/or lower order rules. The preirequlsltea^ fpr 
concepts are discriminations i and the prerequisites for discriminations are 
among the- lower types of learning. This ordering of dependency relation- 
ships Is summarized In Figure 2. . ^ 

Problem Solving ' 

Rules H 

Concepts - 

Discriminations 

N ' 

Verbal Chains 

^» ■ ■ 
S-R Chains 

Stimulus Response Learning 

Signal Learning ^ 

Figure 2. Dependency relationships In Gagnd's basic types of learning. 

According to Gagng, one of the most important functions a teacher 
should perform Is to begin Instruction, with an evaluation of student s 

initial State of learning. A youngster cannot be expected to learn a rule 
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if the pterequisite rules and concepts are riot available; «tnd the prere- 
quisite concepts cannot be masteijed Tf the youngster is unable to make 
the appropriate discriminations. 

" • " 

Andy (fourth t{rad^: Andy is extremely bright and is an excellent 
' problem solver. Nonetheless, he has great difficulty with reading 
and arithmetic. In arithmetic, even simple one-step subtraction; 
problems cause difficulties for him. He memorized his addition and 
multiplication tables perfectly, but he commonly misses subtraction 
problems like 73 - 5 - CZl . Andy's' answer to this question was 23; . 
that is, he subtracted "the 5 from the 7 instead of the 3. > ^ 

For most children who would give answers like the one above, a teacher 
would probably assume that the difficulty resulted from a lack' of under-" 
standing of place value (i.e., 73 stands for 7 tens and 3. ones) or from a 
systematic errc^r similar to Jennifer's In the preceding section; Actually, 
Andy seemed to have a learning problem that was even more basic than a 
systematic error involving place value. He had difficulty discriminating 
73 from 37. He also had "iigure reversal" difficulties when he tried to 
di8tlngttish_'!b'LjErQmJ!iill-JirJip^ 



recognition" tasks, Andy yould be just as likely to match ZJwithlV^ as to 
match ^ with ^ . ' , ^ 

Andy had been diagnosed as having a central processing dysfunction 
known as dyslcxiflf. 

In Gagnean terminology, Andy cannot be expected to learn the higher 
order rules (e.g., regrouping) and concepts (e.g., place value) that are 
relevant to problems like 73 - 5 « □ if he has not learned the ..prerequi- 
site discriminations. 

When teaching arithmetic to normal foprth graders, a teacher may 
simply assume that the relevant discriminations can be made. But LD 
youngsters may have difficulties with some of these prerequisite skills— 
e. -., discriminations, verbal chains, S-R chains. Consequently, some of 
the "disabilities^' commonly associated with LD youngsters .would be inter- 
preted as "missing prerequisite ideas" according to Gagne's scheme. Whether 
these missing prerequisites should be called "disabilities," whether they 
result from even more basic sets of abilities, or whether they are s.imply 
unlearned prerequisite ideas is an unsettled question. But a major asset 
of Gagng's scheme is that it allows LD specialists to "map in" processes 
and abilities from a number of psychological and educational theories, 
and to organize them into a single framework. It also allows processes, 
abilities, ot Ideas at one level to be related to processes, abilities, 
or ideas at other .levels. For this reason, Gagne's theory could furnish 
a valuable system' to use to seatch for abilities LD children may lack. 

Summary 

Three types of abilities were discussed in this .section: (a) abilities 
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Involving adjusting leairning or proble m-solvlng styles to_fl^dif f erent. c; . 
Hidi"^r^8jriitTiaTioSs^ , 
storage and retrieval; and (c) abilities associated with prerequisite 
forms of learning. Deficiencies in these abilities need not prevent 
children from engaging in meaningf ill problem-solving situations. Gagne s 
book Conditions of Learning (1.970) describes conditions for Problem 
solving that are accessible to many LD children with mathematical learning 
disabilities like the ojies described^ throughout this paper. Furthermore, 
Gagn^'s theory can aUo help teachers or researchers coordinate useful 
information from a variety of other theoretical perspectives.^ For example, 
pascual-Leone (1976) has developed a theory concerning the role of memory 
^functions In learning and problem solving. Pascual-Leone s theory fits 
into Gagni's scheme and it includes specific techniques for anticipating 
and minimizing difficulties associated with memory functions. 

'Not only is it possible for LD children to participate in meaningful 
problem-solving situations, but appropriately designed problem-Solving " 
situations can provide excellent instructional settings to .help them: 
(a) develop effective information storage and retrieval abilities.; (b) orga- 

■ntee th^ l^^''^" they have learAed-latg.lL exlble systems; an d_ (c) identify 

situations where they can use , the ideas-they have learned. , 

Ail of the abilities identified in this section to some ei^tent 
involve Gagn^'s treatment of "structure." For Gagne. concepts. and ideas 
are elements of a hierarchial structure in which any given idea is rela- 
ted to certain prerequisite ideas. New ideas are "built up" in somewhat 
the same way that a brick, wall is built-by placing new brick on a 
solid foundation of bricks at a lower level. ^ However, the "brick wall 
model tends to de-emphaSize othe f„act that Id^as (unlike bricks) exist at 
many different levels "of sophistication, and that they are not simply^ 
"completely mastered" or else "not understood at all." Ideas, just like 
children, develop through identifiable stages; and careful descriptions 
of primitive conceptions of an idea can reveal many things about the 
abilities that are presenter absent for children at particular stages 
in the devfelopment. Piaget's theory focuses on precisely this aspect of 
learning. The next section of this paper will attempt to identify mathemati 
cal abiltties\sing a Piagetian perspective quite different from Gagne s. 
\ . ■ 

Gagnl's point of view is a potentially valuable resource for irives- 
tieating some types of mathematical abilities that LD children may lack. 
Unfortuhately. ifc als^o ignores or de-emphasizes other types, of abilities 
that seem highly impoi^tant in mathematics learning. For example, Gagne s . 
theory is obviously more thorough in its description of the lower of his 
eight types of learning-and it is noticeably weaker in explaining the 
higher forms of learning (V.g., problem solving, rule learning) that are 
most prevalent and important in mathematics. In contrast, Piaget has 
concentrated primarily on these higher forms of learning. 

Gagn^'s theory does discuss certain information. processing variables 
that are useful in problem solving, and It discusses certain abilities that 
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are needed to orgaiilze ItifoTmatlon Into categories that w^l facilitate^ 
tSe detention, retrieval,' and fleKl^le use of j/™r 
is a "fairly passive recipient of knowledge, and the knowledge tht learner • 
receives is not characterized as a dynamic and constantly changing system, 
of ideas that must be constructed by the learner. A ^1-^;; ^f^^a «^d/or ^ 
rather than a ^Silive learner could suggest additional abilities and/or 
disabilities. In this light, Piaget's theory will, be examined as a 
source of mathematical abilities. 

III. Abilities Associated with Pla cet's Theory of Learning 

From a mathematician's point of view, the idea that "mathematics is 
a verb" expresses a truth that is seldom. taken seriously by non-mathema- ^ 
ticians. To a mathematician, mathematics U as much a process (i.e., - 
something one does) ^as it is a product (i.e. ,' something one possesses) , 
The process aspect of mathematics furnishes a likely place to look 
for Lthematical disabilities. But, wha^ is ^^^-^P^^"^^" "P^^^ . - 

mathematics? In part, mathematical processes include problem-solving 
stratei?ies or "qu€|Stion asking" techniques and modeling processes that . 
win bl discussed in Part IV; bat, more importantly for the P^poses of . 
this section, mathematical processes involve systems of relations, opera- 
tions or transformations that must be coordinated in order for c^ndren 
to make correct mathematical judgments. For example, children in the 
second-grade commonly experience difficulties With two digit addition^ _ 
problem^ which require carrying (e.g., 27 + 36 ;D). Such children o^en 
do not understand the "regrouping" operations '^at are necessary for 
understanding our numeration system. Part of the dif ficulty^is ..that 
chUdren are typically expected to apply organized systems of regrouping 
operations to abstract written symbols before they have had experiences 
applying these regrouping operations in more concrete situations. Such 
children often find it helpfdl to work with the following types of 
materials: a "counting frame" abacus, bundling sticks, arithmetic blocks , 
Cuisenaire rods, or unifix cubes. 

In two digit addition problems It is clear that a system of operations 
needs to be coordinated in order for the "regrouping" «°"««PV 
stood. According to Piaget, however, most mathematics con^Pf^^ implicitly 
require children to master some system^operations o^ relations (Beth 
& Piaget, 1966). Unfortunately, however, little is known about the 
exact nature of the operational and relational structures^ that children 
use to make most primitive mathematical judgments. In ^'^"J^^^" 
have too often either ignored the operational aspects of '"^^hematical 
concept? or else they have assumed that the systems of relations children 
use are identical to those used by aOults. 

Some of the best resources for describing the nature of children's 
early mathematics concepts have come from Piagetian studies. Nonetheless, 
because Piagetian research h.. focused on the cognitive P^°<^^"«j;;^«^ 
by firsttgraders (i.e., concrete operational groupings) ,ind by sixth 



i3j 



132 



Lesh ' . ^. . - 

graders (I.e., INCR groups), children at Intermediate levels of ■develop- 
nient have been neglected. Furthermore, because psychologists in general 
(and Piagetian psychologists in particular) hsVe avpide^ mathematical 
ideas th^t are typically taught in eleme^itary school, it is usually -pos- 
sible to make only relatively crude inferences about hpw children s 
mathematical thinking gradually changes from Conc,tete operational concepts . 
to formal operational concepts, .It is time for n^thematics educators and 
others who are interested in mathematical abilities to apply Piagetian 
techniques and theory to concepts that exist at intermediate levels of 
development -as well as at adult or praschool levels or to populations of 
exceptional children. 

Investigating the development of ideas in humans is somewhat differ- 
ent from investigating human development. One of the ingenious aspects of 
Piaget's theory is that he explicitly confronts the facts that: (a) a ■ 
given idea can exist at many dil^ferefft levels of sophistication, (b) the 
evolution of an idea can be graced as it develops in the^ thinking of learners 
ahd (c) the more primitive conceptions of the idea have seldom been accu- 
rately des crib e^. The first mathematical judgments youngsters learn to 
make are highly specialiEe4, closely tied to specific content, ^and involye 
restricted and "messy" primitive structures that do not give rise to neat, 
tidy, elegant mathematical theories. For this reason, mathematicians have 
not taken the trouble to describe the operational or relational systems 
children use in their early conceptualizations of most mathematical ideasw 
An example may help clarify this point. " 



^' As this paper was being written, a colleague from the mathematics . . 
department" brought his 3-year-old son into the author's office. To keep 
the boy entertained, he was given a box Of "Lego" blocks which the child 
used to build a "fire engine." To select the correct block for a parti- 
cular purpose, the boy seemed to use some sort of measurement activity. . 
But, three year olds generally do not tonserve length on simple Piagetian . 
tasks, so the author was skeptical that the child was really measuring in 
a true mathematical sense. The child was asked. "How did you know which 
block would fit here?" He said, "I measured," and he demonstrated by 
finding another block the same length as the first. Next, not wishing 
simply to take the boy's word for the fact that he was measuring, the 
father was asked how his son was able to select the correct block. The 
father answered cryptically, "He me&sures." So, we all agreed; he was 
measuring.' But, what was the nature of the boy's measurement concept? As 
Piagetian theory would predict, he did not realize that the distance from 
the drinking fountain to the waste basket was the same as the distance 
from the waste basket to the drinking fountain; and in general, he failed 
nearly every standard Piaget-type task.that the author posed concerning the 
"concept of length. Yet, we all had agreed that the child was measuring 
length. Clearly, if the boy really did have a concept of length, it was 
an extremely primitive concept that did not have most of the properties . 
mathematicians usually associate with length concepts. But. what 2!|re the 
properties of the boy's concept, . and were these sufficient to justify 
calling It a concfept of length? ?erhaps he was simply using measurement 
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wo^ds without much real understanding; or t^orse yet, he could have been 
using them in a way that eincouraged Incorrect understanding that could 
hinder later learning about measurement. Was the child's primitive con- 
cept a first step In the direction of an adult conceptualization of measure- 
ment, or was It a first stejp In a wrong direction? 

Most of Plaget's mathematics-related research has been directed ^ 
toward showing that, even at the most primitive levels, mathematics con- 
cepts must Involve the use^ of simple systems. of operations, relations, and 
transformations— and that If these systems are not yet coordinated, then 
the concepts cannot be considered to be a first step In the direction of 
ii "correct conceptualization. Children who have not yet coordinated the 
relevant systems of operations or relations for a given concept are called - 
"preoperational" with respect to that concept. By Investigating the 
operational systems children use to make primitive mathematical judgments, 
psychologists have discovered many Important facts about preoperational 
abilities and about early operational abilities. Therefore, a promising ' 
way to Identify possible abilities and disabilities of LD youngsters may 
be to conduct > thorough Plagetlan analyses of the , systems of operations 
LP children use. to make mathei^atlcal judgments. Lesh (1976) and Nelson 
(in this volume) have given guidelines to conduct thes6 analyses using 
Information' about known mathematical systems. 

LD children are often described In terms that make them sound very 
similar to normal preoperational" (In a Plagetlan sense) children. If LD 
children really ire similar to preoperational children, then this fact 
could be very helpful In devising appropriate Instructional activities for 
LD children. Compared with what Is known about the mathematical abilities 
of LD children, a great deal Is known about qjialltatlve differences between 
the underlying abilities of operational versus preoperational children. , 
Furthermore, comparing LD children to preoperational -children can give a 
more positive dimension to the search for abilities among LD children. 
When Investigating the cognitive abilities of preoperational children, it 
is Important to describe what a child can do as well as what he cannot do. 
Concrete operational children are not simply children who cannot use formal 
operational ideas; th^y are children who can use concrete operational ideas 
and sensorliftotor intelligence is not simply the absence of concrete opera- 
tional intelligence; it is a distinct and viable system of khowledge that 
carries with it its own consistent rules of logic. Similarly, LD children 
' should not be described in terms that are totally negative --that is, as 
children who lack certain abilities. Just as in the case of Plaget s 
research with youtig children, it Is Important to describe the abilities 
LD bhtldren do have as well as abilities in which they are deficient. 

Comparing LD children with preoperational children may be useful for 
a second reason. Instructional techniques that are etfectlve with pre- 
operational children may sugge-st similar techniques to be uSed with LD 
children. For example, many "mathematics laboratory" materials (e.g., 
Cuisenatre rods, arithmetic blocks, counting discs, etc.) have been shown 
to he particularly effective for preoperational children and in some cases 



they have als6 Iteen effective with LD children. On tl^e ot^er hand, even 
though preoperational and LD children may be similar th^sW respects* 
there also seem to be a number of dissimilarities... In Hlnit^l teachlnr 
situations with LD children, the a^thoT has 4>een impressed by t;he fact 
that some of his favorite .and most effective mathematics laboratory «etl- . 
vltles were complete failures when they w^re "used with some Lp ch^lldren, 

- . ■ ' " , ■ ■ *t ; ■ ' 

Because most educators and psychologists are Hdtv familiar w^^tb the 
kinds of mathematical structurejjvthat are necessary to discus? abilities 
within Plaget Ian theory, and be^s^%%^^^|^^^ mathematical structures -are 
• closely related to useful InstruciLoiial^ and diagnostic activities, this 
section will devote extra attention to several lmport^|ip^t structural Ideaa 
from mathematics, and It will relate , these stt;uc^:ural ideas to Instructional 
variables used In mathematics laboratory fornfs of instruction. Abilities 
(or disabilities) will be discussed as they relate to various Instructional 
variables. 

Mathematics Laboratory Activities - 

Many mathematics laboratory activities emphasize group problem-solving 
activities using concrete: materials. These activities can be quite effective 
with many, children who have mathematical learning disabilities. Nonetheless, 
each of these types of situations— I.e. , small group sessions, problem- 
solving sessions, motor activities, and concrete materials— can create 
problems for LD children. According to Clements (1966)., the following " 
character 1st less a'^e common among LD children: 

Concerning Small Group Sessions: 

(1) peer group relations generally poor 

(2) overexoltable In normal play with otiier children 

(3) frequently poor judgment In social and Inter-personal situations 

(4) overly gullible and easily led by others 

(5) excessive variation In mood and responsiveness— very sensitive 
to others, frequent rage reactions and tantrums when crossed 

.Concerning Communication Skills: 

(1) impaired discrimination of auditory stimuli . 

(2) various categories of aphasia 

(3) slow language development 

Concerning problem-Solving Sessions: 

(1) low tolerance for frustration, easily fatigued 

(2) impulsive-explosive, reckless and uninhibited, impulsive then 
remorseful 

(3) impaired concentration and attention span 

(4) impaired ability to make decisions, particularly from many choice 

(5) frequent thought preservation 



Concettting Motoir^Acttvitt'Les f 

^(l) hypeirktn'fesis - / ' 

: (2) generftr awkwardness <- 
(3) distorted concept of body image 

Concerning the Use of Concrete Materials: 

(1) Impaired dlsctlmlnatloji of size 

(2) Impaired' discrimination of order (left-right, reversals) 

(3) poor spatial orientation 

(4) linpalred judgment of distances 

(5) impaired. discrimination of figure-ground ,s 

(6) thinking overly concrete, poor ability to abstract (p. 11-13) 

> . * The' above comments should not b6 Interpreted to mean that concrete 
activities, are not appropriate for, LD children. In fact, all of the above 
difficulties are quite common among normail children for which laboratory 
activities are usually effective.. However, Kot all types of concrete 
materials and not all types of activities will be conducive to learning. 
Critical Instructional decisions Involve. determining (a) which materials 
will be helpful, and (b) which type of activities will be appropriate. 
These decisions must be based on a clear understanding of the cognitive 
abilities (or disabilities) of Individual children. 

To emphasize the Instructional lmpllcatjj.ons of the abilities that will 
be discussed,, the remainder of Part III Is divided Into the following 
sections: The Rolfe of Coyicrete" Materials In Mathematics Instruction; The 
Role of Activity 1^ Mathematics Instruction; The Role of Ptfoblem Solving 
in Mathematics Instruction; and The Role of Small Group Interactions in 
.Mathematics Instruction. The examples that will be used will all involve 
children who ^ere classified by their school system as "learning disabled. 
Nonetheless, the examples cited should not be interpreted as "typical" LD 
children. In fact, as the first section of this paper states, there may 
be no such child as a typical LD child. 

The. Role of Concrete Materials in Mathematics Instruction , - , 

According to Plaget (Beth & Piaget, 1966) the charact^^rlstic feature 
of mathematical ideas is that they implicitly require students to use co- 
ordinated systems of relations or operations to impose structure on per- 
ceived events. Just as a "hiddten picture puzzle" must be mentally orga- 
nized before all of the relevant information can be "read out," Piaget has 
showncthat the mathematical information that adults assume they "readout 
of objects arise only after certain organizational systems have been 
Imposed on the environment (Lesh, 1976; Lesh & Mierklewicz, 1978). Dlenes 
(1969) "concrete embodiments" furnish examples where figurative models 
have been used to facilitate the acquisition of mathematical systems. The 
"best" materials are those in which thete is some connection between the 
structure of the materials and the structure- oC the concept being learr^ed. 
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For example, for^ some instructional materials like arithmetic blocks and 
Cuisenaire rods /structure seems^-to be built. into t:he materialis; and. for 
other irtaterials like th«i balance beam (See Figure 3), the structure must 
be imposed . The Ideas that are involved in understanding^ the principles 
of a balance scale are far more complex than those involved in understanding 
basic addition or multiplication facts. It is true that multiplication or 
addition facts can be used to explain the action of a balance beam. But this 
does not imply that th.e balance beiam will be useful to explain multiplication 
or addition. The system of "actions involved in a balance beam are not_ iso- 
morphic to the operational structure underlying simple arithmetic ideas. 




Figure 3. Using a balance beam to Illustrate 5 + 2 « 7 



In spite of the fact that structure seems to be built into some materials, 
actually, relational and operational systems must always be imposed on mate- 
rials. And* the ability to Impose structure on concrete materials is some- 
times strikingly deficient in some LD children. / 

Jimmy (second grade) : According to Jimmy's teacher, he was performing 
well in every subject except mathematics. Actually, he was also a poor 
writer. His writing seemed more characteristic of klndergartner? or 
first graders. He often reversed or Inverted -letters (e.g., s,2; <n, w) 
and he had difficulty distinguishing b's from d's or p's. In arithme- 
tic, he seemed to have special difficulty keeping sequences of numbers 
in order, such as distinguishing 537 from 573. So, his LD teacher decided 
to use Cuisenaire rods to work with him on ordering ideas. 

Jimmy was unable to copy or build a "staircase" of Cuisenaire rods and in 
general had difficulty recognizing or using the ordering relationships 
that are so obvious to most second graders. Jimmy had difficulty imposing, 
ordering relationships even in the simplest situations. 

What kinds o,f abilities might be associated with the use of concrete 
materials, in mathematics Instruction? Three possibilities Include: (1) the 
ability to impose structure on concrete materials in everyday situations, 
(2) the ability to translate among various models and interpretations of an 
idea, and (3) the ability to correctly interpret spatial/geometric aspects of 
various models for an idea. These three types of abilities will now be discussed. 

Imposing Structure on Concrete Mate.lalfl . In his research with malnemati- 
cally gifted students, Krutetskil (1976) contends that gifted students have a 
"mathematical cast of mind," a tendency td interpret the world mathematically. 
This mathematical cast of mind involves the following three sub-abilities: 

- an ability to isolate form from content, to abstract oneself from 
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concrete materials and spatial forms, and to focus on the structural 
properties of problems and situations. 

- an ability to generalize from particular situations, to immediately 
consider particular operations and relations as special instances 
of more general classes of relations and to focus on what is 
structurally common among diverse situations, 

- an ability to remember the mathematical structure of a. problem or 
situation, disregarding perceptual characteristics or ofher mathe- 
matically irrelevant properties. 

Concerning some possible disabilities among poor students, Krutetskii 
states: 

Analogously, inability in mathematics (also with extreme cases in 
mind) is caused originally by the brain's great difficulty in isola- 
ting stimuli of the type of mathematical generalized relationships, 
functional dependencies, and numerical abstractions and symbols, and 
by difficulty in operations with them. In other words, some persons 
have inborn characteristics in the structure ahd functional features 
of their brains which are extremely favorable (or quite, unfavorable) 
to the development of mathematical abilities,, (1976, p. 261) 

The inborn character of the abilities described by ''Krutetskii seems 
questionable. There do seem to be disabilities corresponding to 
each of the three abilities listed above, but these disabilities, 
seem to be linked more closely to ^the development of specific structural 
schemes than to some measure of general mathemafc^xjal giftedness. 

Several recent studies (Chartoff, 1976; Lesh & Mlerkiewlca , Note 2; 
Silver, Note 3) have investigated Krutetskii's hypotheses that (a) students 
of high mathematical ability tend to recognize and remember the mathema- 
tical structure of problems and situations, whereas (b) students of low 
mathematical ability tend to focus on non-structural properties of problem 
situations. These studies involved 6- to 14-year old students from 
various ability levels and used multidimenslottal scaling techniques in 
addition to more theoretidal analyses to identify the kinds of properties 
, students use to evaluate similarities among problems. The problem 
situations were designed so that soihe pairs of problems Involved the same 
structure but different content while other pairs involved the same 
materials but different structures . The results demonstrated that: 

(1) The tendency to recognize and remember the structure of. a 
oroblera depends first and foremost on whether the relevant system 
of mathematical relations and operations are known and accessible 
to the students. For example, noticing the structure of a problem 
was more closely related to whether or not a student could solve 
the problem than to the general problem-solving capabilities of the ' 
student. That is, a young but highly gifted problem solver might 



138 



fall to notice the structure of a .given problem-'perhaps because 
the relevant structural relationships were not available; whereas 
9 mediocre problem solver (perhaps older) might attend to the 
structure of the problem. Overall,,, for explaining the tendency to 
focua on problem structure, general problem solving ability did not 
seem as Important as the a<?cesslblllty of relevant organizational 
structures. 

(II) if all other things were equal, including the availability of 
relevant organizational structures, more able students did have a 
greater tendency to recognize and remember the Structure of problem 
situations. That Is, lower ability students often seemed to have 
the relevant structures, but were unable to use them In g;lven 
situations. S?^- 

What Is It, beyond having an Idea (or organizational system) ,^that 
enables a student to use It In a given situation? Assume that a child Is 
able to Impose a given operational' system In the simplest or most obvious 
situations,, and then ask what abilities might be needed to extend this 
operative ability to more complex and Irss obvious; situations. The best 
concrete embodiments were designed precisely to help children makt this 
transition to progressively more complex situations, and the materials 
, themselves furnish some of the simplest and most obvious situations In which 
mathematical structures can be used by yoftng chlldi^en. 




Concrete materials can be used as a "bridge" to help children relate their 
mathematical Ideas to specific problems or real situations.. The example 
below Illustrates the bridging function concrete materials can serve. 

Plane (third grade): Diane was better than average at pencil and 
"^^^ computations, but she was far below average In problem solving 
9ltuatlons--especlally those that required her to use muthematlQal 
ideas to describe real situations". She could use counting discs to 
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•»act out" a problem about "4 bags o:E apples with 6 apples In each 
bag ."and she could also write an ai)proprlate equation to fln<i the 
number of counters In a 4 x 6. area; but she would get very confused 
when she was asked to translate directly from a real situation to 
written symbols. 





r 






1 










^7 



^x6 ^ 0 



Diane's p teacher worked with her on the following kinds of activi- 
ties: ' 

(a) Practice breaking up difficult processes > (like translating from 
real world situations into written symbols) into a series of 
simpler substeps— e. g. , first translate from a real situation 
to a concrete model, then translate from a model into written 
symbols. 

(b) For a series of real world problems, practice\selectlng an 
appropriate concrete model to act out the situatioti. Selections 
were made from among three or four alternative concrete models 
representing the three main types of elementary number situa- 
tions: ,cardlnal number situations, ordinal number situations, 
and measurement situations. 

(c) Practice finding real world situations that are like three or 
four different kinds of prototype concrete models. 

(d) Practice writing arithmetic equations .to describe three or four 
of the most Important types of prototype concrete models. 

(e) Practice using three or four different types of concrete models 
to Illustrate written arithmetic problems. 

It was not enough for Diane simply to work with materials ajd then 
' work with written symbols. She needed to practice translating from 
concrete situations to written symbols. 

The best concrete instructional models are usually "half way" between 
written symbols and -real situations. They are symbols, in the sense that 
they can be used to represent many different kinds of real situations, but 
they are also manipulative objects that can be used to coordinate the 
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systems of operations and relations that are related to a particular idea. 
Materials like Cuisenalre rods, arithmetic blocks, and geoboards ape 
especially useful because the bulU-ln structure of the materials makes 
it easy for children to "rea4-ln" systems of mathematical relations that 
can later be coordinated and abstracted, Nonetheless, the fa<^t that these 
materials are especially designed to represent many different kinds of 
'real situations means that they can also cause difficulties /ome LD 
children, Their symbolic characteristics often seem to stimulate children s 
Imaginations. in nonmathematical ways. For example: 

Mark (third grade): Mark was having great difficulty with arithmetic 
^SMUtation. His teacher believed that his lack of understanding of 
"regrouping" was the cause of many of his problems. 'Therefore, she 
began working with him Individually using arithmetic blocks. The 

lessons were not very successful. 

In the first lesson, when she Introduced the blocks,, flats, longs, 
and units, Mark said that the block reminded him of a "death star „ 
(from the movie "Star Wars") and that the flats were like Darth 
Vader's space ships. Mark disregarded the Internal structure Of the 
materials and focused Instead on his own fantasies. 

Mark's teacher soon gave up trying to use arithmetic blocks to teach 
regrouping. She decided to try some materials and tasks that would 
put more restrictions on Mark's Imagination. She chose to use a 
counting frame. But, just as In the „case of the arithmetic blocks, 
the counting frame sparked Mark's Imagination with a story about 
conveyor b^lts In a toy factory. Again the lesson was unsuccessful. 

Dlenes' An P.v nerlmental Study of Mat hematics Learning (1963) 

Includes a number of examples Involving children like Mark. Dlenes writes: 

Interfering play may result from an overwhelming need to use the 
imagination actlyely. ...Such Intrusions usually replace mathematical 
activity by some other activity where the Imagination has freer play 
to express Itself; Xt Is perfectly true that to be a good mathema- 
tlclan It Is necessary to have a good Imagination and be well rapplled 
with Imagery, but this Imagery must be disciplined In no uncertain 
manner before It will bear mathematical fruit. ...It Is undisciplined 
Imagination, giving rise to a flood of uncontrolled imagery, which Is 
likely to get In the Way of mathematical thinking, (p. ^8) 

The problem appears to be to bring children face to face with structure; 
once they have tasted the excitement of coping with a structure and 
investigating how it works, playfulness will show Itself rather as 
delight In coping than in overt play. (p. 55) 

The subject no longer 'plays' with the material, but 'plays' with an 
Idea he has extracted from the material, (p. 107) 
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According to Plaget, mathematical operations and relations are 
abstracted from a child's interactions with his environment. Bi*-:, the 
child^s environment consists of more than Sets oi manipulative objects} 
It also Includes set's of words or symbols. For example, some of the 
first number -re la ted relational systems children use are manifested In 
their counting activities— where the objects being manipulated are number 
words. Similarly, for formal operational concepts, the new operations 
being learned are •♦operations on operations"— where the objects bel^ig 
manipulated are lower order operational systems. Therefore, for highly 
verbal and Imaginative children like Mark (In the example^ above) , it Is / 
sometimes helpful to use words or Imaginary objects to help him organize 
various operational or relational systems. Multiplication Ideas can be 
related to "skip counting," subtraction Ideas can be xjelated to "counting 
backwards" activities, and addition can be related to "counting on" acti- 
vities. The objects the child manipulates do not necessarily need to be 
concrete objects. , 

Imposing structure on concrete materials Involves trails la ting, from 
"the world of mathematical ideas and structures to real world situations; 
and this translating consists of two sub-abllltles: (1) Identifying real 
situations to fit given' relational or operational systems, (?) Identifying 
appropriate relational or operational systems to describe real world 
situations. Sometimes these sub-abllltles can be made easier by breaking 
difficult translation processes Into series of simpler processes --that Is., 
concrete models can serve a bridging function. But, this bridging functl,on 
Involves more than translating from mathematical systems to real situations; 
It also Involves translating from one real situation (I.e., the model) to 
another. Unfortunately, this later ability can also be a source of dif- 
ficulty for children. 

Translating Among Various Models and Interpretati ons of an Idea. For 
any given mathematical Idea, there are usually a variety of alternative ' 
mathematical Interpretations and a variety of different kinds of concrete 
' models corresponding to each Interpretation. Tc select appropriate 
materials to teach a given Idea, the following procedure can be used:- 

< * 

(1) Identify a variety of mathematical Interpretations for the given 
Idea; 

(2) identify several different types of concrete models corresponding 
to each Interpretation; 

(3) Identify the system of operations or relations that Is needed to 
understand each Interpretation and each model; 

(4) diagnose the operative ability of the student and select the ^ 
interpretation and model that. fits the student's ability level. 



Bell, Fuson, and Lesh's book Algebraic and Arithmetic Structures: A 
C oncrete Approach for Elemenlary School Teachers • (1976) gives a variety of 
interpretations and models for most Ideas that occur in elementary school 
mathematics. 
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for example, In early elementary school, subtraction may Involve t^ree 
dtfferen? literpre tat ions (I.e., "take away." "comparison," or "missing 
addend") and three different models (i.e. , measur^ models, prdinal number 
modeU, or cardinal tiumber models). These vario,is interpretations and 
models can be used to generate appropriate instructional materials for 



children. 



To teach about subtraction, the foUowinsi types of materials can be 
used: (a) a cardinal number model (e.g., counters), (b) an.ordinal number 
model (6. g.. a number line), (c) a measure mc^del (e.g., Cuisenaire rods). 
Each of these materials emphasizes the "take away" interpretation of . 
subtraction, and each is "gbod" in soMe ways and "not so good' in others. 
For example, Figure 4a emphasizes a slightly different interpretation of 
subtraction (Johnny had 5 balls and Sue took away 4. How many were left?); 
Figure 4b emphasizes the comparison interpretation of subtraction (Johnny 
was five fee^tall. Sue was four feet tall. How much taller was Johnny 
than Sue?); and Figure 4c emphasizes the missing addend interpretation of 
sSS^ractioi. at las five blocks from Johnny's house to Sue's house Johnny 
had already walked four blocks. How many more blocks must he walk?). 



(a) 





(b) 



(c) 




Figure '4. Illustrations of 5 -,4 = a. 



Understanding a giveri idea not only means associating the idea with a 
given corcrete JL^tion, it also means recognizing the similarity among 
Various concrete situations that embody the idea. Abstracting a ma hema- 
tical structure from, various embodiments essentially means recognizing an 
isomorphism between two structurally Identical situations. That is it 
means translating from one situation to another-looking «f 
the first situation to make predictions about occurrences in the second, 

carol (fourth grade): Carol's remedial mathematics teacher had been 
poker chips to illustrate basic multiplication facts. She had 
also used small "de.k top" number lines and large "walk on" n^"»ber 
lines on the floor. Carol seemed to understand how to act out simple 

• multiplication problems using each of these models and, she had also 
used each of these materials to act out addition situations. But 
when she was asked to translate from one model to ' Z'^^.^^^^!^,^ 

contused. For example, when the teacher used poker chips to illustrate 

• n ven roblem, and tf Carol .as a,.ked to illustrate the same problem 
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using a number line (or Culsenalre rods), she often gave Incorrect 
answers. In fact, she even had difficulty translating from a large 
"walk on" number line to a small "desk top" rumbeT line, or from a 
situation involving real^ children to a situation involving poker 
chips. I 



to 
H 



OR 




(a) a number line (b) Cuisenaire rods 

Figures. Illustrations of 3 x 4 



0000 

0000 
0000 

(c) pokeir chips 
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Adults usually recognize how the above illustrations are "alike." 
and can readily translate from one model to another— or from situations 
Sat are Uke one model to situations that, are like another. But to many 
.young children, these similarities are less apparent. 

Translation difficulties often aris-. because" different concrete models 
inherently emphasize different interpretations for a given idea. In these-, 
cases, difficulties arise not only because of lack of practice in. transla- 
ting skills but also because of laclc pf understanding about various inter- 
pretations and models for a given idea. For example, in cardinal number 
situations the physical properties of objects are often ignored (e.g., 5 
elephants + 2 mice = 7 animals); whereas, in measurement situations, the 
object to be measured is often continuous-it is not partitioned into 
units but the units must be the same size. In cardinal number 
situations this is not the case. Ordinal number situations (first, second, 
third, etc.) emphasize still other number relationships. The example 
below illustrates differences between cardinal and ordinal number ideas. 

Tom (second grade): Tom's teacher put bat a series of "dot pattern" 
cards like the ones shown below. 



Then she covered the first few cards with a handkerchief and asked 
Tom how many cards were covered. 
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Tom h^d no idea how to figure out an answer from the cards ^at were 

showing. So, his teacher asked a simpler question. She remb^ed the 

handkerchief and turned one of the cards face down.; Then she asKed 
Tom, to guess how m^py dots were on the turned card.; 



Tom did not know the correct answer. He did not realize that the , 
third card corresponded to the card with three dots, and in general 
he did not do well on t^sks that required him- to switch from cardinal 
^ to ordinal number properties. 

Drawing explicit attention to the operations .or relations that are 
involved in a task may not be the best wiy to help children learn to use 
these systems. It is one thing to organize reality using opera .Ion, ^ rela- 
tions, and transformation, and it is quite another to become formally aware 
of these operations. The intuitive mastery pf a system of operations or 
relations is similar to th"e acquisition of an unconscious habit— what is 
at first a habitual pattern for using a system of operations to achieve 
some end later becomes a program in the sense that various substitq-tes cah 
be inserted without disturbing the overall act, ..Forcing a child to become 
explicitly aware of the operations he^ Is using may only be confusing. 
Durlfig the Initial acquisition of mathematical concepts, children are not 
usually ^explicitly aware of the systems of operations they- are using. This 
situation is similar to early stages In problem solving when children are 
able to soive problems but are unable to explain the steps that were taken 
to reach the solution. One is reminded of Mark Twain's yarn about the 
centipede who became instantly paralyzed when asked to explain how his legs , 
moved. , , 

Translating from one model to another does not require an explicit or 
formal awareness of the relations of operations that are embodied in the 
various models. Dlenes (1963) writes: 

The rule-structure (in concrete situations) is not always consciously 
analysed, particularly not by young children; often It Is stamped In 
and made acceptable and operational by repeated tise and practice In 
recognizing situations where the rule-structure Is applicable, (p. 157) 

Translating from one model to another, or translating from mathematical 
systems to real situations, Involves more than a few content-Independent 
abilities. Specific Information about various Interpretations for a 
given Idea and about various models for real situations is also required. 
Noufttheless, for some children, certain basic types of translation abilities 
seem to cause difficulty across a wide variety of specific mathematical 
Ideas. Furthermore, instruction designed to Improve these translation • 
abilities frequently results In improvement across a wide range of mathema- 
tical content suggesting that these abilities may be fundamental processes 
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that are needed in mathematical reasoning. They are processes that deal 
with hypothesized important links tuetween figurative and operative aspects 
of thought, and they are processes that are seldoth addressed by diagnostic 
tests or instruction. T^ey are ?lso processes that have caused difficul- 
ties for many LD and normal children. 

Abilities Associated with Spatial/Geometric Properties of Models. In 
addition to the translation processes that were discussed in the two preced- 
ing sections, there are other links between figurative and operative aspects 
of thought that may involve important mathematical abilities. According to 
Piagetian theory (Smock. 1973). the evolution of mathematical concepts typi- 
cally involves ho%h a figurative and an operative component (at lefeSt during 
early stages of development). It is well known that two tasks which are 
characterized by the same, operational structure sometimes differ widely con- 
cerning the degree of difficulty (e.g. . d^calages). However, factors contri- 
buting to these variations have not been thoroughly investigated (Laurendea 
& Pinard 1970). What is known .is that situations are facilitating (or 
confusing) to the extent that there is some (or. no) immediate connection 
between the figurative structure of the task and the. operative structure of 
the concept involved. 

Logical, arithmetic, and geometric concepts each arise out of a common 
source which is children's interactions with' their environment. Because 
spatial experiences tend to dominate children's interactions with coijcrete 
materials, it would seem sensible to investigate the extent to which geo- 
metric experiences could facilitate or hinder the acquisition of arithmetic 
concepts. Unfortunately, most research investigating 'relationships among 
spatial abilities and arithmetic abilities has not focused on the kinds of 
spatial abilities suggested by Piagetian theory. 

Piaget (1965), Dewey (McLellan & Dewey, 1914), and several Soviet 
psychologists (e.g.. Gal'periu & Georgiev, 1969) have described ways that 
misunderstandings concerning number ideas are closely linked to a lack ot 
understanding of certain geometric notions. For example, Piaget s number 
conservation task tests whether children realize that the number of 
objects in a set. is invariant under simple spatial displacements (i.e.. 
eeometric transformations). Tasks such as these show that logical, arith- 
metic, and geometric notions are not initially learned as distinct categories 
of concepts. Rather, for young children, these three types of ideas exist 
= in a confused and overlapping state and only gradually become differentiated 
and coordinated. Young children tend to confuse judgments about: (a) the 
number of objects in an array of circles, (b) the density of the configura- 
tion, (c) the area covered by the array, and (d) the length of the rows 
or columns. S^imilarly, objects that are logically alike are often confused 
with objects that are spatially close together. 

' Most of the models (e.g., number lines, arrays of counters, fraction 

bars, Cuisenaire rods, etc.) and diagrams teachers use to illustrate arith- 
metic and number concepts presuppose an understanding of certain spatial/ 
geometric concepts. Consequently, because of a lack'of understanding (or 
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„Uu„ae„t.„dl„ss) .bout 

mUunderstandlngs about ^^~.j,'"pie In the uppet grades, 

the^«odel. are supposed t. -^f-, Jr.re'Ssei-' to Introduce fractions, 
number lines and area or vo^um proportions. Yet, there is 

and similar triangles "??^^^°/^^i!"*Jev Piaget & Inheldet. 

abundant evidence (e.g. . Gal per in, «';^?^°^f;f ' '^^'^^^^^^^ each of these 
1967). that children frequen ly have^^^^^^^^ ^,,,et- 
models. Nonetheless, very little wo^^ to Identify links between mis- 

:ide=j^sr/.:s^^^^^^^^ 

to tUust^rate (e.g., Lesh, 1976). , . , 

^ u mot^rlAU can be used to illustrate rational 

In Figure 6, each of the "^^^^^^^^ .^f .g^^^ts of the number 1/3. , Some, 
number, concepts, !»f,:^^f,://i^f."of "paft of a whole" interpretation 

of the materials stress the £ract,ion or P« , ..proportion" inter- 
of rational numbers. Others «»Pj««^^^«„^^^,,^f "ordinal" or "operator" 
pretation of rationals. And, i^iJ^^^^atrrf^^^^^^ as ''ordered 

. tnteroretation of rationals. Still others iiiustraue 
or as extensions of our numeration system. 
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- Otlier Issues also arise. Foi? instance, among the illustrations in 
Figure 6, which materials are most 'abstract, or concrete, or complex? 
Which will be easie^st for youngsters to use? Which materials will allow 
youngsters to deal most directly with the most elementary interpretations 
of rationals and yet not lead them to form misconceptions that will m^ke^ 
higher order understanding more difficult (e.g. , youngsters who have 
learned that riitional numbers refer to "parts of a whole" lAay find- diffi- 
culties when they confront three -halves.) . What role does familiarity play, 
in selecting materials? Which materials will draw upon more useful intu- 
itive notions without also conjuring up irrelevant properties? How many 
different types of materials should be used, and in what order sliould the^ 
be presented? Firially, are tl^ere any generalizations that can be made about 
discrete models versus continuous .models, or about cardinal-versus-ordinal- 
versus-measurement models? These q\jiestions make it clear that ey^n within 
the realm of geometric figures and "real world" materials, concrete-to- 
abstract and intuitive-to-formalized dimensions must be considered.. Some 
of these dimensions of intellectual growth may be related to the develop- 
ment of important mathematical abilities. , 

Little has been done to investigate how the , figurative content of a 
problem fiffects the difficulty of mathematical tasks (Lesh, 1978). Elaget 
has focused on the operational aspects of tasks and concepts, but he hjs 
deemphasized the figurative aspects. The kinds of spatial abilities LD 
specialists have investigated are not the type that are likely to clarify 
relationships between figurative and operational aspects of thought. The 
influence of figurative content on opers^tional ability is important infor- 
mation for teachers who must devise models to illustrate mathematical 
concepts and it seems likely that some important mathematical processes 
may be involved. More research is needed concerning relationships between 
figurative and opera t'ive aspects of, thought. 

ft 

vThe Role of Activity In Mathematics Education 

The most obvious justifications for .activity in mathematics instruction 
derive from Piaget's processes of assimilation and accomodation. The 
learner is viewed as an active agent who interprets the environment using 
internal models or structures which are gradually modified to. "fit" pro- 
gressively more complex situations. In mathematics the structures people 
use to interpret reality consist of organized systems of operations , rela- 
tions, or transformations; and the construction of these operational systems 
requires other types of activity in addition to those associated with assi- 
milation and accomodation. 

"Operations (i.e., operations, relations, or transformations) are 
internalized schemes of actions, that are reversible and that exist- 
as paift of a system that is characterized by laWs of totality.' 
(Beth 6e Piaget, 1966, p. 234) 

The above definition implies that: , (i) operations, relations, and 
transformations are abstracted, not from concrete materials, but from 



149 



1A8 



1 



Leah > ' ' 

Interact lonj3 between a student and his environment— e.g. , interactions 
between a student and concrete materials, or interactions among students, 
and(ii) operations, relations, and transformations do not exist in isoU- 
tton. That 18, they exist only as part of a coordinated system (e.g., d 
grouping) that also involves other operations, relations, or transformations. 

Both of the above statements involve activity, first because .opera- 
tions are abstracted from actions (although there may not be motor acti- 
vities) , and second because the actions take on the stat s of operations 
only when they are modified by being treated as part of a whole system 
of actions. Furthermore, these two types of activities are linked to 
abilities that may\be deficient in some LD children. 

The Ability to Coordinate Systems of Operation s or Relations. Abstract- 
ing operations from One's own actions consists not simply of taking note of 
isolated Interactions; it requires 'tihe reconstruction of these actions on 
a higher plane. Individual interactions gradually take on new stgnif Kiance 
(Ptaget calls this reflexive abstraction) as they are mbdified by being 
treated as part of a whole operational structure. The evolution &i opera- 
tional structures does not begin with individual isolated operations which 
are successively linked together. Rather, the evolution of atructures of 
operations occurs simultaneously with the evolution of the operations that 
the structure subsumes. Both the structure and its operations simultaneously 
crystallize out of a system of schemes of actions as it becomes -progressively 
coordinated (genetic circularity). 

While the coordination of a system of schemes of actions is achieved 
progressively, its completion is marked by a momentary accelteration in ^ 
this construction as the child shifts to a qualitatively higher. level of, 
thought. As a result of this reorganization, new self-evidence typically . 
appears with regard to concepts whose definitions depend upon the applica- 
tion of the given structure. In this way, certain operational concepts 
(such as the concept of a series, or class) and certain properties (such as 
transitivity) arise out of structured wholes of operations, the completion 
of which explains the necessity of its elements insofar as their meanings 
are^dependent on that whole. 

To get children to master a system of operations, one of. th6 main 
problems is to get them to coordinate a system of actions Into an opera- 
tional whole. However, it is precisely this coordination that preoperational 
children and some LD children lack,, 

Karen (sixth grade): Throughout elementary school, Karen had been p. 
good student in every subject except arithmetic. Her mathematics skills 
were evaluated to be at the second grade level. She had also developed 
a strung fear and dislike for nearly everything called arithmetic or 
mathematics so she would prompty "tune out" whenever her teacher- or- 
parents tried to work with her. , Her school's LD specialist deciatJ to 
start working with Karen using games in which mathematics skills would 
be used and to work on topics that Karen might not recognize immediately 



as being math^smatina— e.g. , topics like measurement or geometry where 
basic quantitativa judgments could be practiced* ^ 

In board games, Karen sfeened to have no intuitive " feeling" for the 

relative dize of seven, seventeen, aevi^ty, or seven hundred. In 
anonopoly-type games, Karen was finable to estimate hpw far a givep 
r<>ll of dice would take her, «nd she showed little awareness of the 
significancte of different dollar values for ptfoperties. , 

Bec^iuse Karen had great difficulty measuring with i ruler, her teacher 
tried to teach. her to measure things (e.g., desk tops, books, etc.) 
by llying orange Cuisenaire rods end to end, -But, when the teacher 
showed Karen that her desk was 8 "rods long, and othejn asked Karen to 
^find the xjidth" of her desk, Karen was unable to put the rods/ in a . ^ 
straight line from one side of the desk to the other. When she 
succeeded in making a straight r'bw, the endpoints did not fit the 
sides of the desk; when she made the endpoints fit the sides, the rods 
either had large spaces between thetn'or else they overlapped or were » 
out of line. In general, whenever Karen paid attention to the end- 
points of the whole row, she neglected to notice the arrangements of 
individual rods. When she paid attention to > individual rods, she 
neglected to notic. the whole configuration. Similarly, in other, , 
measurement or number tasks, she had difficulty keeping parts and - 
' whole configurations in mind at the same time.. For this reason she ^ 
failed most "part-whole" Piagetian conservation tasks inv.olving length, 
area, or number ideas. ' ,° 

Karen's teacher cut a pifece of adding machine paper to make two strips 
of paper that were exactly the same length (one meter),. Then she 
put the two strips on a table approximately 5 centismeters apart and 
drew decimeter lines on one of the strips. The teacher was hoping 



to glue orange rods to the two strips to help Karen measure things. < 
But, when the lines were drawn^h>>ne of , the strips, Karen no longer 
believed the two strips were the same length. The inability to 
coordinate parts and wholes was one ekample'of Karen's general dif- 
ficulty in coordinating systems of relations or operations. 

How do we get children to coordinate a given system of operations? 
A possible answer is, "pretty much the, same way We get them to coordinate 
(and then think back about) any system of actions;" we start by putting 
the child in a situation where the system of actions will be easy to use 
and we gradually Introduce more and more complex situations and more 
elaborate systems o^ actions. The process is similar to helping a youngster 
coordinate the act of hitting tennis balls--except fot one fact. To get 
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children to coordtnate a system of mathematical operations, ^he situations 
we oose must usuallv Involve activities where there is some similarity 
(l.e!! i8omorphisr.O between the structure of the- task -"d the operaU i 
8t;u;iure the chUd is supposed to coordinate. For example, "Pitting a 
aet of Culsenaire rods in order" can.be used to teach children about the 
relatibn "bigger than" whereas gesturing games (e.g., stretching up on 
Tippy t6es) 're unlikely to contriKute to the coordination of the relevant 
system of relations. 

Not all activity is helpful in learning mathematical Ideas. "For 
instance, hyperkinetic children are no more desirable in a matheinatlcs 
aboJatory than they are on a tennis court. The goal is to get chi Idr^en 
to coordinate a system of actions, and then to reflectively a^f^f^^^^^ 
indiviSua? acts within the system. Activity purely for the "^e of acti- 
vUy is not necessarily conducive to cognitive growth Jo ^ example recent 
research studies at Northwestern (e.g. , Musick, 1^78; Schultz, 1978) 
have shown that, for two tasks which differ only in the degree of 
«ctlvitv that is required of the child, "high activity" tasks are often 
con i tentJy aid significantly more difficult than the low activity asks 
?hese studies also give examples to^demonstrate a ^^ff ^ °^3P^,f i^J^^^^^d 
can arise from activities in which the structure of the ta^^\J%"""^^J^° . 
to the structure of the concept being taught. The kind of activities th^t 
seem most conducive to learning a given idea are those which are isomorphic 
to the system of operations that characterize the idea. ■ j 

The Ability t o Reverse Thought Processes . In Piagetlan theory, the 
key trfhr^e~nce of a whole system of operations is the .appearance of 
the inverse of the operation. This teversibility phenomenon ^ ( i. e. , the 
«btlUv " reverse a given relation or to undo the effects ot a given 
opeiition) is critica! in the development of many operational structures 
. Reversibility is attained when a child ceases to think in terms of isolated, 
opera on .'or results of isolated operations , and begins to thnk in terms 
of systems of operations -and of invariant properties under systems of 
operations. ^ 

Reversibility appears to be related to thebperational thinking of 
students- at aU levels. For example, among the abilities of gifted 
Lthematics students, Krutetskli (1976) lists the foUpwing: 

(1) Ability to switch rapidly from a di rect to a reverse train of 
thought. "The capable pupil's tho ught wanders free y, it needed, 
f^^lTstraightforward course; it is easy for an able pupil to 
pass from a direct to a reverse train of thought, which presents 
difficulty for average pupils. From an ordinary proof to proof 
by contradiction-from a direct to a converse theorem--thf.se 

. transitions are made by capable pupils without ^^^ff^culty They 
develop the ability to switch from direct to reverse operations, 
(p. 187) 

(2) Ki^vlbllitv of thinking . "Capable pupils can quickly transfer 
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"from one aspect of a discussion to ano^ther, from one method ut 
approach to another, from one method of solution to another. 
A surprising mobility of thought distinguishes my capable pupil 
, G. Kh. He tries, this way and that." (p. 188) 

(3) Curtailment of the reasoning <■ process . "In capable pupils the 

reasoning process Is curtailed atld is. never developed to Its ^ 
full logical structure. This Is vejcy economical, and In this 
lies Its value... I have often observed how 9 capable pupil 
thinks: for the teacher and the class It Is a detailed process, 
with all the links In the sequence, and for himself It Ij- ^"8" 
raentary, cursory, very abbreviated, a shorthand record of thought, 
(p. 189) 

Through his work Involving younger children of average ability, Plaget 
has shown that flexibility of thought- Including the ability to foresee 
difficulties and take "short cuts" In reasoning processes— "are closely 
related to the attainment of reversibility of basic operational or rela- 
tlonal structures. Lack of reverso-blllty and rigidity of thpught also , 
are quite common among LB children who have not coordinated the operational 
systems required for particular mathematical tasks,. The example below 
Illustrates one such child. 

Johnny (first grade): Johnny was trying to organize geometric shapes 
into a" 4x4 "checkerboard" matrix. The ga6ie Involved four shapes 
and four colors as shown below. 
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Each time Johntiy tried to complete the task he would get one or two 
rows correct, then he would make a mistake. But, when he made a 
mistake, he could not "back-track" to correct It^and ^hen^contlnue; 
he would 



"mess up" the board and start all over from the beginning. 



On other single problem-solving tasks, Johnny's thinking resembled 
a movie that could only be run from start to finish in the forward 
direction. If a difficulty arose somewhere in the middle of a 
solution attempt, Johnny would not backtrack to a point where he 
could proceed; he would start all over from the beginning. Unlike 
other children whose thinking more closely resembled a series of 
computer-like subroutines that could be coupled together in flexible 
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ways, Johnny either completed a whole problem solving pto«:ess without 
an error, or else he did not solve the problem at all. 

Kim (third grade): Kim had been having difficulty In arithmetic 
Throughout grades 1 and 2. But, she .had always been good In other 
subject areas and ^eemed able to get along In arithmetic. However, 
m third grade. moS serious dlfflcultleR became apparent. ^Klm s 
teacher no"cei thai she had extraordinary difficulty on subtractl. - 

probUms which required the <l^««"-^:^--^i^«^ 
Later the LD specialist In Kl.m's school found that Kim had difficulty 
foUoilng dlrec?lons In many situations that ^Involved lluklng together 
several subprocedures to accomplish spme overall task. When the sub- 
, procedures Involved choices, among several alternatives. Kim would 
often lose tyack of the overall goal. 

Irreversibility and Inflexibility have probably played significant 
roles In several recent' mathematics learning studies Involving LD subr 
ilctl For example, a study by James (1975) Involved 40 seven-year-old LD 
^ri dien aSd rs'L^n-year-old'norinal children. In each group every child 
was given a series of measurement-related Plagetlan tasks. The major 
^urpo l of the study was to Investigate" the relative difficulty among asks 
for children In each of the two groups. For each child, error patterns 
and solution procedures were also recorded. One Interesting side result 
ofthe stud/showed that among LD children who solved given measurement 
?fsks correctly, the solution time was often significantly shorter than 
tSe soJuUon tL dmong normal children who did the task correctly. For 
e^Lple on one measurLent task. 24 normal children solved the problem 
whereas only 6 LD children solved It correctly. Yet. among the 6 LD 
chUdJen he average solution time was 24 seconds with no one requiring 
more thai 1 minute and 30 seconds, while among the 24 normal children, 
the average solution time was 2 minutes and 12 seconds with no one solvln, 
the problem in less that 1 minute and 30 seconds. Data similar to tnese 
were obtained on other tasks In James' study. Similar results were also 
observed by Lesh In a series of pilot studies Involving construct ve 
measurement tasks, computation tasks, and geometric <=°'^«""^f/°^^J^^^^- 
The numbers of LD subjects In these pilot studies^ were not sufficient to 
justify any sweeping conclusions; nor were the studies sufficiently con- 
t^oUed ?o isolate causal connections for particular behaviors. But. 
follow-up questioning of individual LD children dM consistent y show that 
^ven the successful solution procedures often tended to be rigid, inflex- 
IbU and irreversible processes rather than the kind of flexible sequence 
of sib?outlnes that characterize the successful solution procedures used 
by most normal children. 

In the above situations, speed in giving answers was not necessarily 
good. I'pulslvlty, rigidity, inflexibility, and ^^^.^i^^J^^^^^^ 
irlbuted to quick solutions for particular prob ems, but these ^harac er- 
istlcs seldom contribute to the long range developmental problem solving 
abilities. 
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Krut;etskii (1976) writes: 



It- Is not a matter. of„' speed 'when we are discussing ablUty. rate - 
of progress;' or 'tempo of progress.' A f arson can work slowly but 
can progress quickly In learning a task, and vice versa. Time and ^ 
again we shall remark on the necessity^ of distinguishing between one s 
individual teropo of work and one's tempp of progress, between the rate 
of work and the rate of development, (p. 62) > ^ 

The Ability to Form Relationships A mong Various Qpeiiational Systems . 
The ability to Coordinate, operational systems for individual tasks is . 
closely related to the ability to recognize structural similarities among 
several "related" ta«ks. For example. Lesh (1975) develojped three sequences 
of taska (denoted SI, S2, S3, S6; Nl, N2,...., N6; ahd CI, C2, 
C6) which were graded in difficulty and which pertained t6 Piagetian 
seriatlon, number, classification ideas, respectively. Th^ tasks were 
selected in such a way that, for each of the three sequendes, the proba- 
bility would be small (i.e., 15%) that a child would corre^:tly. respond 
to a higher order task (e.g., S(n+1)) before he Is able toirespond to 
task S(n). That is, the three sequences were derived so tl^at most children 

would master thc> tasks in a relatively i^v^^^-^^V^^i^^/^**; ^L Lpr 
before task S2, task S2 before task S3, etc,, and similarly fox the other 
two sequences) . The goal of the study was to compare relationships among 
children's progress through the three sequences. The results of the 
study, which involved 160 normal kindergarten children, showed that these 
children progressed through the t%e sequences in a parallel fashion. 
That is. a child who was at level^ee on the seriation sequence was 
usually at approximately level three on the number and „ 
sequences. ?he chances were small (i.e., 15%) that he would be J»ore^than 
one step higher or lower on either of the other two sequences. Later the 
study was replicated with 40 LD children of approximately kindergarten 
age. The results of this follow-up study showed that, unlike .he normal 
chll'aren, hove than half (i.e., 23) of the^ LD children were "out of phase 
on the three sequences. For example, a child might rank J^ite high on 
the number sequence, but quite low on the seriation and classif Icatl^on 
sequences. 

James (1975) used a design identical to the one described above 
except that subdivision, measurement, and change of position sequences 
were used instead of seriation, number, and classification. The results 
in James' study were similar to those obtained by Lesh. That is, opera- 
tional systems that develop syncronously in normal children do not 
necessarily develop together in LD children. 

The implications of the above results for Piagetian theory are not 
entirely clear. Piaget has argued that number ideas result from a syn- 
thesis of seriation and classification concepts and that measurement 
ideas result from a synthesis of subdivision and change of position con- 
cepts. And the empirical facts supporting Piaget 's argument have been 
replicated with success In a variety of cross-cultural studies. Howevei , 
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LD subjects seem to represent a population that does not behkve m^tN 
.usual way 'on batteries 6f Piag^tian tasks; What can we conclude, about 
a given LD child's concept of numbers i,f he can perform the usual con- 
servation ta^ks correctly but is unable to give correct responses to ^ ^ 

related seriatlon and classification tasks? Perhaps the operational struc- 
tures of LD Children's concepts are not exactly the^same as t^ose tot 
normal children; or perhaps the structures are simply not as closely 
related to one another.. Perhaps, because of, some underlying disabilities, 
the general mathematical experiences of some LD children are sufficiently 
different from those of normal^ children that entirely different operas 
tional systems are developed to make judgments about number, measurement, 
arithmetic, and geometric concepts. 

' Piagetian interviews have quite frequently shown that many LD 
children have failed to coordinate somet of the Important operational . 
system? that their peers can use to make mathematical judgments; Further- 
more, the systems that LD children have coordinated oft^n seem to be^ 
organized In a way that Is unusual compared with normal ^children. Perhaps 
these operational systems represent alternative conceptualizations that 
are just as valid as the ones used by most normal children; or^perhaps 
they represent misunderstandings that. must be corrected through the . 
organization of new operational systems. More research will be needed to 
Resolve these issues. This Is a research area In which Jnformatlon about 
the abilities of LD children could significantly alter the way we think ~ 
about the cognitive abilities of normal children. ^ 

The Role of Problem Solving In Mathemat ics Instruction 

Plaget does not explicitly give his blessing to problem solvlng-at 
least not If the problems are the type that are usually encountered In 
school books. He does claim that cognitive growth occurs through an 
equilibration process Involving assimilation and accommodation and that 
disequilibrium situations will provide a propellent to cognitive growth. 
The problem, like a carrot for a donkey, must be just close enough to 
be partly asslmlUted and just far enough to require some accommodation. 
However, many disequilibrium causing situations are not "problems In 
the normal sense of the word; and many school "problems" either do not 
require an accommodation or else cannot be. assimilated by many students. 
So, for Piaget, problem solving contributes to learning Insofar as it 
facillltates the equilibration process. 

Disequilibrium occurs when two competing Interpretations of an event 
are In conflict; and conflicting interpretations occur through two competing 
assimilation processes-generalizing assimilation and discriminating as- 
sx.ailatlon (Plaget, 1971). Saarl (1976, Note 4) has ^^^4/^";^^^^- 
matlcal model describing how these two types of assimilation fit together 
with the accommodation process to produce cognitive growth and has also 
descrlbid how these processes are related to problem solving. Readers 
who would like a detailed In; erpretation of Piagetian "problem solving 
are referred to Saari's papers. The following general ideas will be 
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sufficient for the purpose^s of this paper • 

For Plaget, cognitive structures evolve out of lower- order structures, 
and are gradually subsumed into higher structures. That is, at any given 
stage of development, a % 'en structure is a form for lower carder systems 

content fc>r higher order systems. If a child focuses on Ipwer order 
subsystems to interpret an event, then he is using discriminating assimila- 
tion, and if he focuses on higher order subsuming systems to Interpret the 
event, then he is using generalizing aaslmilatton. If the total structure 
of the problem is well coordihated" (i.e.,' if it is equilibrium) then the . 
iwo interpretations will fit together and will not conflict. If the two 
interpretations do , conflict then an iaccommodation will be needed to reconcile 
them. That is, new relationships must be constructed to coordinate the two 
Interpretations. . 

: What mathematical abilities are implicit in. the fequilibration/assimi- 
lat ion/accommodation process? The following three exampl(^s illustrate 
disabilities that are associated with dysfunctions in generalizing assimi- 
lation or in discriminating assimilations. ^ 

(1) Generalizing Assimilations. 

Mark (third grade): Mark was already mentioned in Part II pf this 
paper. He was the youngster who thought arithmetic blocks looked 
like space ships, robots, and death stars from the movie "Star Wars," 
and whose teacher was unable to get him to investigate the internal 
structure of the materials. In these situations, Mark was assimi- 
lating parts of the instructional situations that his teacher pre- 
sentred. That is, given almost any set of materials, he would quickly 
taeke up a fanciful story telling how these materials were like other 
sicuations that he understood and found interesting. But his gen- 
eralizing assimilations usually disregarded the internal structures 
of the instructional materials. 

: Ron (fifth grade) : Ron's LD teacher was trying t<J help him learn 

about measuring lengths arid areas. She was using a Socratic method of 
questioning to get Ron to think about the details of various measure- 
ment problems. But, Ron was very skillful at generating sequences 
of nonsequitors that prevented his teacher from examining any given 
situation in detail. Ron wo\ild flit from one situation to another, 
or from one issue to another, without thoroughly learning any of 
thei)t|. After the session, Ron's frustrated teacher explained, "Trying - 
to talk to Ron about measurement is like trying to talk to my grand- 
mother about religion or politics. He hops around a set of loosely 
related topics but refuses to think about any of them in detail." 

(2) Discriminating Assimilations. 

Marci (second grade): Marci was doing quite well in every subject 
except arithmetic. Her LD teacher was working with Marci on number 
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activities involving one-to-dne matching among sets and on other 
classifying and ordering taskfs. On one activity Marci had been given 
a box full of 20 poker chips. She was asked to copy a 3 x 3 array, of 
nine poke t' chips. Marci begat^ by ^making a row of chips. Then she 
rv^de a second and third row. '3ut/eac|i row had far too many chips, 
and she became so involyed-i^ itU act of putting out chips that she 
forgot her originaL goil and s'ifmply P^^ out all of the poker chips 



in her box. ( 
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When Marci had put out all of her' poker chips ^he was asked If her 
configuration had. the same num&r as in the 3 x 3 mbdel. .Marci knew " 
that her configuration had more. So, she pushed all of her chips 
back into her box and began the task from the sfart. Nonetheless, 
on her second attempt she made the Vety same mis, takes as in her first 
attempt. When she got in:o the details of a problem, she would lose 
sight of the overall goal. 

GeneraUzing assimilation, discriminating assimilation, and accommo- 
dation are each dependent on a child's ability to coordinate given opera- 
tional structures. That is, a child ^oes not become a "good generalizing 
assimilator" in all situations. The ability to assimilate is always 
structure specific, and the fundamental goal of instruction is to help 
the child to develop the relevant structures. Nonetheless, some children 
seem to have an almost permanent imbalance In favor of one form of assimi- 
lation, neglecting the other form of assimilation. That is, given .a new 
problem (situation, idea, or example), some children have a strong ten- 
dency to neglect qr distort the letails of the problem in order to fit 
their own subsuming classification schemes. On the other hand, other 
children continually get .embroiled in the details of npw problems. or ideas 
and consistently fail to "see the ^forest because of the trees." Perhaps 
these assimilation biases are the result of spme underlying disability, 
perhaps they are the result of some learned bishavior, or perhaps they 
are closely related to some social/affective factors or self concepts. 
More research will be needed to clarify these issues. Minimally, research 
in this area should include an accurate assessment of the operational 
structures available to given children and an accurate assessment of the 
operational structure of the new idea* 

What is it, beyond having a concept, that allows a normally 
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Intelligent person to use the idea to deal with math-related problems 
in everyday situations? Piagetian studies have shown that the operat'ional 
structure of an idea is an important factor determining the difficulty of 
the idea. Geometry research (e.g., Fuson& Murray, 1978; Schultz, 1978; 
Thomas, 1978) has' shown that the figurative content of the task situation 
can also radically influence the difficulty of a^iven problem.situation. 
And, a student's proficiency with certain |>roblem solving processes also , 
influences the difficulty of tasks. However, the relevant processes do 
not necessarily correspond to the typical kinds of problems solving 
processes discussed by Polya (1945), Krutetskii (1976), and others . 

As was mentioned earlier, most information about problem-solving 
processes has gome from situations involving older students, exceptionally 
bright students, individual 'students working in isolation (of£en in 
artificial laboratory situations), or situations involving highly contrived 
word problems, mathematical puzzles, or proofs. Elementary school 
children, average (or below average) ability students, and applied pi.obl.em- 
solving processes have been neglected. For this reason, the "problem 
solving" processes educators discuss often seem inaccessible to younger 
children or less gifted students, and applied problem solving processes 
like modeling have been ignored. Some of these applied problem solving 
processes will be discussed in Part IV of this paper. 

The Hole of Small Group Actf ities ■ ' . 

When educators talk about problem solving situations, they often 
ignore the fact that most people work on real-world problems when other 
people and other resources are available. People seldom work iii isolation 
using only the power of their own minds to solve problems. Instead, 
good problem solvers learn to amplify their own powers through, effective 
use of outside resources. For example, when real people aolv« real 
problems, one of the most often used problem solving strategies is to 
••ask someone who can give the needed information." This is not to say 
that good problem solvers solve most problems by asking someone else to 
do their work for them. Formulating a problem in such a way that & 
specific bit of information can be requested is not a trivial skill. In 
fact, one of the most obvious characteristics of good problem solvers is 
that' they are good questidn askers. Once a question is fortaulated in a 
nice way,, answer. giving is often quite easy. 

Many individual problem solving strategies are quite difficult for 
average or below average ability youngsters. But when these internal 
processes are externaliz'?d in the context of small group activities, they 
are often easier to describe in a form that is understandable to lower 
ability problem solvers. For example, problem solving strategies llk6 
"consider a similar problem," "consider an auxiliary problem," or "consider 
a special case," can be summarized with the simple advice, "look for a 
related problem." Yet, to poor problem solvers, this advice often seems 
quite foolish because, "I already have one problem I cannot do, I. do not 
need another." To poor problem solvers, a more sensible suggestion Is, 
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"Look at the same problem from a different point of view.'' 

In several recent research studies (e.g., Cardone, 1977)^whetc - 
eroups of iour students wer,e supposed tb work together on problems, itdl- 
viduals often worked Independently-each conceptualizing the problem In 
quite different ways, and each unconscious of misleading biases Inherent 
In his own point of view. This Is one reason why "brainstorming. Is 
often a., useful problem- solving technique. , 

In group "brainstorming" sessions, students can be bombarded with ^ ' 
a variety of different Idea* an^i apptoaches, and can simultaneously become 
moie self-critical about the if own points of view. They can also be made 
to notice; (a) some people are good talkers while others are, good 
listeners, (b) some people are good 8«"f ^^".f 
at ^rklng out details, and In general (c) a variety of different roles, 
are beneficial to good problem solving. Good problem solvers must be 
flexible enough to switch quickly from one role to another while solving 
a piroblem. 

Many other problem solving strategies are greatly simplified. In 
groupTlLatlona! Problem solving strategies like "Identify the^g vens " 
"Identify the unlmowns," and "eliminate Irrelevant Information" all having 
to do with the general recommendation, "understand the problem. However, 
this advice again seems rather useless to poor f^^lem solvers whose 
superficial understanding of the problem often^ leads to selecting or ell 

' rainatrlng information on rather artificial basss™ On the other hand, 
except for specific recommendations about identifying knowns and unknowns, 
it Is difficult for poor problem solvers to understand what It, means to 
"understand the problem." .It- is much easier to say, "Use your own words 

. to describe the problem to a friend," or "Describe some other Problems 
like this problem." Poor problem solvers sometimes flounder with a 
problem fear a long time before noticing (If aaked) that they are unable 
to give a clear description of the problem to a friend. So, once again, 
group ecfclvltles can force students to "understand the problem and 
"organize the Intormatlon given." Eventually,, thay may become self- 
critical enough to work on problems and no longer need group work to 
overcome their subjectivity and ev?oc.entrism. 

When students work in groups to solve problems, they often, see that 
many problevro can be solved in « variety of ways -some of which are 
"better" than others. In fact. Id reaearch with gifted youngsters (e.g., 
Krutetskil, 1976) the hallmark pi outstanding problem solvers is not so 
much whethe-r answers are right: or wrong but whether "clever" procedures 
ZTe used, "Good" problem ..olverg ^re flexible thinkers who are capable 
of solving problems in several different ways; so, wh^n one path is 
blocked, another route can be taken. 

The above points are not Intended to. imply that we should explicitly 
teach group problem solving techniques. Rather, group problem solving 
n'tliauons furnish an effective context-fco teach individual problem 
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solving procedures--especially when t .0 problem solver , is at a relatively., 
primitive level, of skill acquisUion.. ^ _ ^ 

If a person has not yet (Coordinated a given set of operations, he 
will generally have the following cognitive characteristics when he is 
forced to roakte judgments which rely on the use of thi? system: (D.cen- . 
tering-i.e., he will not "read out" all of the information that is 
available; he will focus on only the most obvious features of the situation 
and will fail to notice less obvious features; (2) egoceritrism— i.e. , 
he* will "read in" meaning and information because of his own preconceived 
biases; he will distort the situation to fit his own understanding even . 
when his own ideas do not correspond to objective reality. To overcome 
both of these tendencies (i.e., centering and egocentrism) children may 
find it helpful "to worl- in groups where they are forced to coordinate 
their own point ot view witK that of other children. While one child may 
center on one aspect of a situation, another child may center Ob another; 
and children with various idiosyncratic interpretations of a situation' 
will be forced to confront one another. On the other hand, it is well 
known that preoperational children— precisely because of their egocentrism— 
often function in groups without any real interaction taking place. Two- 
year-old play groups are often characterized by parallel play in which 
each child carries on a monologue in the presence of t;he other children. 
Preoperational children tend to be quite unimpressed with apparent (to an 
adult) conflicts between their own interpretations and those of other 
children— or between their own interpretations at one moment compared with 
another. 

Even at preoperational levels of * development, group activities can be 
beneficial." According to Piaget, cognitive development is characterized 
not only by a concrete-to-abstract diiension but also by an external-to- 
internal dimension. That is, actions on real objectsare gradually inter- 
nalized to form coordinated cognitive systems. $o a teacher can concretize 
a given operation and he can also externallige an operation. For example, 
if a preschooler is learning to put Cuisenalre rods in order, the child 
may get so Involved in the details of the task that she has tilfficulty 
keeping in mind the overall task/ In such a case, a child who ^inds it 
difficult to build a Cuisenalre rod "staircase" may still learn a great 
deal from watching the teacher (or andther child) build a staircase. 
Watching can also Involve activity— just like tasks which demand more 
overt action. ^ 

Several Soviet psychologists (e.g., Gal'perin, Vygotakil, and l^eontiev) 
-have written extensively about the ■ internalization process and its rela- 
tionship to the development of' operational or relational thinking. These 
studies furnish many examples showing that even at sophisticated levels of 
development centering and egocentrism phenomena are still present in tfie 
internalization process. For example, persons reading a new mathematics 
textbook for the first time will center on some points and neglect others; 
and they will reinterpret and perhaps distort many ideas in order to fit 
their previous conceptpallzatlons of the subject. Similarly, in problemv 
solving settings, a good problem solver learns to behave as though he were. 
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within himself, several pfeople sitting around a table working together to 
solve a problem. He is objective in the sense that he see^. th^^ problem _ 
from multiple perspectives ana-fir ir a^are of <and-T6tr aftcrcal about) 
his own perspective at any given moment. In?^$J»if way. he Is fptced to be 
more analytic and to attend to more aspects that are lmiyl4|it In any single 
point of view. ....''■^fe ^ ' > - 

In addition to previously mentioned cognitive justifications' for 
small group activities, a number of special affective justifications ar6 
also apparent. In part learning to bi a problem solver means ^acquiring • 
a problem-solving personality. One of the first ch^i^acteristlcs of n good ,„ 
problem solver Is that he Interprets an unusual number of dally situations 
as problems—that Is, as sltujstlons where his problem solving skills rolay 
be relevant. One 6f the first steps a good problem solver takes is to 
Identify a g^.ven problem as "do-able" or "un-dd-able," and next as ea8y\ 
or "difficult." Then appropriate solution strategies are selected to fit, 
the Initial appraisal. However,' It Is quite obvious that people who are 
good problem solvers In one context. In one type of situation, or, In one 
discipline may be average or below average problem solvers In another. 

In modern psychology It has become more and more clear that cognitive 
adaptation exists In ^n ecological system with other adaptation-seeking - 
mechanisms and Is Influenced by them. Learning, socializing, and adjusting 
cannot be completely separated. Much that <ae now call learning social 
learning. Many aspects o^f human learning that we have traditionally regarded 
as "cognitive" development are specializations of "social" development. 
The central Issues are not so much about how the child develops knowledge, 
but rather, about how he develops shared or cooperative knowledge that 
creates not only the objective (I.e.. Intersubjectlve) reality, but also 
the Individual's conception of the self (Mead, 1934) and his. moral Ideology 
(kohlbejrg, 1969). 

Research has shown that children may well form severe personae for 
different situations-family, peer groups, school. The child s "person- 
ality" Is different at different times, In different situations. In dif- 
ferent mental and physiological states, as a function of cognitive, social, 
and emotional load, and as a function of his particular agenda at the 
" moment. Cognitive performance Is moved upward and downward by load factors 
In the child and in the sltuaiions—e.g. , ^noise, emotionality, distraction, 
confusion, shyness, anxiety. So children fluctuate In their apparent 
ability depending upon time and palace. Psychological descriptions of 
people have for a long- time centered around the premise that people have 
traits, personality traits and cognitive traits,' that endure and that are 
manifest In all situations. This notion Is currently under strong attack, 
particularly in personality theory. 

Summary 

' what abilities have been saggestftd in the preceding section? Some 
possible candidates Include: (a) th«^ ability to dfccenter, <b) the 
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ability to overcome egocentrlsm, and (c) the ability to Internalize. But, 
each of these poteritfial "abilities" results iv6m a more basic type d£ 
ability-the ability to coordinate a given system of operations and rela- 
tions. For example, decentering is not really an ability at all because 
a pers^on never outgrows her tendency to center in some situations. Even 
the" most highly educated genius will center in situations that require 
her to use a system of relations ste has not yet coordinated. Piaget him- 
self centers in situations that'requite structural* systems that he has not 
yet organized.- 

Reversibility, centering, egocentrlsm, and equilibrium are all ideas 
that refer to particular systems of operations. So, the fundamental 
problem is to help children coordinate the systems of operations that are 
needed to make judgments about particular ideas. Then, the child will 
decenter, will be leds egocentric^ and will exhibit reversibility in lier 
thinking about these ideas. ■> 

In Part II of this paper, (»ach of the three categories of abilities 
discussed in connection with Gagne's theory was related to a child's orga- 
nization of a system of mathematical ideas. Gagne's theory focuses on 
between- idea systems that describe how individual ideas, are related to one 
another; in particular, Gagne focuses on the influence of prerequisite 
ideas. Piaget 's theory focuses on a second type of system- -with in- idea 
systems. That is, to make judgments related t^o most mathe;natical ideas, 
children must learn to use organized systems of relations or operations. . 
Cpnsequently, among the abilities that were mentioned in Part III, most 
were related to a child's ability to organize given operational systems. 

One of the characteristic features of mathematics, is its structure, 
including systems of both the within-ideavand between-idea variety. There- 
fore,, it should not be surprising if the kind of abilities that are par- , 
ticularly important in mathematics have to do with a child's ability to 
organize and use these relational and operational systems. Part IV of this_ 
paper will focus on a third type of relational system--relations among 
various representational modalities. This latter type of relational 
system has to do with another salient characteristic of mathematics— its 
distinctive use of symbols. 



IV. Abilities Associated with Bruner's Theory of Learning 

During the past ten years, Br'iner's theoretical interests have seemed 
less relevant to mathematics Instruction than his work in the late 1950' s 
and 1960's. Nonetheless, his ideas have had important Influences on the 
major curriculum reform movements that shaped today' ^ mathematics cur- 
riculum and some of his recent work in psycholingulstlcs (1975) has begun 
to return to issues -that attracted the attention of mathematicians and 
natural scientists a decade ago. In the 1960's, Brurier's views about 
learning and instruction were appealing to mathematicians because of the 
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central role he assigned to 'the structure of scientific dl,8cipline8, 
because of his treatment of scientific intuition , and because of his 
emphasis on process as well as product objects for instruction. .These 
three factors are also important to a discussion of mathematical abilities. 
The kinds of processes Bruner discusses go beyond the kind of problem 
solving processes that mathematics e<iuca tors usually stress. The instruc- 
tional relationships Bruner emphasized differ from those discussed by other 
•♦learning theorists'* like Gagne and Pifiget^ In addition, Bruner 's emphasis 
on intuitive learning is quite different from the emphases of most instruc- 
tional theories that are popular in mathematics education or in special 
education, ' 

V Bruner also stresses^ several aspects of mathematics learning that 
have not been adequately addressed by current "high activity" psychological 
theories. Neglected areae include the influence of figurative content on 
operative ability and the influence of spoken language on written-symbolic 
mathematical understanding; Furthermore, he has organized these neglected 
areas into a conceptual framework that is useful in order to discuss mathe- 
matical abilities that may be deficient in LD children. 

Two of the most obvious distinguishing characteristics of mathematics 
are its structure arid its distinctive use of language and symbolism. There- 
fore, if abilities that are uniquely important in mathematics exist, they 
would likely involve one of these two characteristics. Bruner s writing 
emphasizes both of these characteristics and describes their possible 
influence on mathematics learning. 
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Bruner claims: 
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Grasping the structure of a subject is understanding it in a waj/ that 
permits many other things to be related to it meaningfully. To learn 
structure, in short, is to learn how things are related.. (Bruner, 
1960, p. 7) 

V 

• The merit of a structure depends upon its power for simplifying infor- 
mation, for generating new propositions, and, for increasing the 
manipulability of a body of knowledge. (Brutier, 1966a, p. 41) 

According to Bruner, the structure of a subject influences a student's 
ability to learn, remember, use, and reason intuitively about mathematical 
ideas. 

(1) Learning: 

Good teaching that emphasizes the structure of a subject is probably 
even more valuable for the less able student than for the gifted one, 
. for it is the former rather than the latter who is most easily thrown 
off the track by poor teaching, , (Bruner, 1960, p. 9) 



(2) Remembering: 
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• Perhaps the most bas^ thing that, can he said t^.bout human memory, 
after a century of Intensive research, is that unless detail Is 
placed into ^ structured pattern, it is rapidly forgotten, . ..know- 
ledge one has acquired without sufficient structure to tie it^ ^ _ 
together is knowledge that is likely to be forgotten. (Bruner, 1960, • 
pp. 24-30). , 

'• (3) ' Using: - ' ' ' 

The coijtinuity cf learning that is produced by./.transrer of prin- 
ciples is dependent upon mastery of the structure of ^^^^ ^ 
. \ Jter....That is to say, in order for a person to be a^^^/^^ "^^^^^^^ 
the applicability or inapplicability of an idja to»a ^^l!' « J^uation, 
and to broaden his learning thereby, he "J^^t ^.ave <=J««;;.r J"^"*^"^ 
the general nature -oi the phenomenon with which h,e is dealing. The 
more fundamental or basic is the idea he has learned, almost by 
- , definition, the greater will be its breadth of applicability to new 
problems. (Bruner, 1960, p. 18) 

(4) , Intuit- ing: > ' 

Usually' intuitive thinking rests on familiarity with the ^domain of 
knowledge i.wolved and with its structure, which makes it Possible 
for the thinker to leap about, skipping steps and employing short 
cuts in a ^Lr that Requires a later rechecking of conclusions by 
more analytic m«ans. .. Intuition consists in using a limited set or 
cues, because the thinker knows what things are structurally related 
to what other things. (Bruner, 1960, pp. 58-62) 

Many of the above ideas about the role of structure were discussed 
with respect to Gagn^'s theory in Part II of this paper. Although Bruner 
aid Gagnfdo arriv! at similai conclusions about the importance of structure 
?Seir Seatments of structure differ significantly For Gagne, learning 
the structure of the subject matter was not itself an objective o£ 
.in^t ucUon whereas for^Bruner, it is. Furthermore, while Gagne focused 
almost exclisiv^ly on the influence of lower-order prerequisites on higher 
oSer ideas, Bruner addresses interrelationships among ideas at various 
levels Bruner is also more concerned about the intuitive mastery of 
whote ;ystero£ ide.s, not just the formal learning of isolated concepts 

or' rules. 

/ 

Although Bruner 's treatment of structure is quite different from that 
of Gagn^. most of the important structure-related abilities suggested 
bv his theory are also involved in his discussion of the role of 
language and'symbolism. Therefore, this section will focus on abilities 
related to the use of language and symbolism iu mathematics. 

The^Use of Disciplinary Lang uage and Symbolism 

According to Bruner (1966a). "Man's use of mind is d^.pendent upon 
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his ability to develop and use 'tools' or 'instruments' or 'technologies' 
that make it possible for him to express and lamplify his powers" (p. 24). 
That is, through the use of cultural amplifiers, "cognitive growth might 
V conceived as achieving a capacity for simplicity in dealing vith infor- 
mation" (Bruner, 1966b, p. xi) . / 

Amonfe the mos't powerful "cultural amplifiers" civilization lhas devel- 
oped ate t^e varijus disciplines of knowledge. For example, matihematiws 
has evolved to a state in which many of its most basic truths aik ex^jressed 
in language that /sounds deceivinf>,ly simp/le and true to non-mathekiaticians. 
In beginning calculus courses, students /often wonder why facts like "the 
integral of the Um of two functions is equal to the sum of the integrals 
are worth proving. When ideas such as these are stated in clever ways, 
they often seem, obvious—disguising a tiumber of subtle but important theo- 
' retical issues* , 

Halmos (1,958, p. 67-69 ) writes: < 

Mathematics has grown so luxuriantly in the past 2,000 years that 
it must be continually polished, simplified, systematized, unified 
and ^ondknsed. Otherwise the problem of handing the torch to each 
new generation would become completely unmanageable. No man alive 
today cin know, even sketchily, all the mathematics published in the 
last 10 |years. ^ 

After a Louple of centuries 10 of the greatest discoveries of the 
era are Ukely to find themselves together between the covers of a 
slim vol lime in the pocket of a graduate student who, with.luck, will 
absorb th^m all in two or three months. 

The organisational system that a discipline uses, and the language 
and symbolism it develops are very use ' "for simplifying informa- 
tion, for generating new proposition.? . id for increasing the manipula 
bility of a\body of knowledge." Some of the most important functions 
that a discipline performs' are to select and organize ideas that are 
most importak and basic, and to interpret and represent these ideas 
in a form tha\t will be useful for dealing with applied problems and 
for laying the groundwork for continued development of new ideas. 

The. refined lahguage and symbolism of mathematics plays an important 
role in both the gerieration of new ideas and the learning of old ideas. 
For example, In theit pioneering work in psychollnguistics , Miller and 
Chomsky (1963, p. 488) concluded that "sentences have a compelling power 
to control both thought and language," and in no subject matter area is 
this statement more t\ue thaft in mathematics. 

\ 

Bruner (1966b) writes: 



...Having translated or encoded a set of events into a rule-bound 
symbolic system, a human being is then able to transform that 
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representation into atv altered version that may but does not neces- 
sarily correspond to some possible set of events. It is this form 
of effective productivity that makes symbolic representation such a 
powerful tool for thinking or problem solving, (p. 37) 

However, verbal precociousness does not always a€fect the behavior 
of children or adults. 

...Once we have coded experience in language we can (but not neces- 
sarily do) read surplus meaning into the experience by pursuing the 
built-in implications of the rules of language. .. there is some need 
for the preparation of experience and mental operations before 
language can be used. (Bruner, 1966b, p. 51) 

The syntactical maturity of a five-year-old seems unconnected with 
his ability in other spheres. He can muster words and sentences 
with a swift and sure grasp of highly abstract rules, but he cannot, 
In a corresponding fashion organize the things words and sentences 
"stand for".... In order for the child to use language as an instru- 
ment of thought, he must first bring the world of experience under 
the control of principles of organizatioii that are in some degree 
isomorphic with the structural principles of syntax. 'Without 
special training in the symbolic representation of experience , the 
child grows to adulthood still depending in large measure on the 
enactive and ikonic modes of representing and organizing the word, 
no matter what language he speaks. (Bruner, 1966b, p. 47) 

The above comments underscore the fact that issues concerning mathe- 
matical language and symbolism are closely related to issues concerning 
the organization and structure of the ideas. the language describes. The 
mutual interdependence between structure and language are emphasized even 
more clearly in Bruner 's introduction to Dienes' book. An Experimental 
Study of Mathematics Learning (1963). 

The symbols of a language-*-a natural or a mathematical language-- 
can either be viewed as transparent or opaque. When we treat symbols 
as transparent we are principally mindful of the referential function, 
what they "stand for" or "mean." But it is also possible to treat a 
symbol system without regard to what lies beyond the symbols in the 
world of experience, to treat, the system as a self-sufficient body of 
rules for forming and transforming sentences or equations or functions, 
(p. xi) 

In a mathematical system, part (or all) of the meaning of the word 
comes from the system in which it is embedded. For example, in an axioma- 
tic system, the meanings of the undefined terms can be considered to 
derive entirely from their relationships with other undefined terms. 

Of course, when mathematicians do mathematics, undefined terms usually 
are assigned more meaning than the purely syntactical meaning that is 
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derived from their axiomatic descriptions. That Is, a ''model" (or a series 
of models) Is used to give additional meaning to the undefined terms and o 
verify the consistency of the axiomatic system. But. In a simple sense, 
the modeling processes that mathematicians use consist of matching an Idea 
within one representational mode with the corresponding Idea within 
another representational mode, Therefore, a given idea may a^^^^^^ ^^^^^^^ 
from at least three types of relational systems: 1 between- ideals tructures 
within a given mode of representation of the type discussed by Gafe. 
2) wlthin-idea systems'of the Itype discussed by Plaget, and 3) between- 
mode structures that relate deas in one mode to cortespondlng ideas in 
^nother^od:! using this last| type of relational system -<l^i"^ P^^^^^^ 
that involve translating from one mode of representation another .These . 
"translation" processes are another source of potential abilities and/or 
disabilities in mathematics. 

The Use of Various Modes of Representation 

When Bruner discussed the processes he believes are Involved in 
mastering cultural amplifiers pertaining to a subject matter area like 
mathematics, he particularly focused on conceptual mechanisms that move 
Tchlld from enactlve to Ikonlc to symbolic modes of representation. For 
example, in Toward a Th eor y of Instruction (1968). Bruner writes: 

The new models are formed in increasingly powerful representational 
systems. It is this that leads me to think that the heart of 
the educational process consists of providing aids and dialogues 
for translating experience into more powerful systems of notation 
and ordering, (p. 21) 

in mathematics, cognitive growth can be characterized by a transition 
to progressively more powerful and economical representation systems. 
There is serious disequilibrium when two systems of representation 
do not correspond--what one sees with how one says it, or how one 
must act overtly and how the world appears. Indeed... it is usually 
when systems of representation come Into conflict or contradiction 
that the child makes sharp revisions in his way of solving problems... 
(1966b, p. 41) 

For Bruner. some of the most Important mathematical abilities are 
likeiv to be related to processes that are Involved in moving from one 
mide of representation to another. These "translation" abilities will be 
the focus of this section. 

In mathematics, these between-mode translation processes are parti- 
cularly interesting because: (1) there usually exist several inde pendent 
written-symbollc ways of representing a given mathematical idea (e.g., 
we can describe the ideas using normal English sentences or we can use 
Ithemattcal symbols); (2) there usually exist several ii ,dependent spoken- 
symbolic ways of describing an idea (e.g., in mathematics many words like 
"and " "or," "if... then," "add," "multiply," etc. are given meaning that 
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do not correspond directly to their usual everyday meaning^; (3) written- 
symbolic representations and spoken-«y'mboltc representations often Involve 
subtle differences that can create or conceal confusions (e.g., why do we 
say "eleven" for the numeral U, rather than saying "tenty-one"— to be 
consistent with twenty-one, thirty-one, etc?) 

The Ability to Translate from One Mode of Represen tation to Another 

This section will focus on processes that are Involved as a student 
moves back and forth from enact Ive to Ikonlc to symbolic modes of repre- 
sentation for a given idea or system of ideas. In the enactive mode the 
world is known principally by the habitual actions that are used for 
coping with it. The ikonlc mode of representation uses imagery that Is 
often relatively .free of action and is based on figurative or, perceptual 
properties. Finally, the symbolic mode translates actions and images 
Into written or spoken language. 

There are a variety of ways to make an idea meaningfa^-^-soplfe of which- 
Involve "translation" processes corresponding to the arrows tn Figure 7. 
These processes not only play an important role in the development of 
mathematical concepts, they are also among the most important modeling^ ,. 
processes students use when they try to apply the concepts in real life 
situations. 




Figure 7 



In Figure 7, ikonlc representations are partitioned into two sub- 
categories- (a) pictures and (b) manipulative materials (like Cuisenaire 
rods, arithmetic blocks, or counting discs). Similarly, symbolic repre- 
sentations are partitioned Into two subcategories: (a) written symbols 
and (b) spoken symbols. The designation of five categories in Figure 7 
does not mean that the categories are completely distinct from one another. 
For example, distinctions between a real-world situation and a manipulative 
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model tesult from the fact that the models usually involve less "noise" 
(i.e., attributes that are irrelevant to the concept they are intended to 
embody) and the models are usually used in a symbolic way to represent 
many different real-world situations. Similarly, distinctions between a 
manipulative model and a picture result from the facts that pictures are 
often more abstract (e.g., they represent notions with arrows or suggested 
activity; they represent three dimensional objects In two dimensions) and 
pictures usually are not intended to be manipulated. 

The five categories in Figure 7 also are not intended to suggest 
monolythic representational modes. That is, we do not have just one 
single written symbolic mode, one single spoken symbolic mode, or one 
single manipulative mode. Therearea variety of semiautonomous sub- 
systems within each of these modes. For example , in the written symbolic 
mode, a basic definition from calculus can be written using an ordinary 
English sentence or it can be written in the form shown below. 

Def: lim f(x) =« L iff Ye>o 36>o |x-a|<6 '|f(x)-L|<e 

x->a 

A simpler example to illustrate the above point could involve any 
simple arithmetic equation. For example, 1/2 x 1/3 = 1/6 may be written 
in any of the following forms (among others): 

One-half of one-third is one-sixth. 

One-half multiplied by one-third equals one-sixth. 

One-half times one-third equals one-sixth. 

The above example also suggests how a variety of spoken-symbolic 
representations can be used to express a single mathematical idea. Simi- 
larly,' Part III of this paper gave examples to show how a variety of ditter- 
ent manipulative models can be used to represent a single idea. Therefore, 
in addition to the "between mode" translation processes that are illustrated 
in Figure 7, there also exist important "within mode" translation processes. 
Some of these written-mode translation processes were discussed in Part III. 
Other within-mode translation processes (e.g., symbols to symbols) are also 
important but will not be discussed here and are not represented in Figure 
7. 

One final disclaimer should be made concerning the representational 
modes and translation processes in Figure 7. That is, the names given to 
the translation processes are simply convenient titles to be used for 
future reference within this paper. They are not intended to imply, for 
example, that generalizing is the process of translating from real-world 
situations to concrete models. The various processes could have been 
labeled Pi, P2, P3, etc. But the risk involved in using meaningful names 
is minimal'as long as they are not interpreted as final definitions. 

The examples below iUustiate difficulties related to the between- 
mode translation process in Figure 7. 
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(1) Concretizing: Written Symbols to Manipulative Models 

Susan (second grade); Susan had been taught basic addition facts 
^SdTsubsequent "harder" problems using a counting frame abacus. Her 
teacher noticed that Susan seemed stimulus bound and depended heavily 
on thf,8 particular concrete aid. Her teacher wanted to make Susan 
more Independent of her abacus so she could rely on the underlying 
Ideas she had learned rather than on the manipulative aid. The teacher 
decided to have Susan use a new embodiment, Culsenalre rods, in order 
to wean her away from her dependence on any one particular aid. But, 
Susan was not able to do computation with Culsenalre rods. She con- 
tinually tried to relate the rods to her abacus, and she became quite 
confused in the process. In Susan's case, difficulties in translating 
from written symbols to a manipulative model were closely related to 
difficulties in translating from one model to another. 

(2) Representing: Manipulative Models to Pictures 

Cheryl (second grade): Cheryl's teacher noticed that Cheryl had dif- 
fi^Uy understanding the illustrations given in class or the addition 
pictures in her book. Cheryl had far more success when poker c^ips 
or other manipulative aids were used to illustrate written addition 
problems. Cheryls' teacher reasoned that if Cheryl could translate 
from written symbols to a manipulative model, but not from written 
symbols to a picture, then perhaps Cheryl could be helped if she 
practiced translating from manipulative models to pictures. 





2 + E =H 
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Unfortunately, Cheryl also had great difficulty translating from poker 
chips to set-like pictures. She could perform addition operations 
using real chips but she could not coordinate the actions needed to 
draw pictures of the illustrations. She also had difficulty under- 
standing how to use static pictures to represent the activity of 
addition. Some of Cheryl's other difficulties are described below. 

(3) Concretizing: Pictures to Manipulat '. 'e Models 

Cheryl (same as above): Cheryl's teacher asked her to build some 
clay-and-toothpick models of simple 3-dimensional shapes. Pictures 
like Figure 8 (below) were used as models. The pictures were photo- 
graphs of real clay-and-toothpick shapes. But, the models Cheryl 
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built were two-dimensional, not three-dimensional; that is, Cheryl *s 
model looked like a scjuare with an X inside (see Figure 9); she used 
five ballB of clay rather than foi?, and she used eight toothpicks 
rather than four. 



In a similar situation, Cheryl was asked to use modeling clay to make 
shapes like those shown in photographs in her book. Again, Cheryl 
had great difficulty doing these tasks correctly. Even after some 
extremely creative [attempts by her teacher to explain the task in a ^ 
meaningful and understandable way, Cheryl rolled out a flat sheet of 
clay and drew lines on the clay that were as much like the photographs 
as she was able to do. She was unable to make a 3-dimensiorial clay 
figure like the 2-dimensional figures in her book. In fact, she had 
great difficulty with nearly any task that required her to translate 
from pictures to manipulative objects or from manipulative objects 
to pictures. 

(4) Describing: Spoken Words to ManipuJ.ctive Models 



Steve (fourth grade): Steve was excellent In every subject except 
arithmetic. But he also had great difficulty understanding spatial 
relationships. One day his special education teacher put Steve on 
one side of a table and one of his friends on the other side (see 
Figure 10). Then she put a partition between the two boys so that 
they could not see one another. Next, she gave Steve's frie'.d a 
stAck of poker chips and put a 3 x 3 array of poker chips in front of 
Steve. She asked Steve to describe the pattern so that his friend 
could copy it exactly. Steve was unable to do this. He was also 
unable to play similar "communication" games involving geoboard shapes, 
logo blocks, or "treasure hunt" maps. 





Figure 8 



Figure 9 
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Figure 10 
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Because Steve had so much difficulty describing sets of objects and 
geometric shapes, his tea.cher decided to let Steve switch roles with 
his friend. That is, his friend became the "descrlber" and Steve 
was the "maker." Again, however, Steve was unable to perform simple 
tasks of this type correctly. He had great difficulty translating 
from spoken words to manipulative models— or vice versa. 

(5) Interpretation: Written Symbols to Real Situations 

Kevin (sixtH grade): Kevin nearly alv?ays got hl§h scores on compu- • 
tation tests In arithmetic. But he seemed unable to solve the simple 
story problems in his book. His LD teacher walked around with him 
one day pointing out real situations (like those described In his 
book) in which she thought Kevin's arithmetic skills could be used. 
She was surprised to find that Kevin was seldom able to seUct the 
appropriate arithmetic operation to describe the sltuatlgja^ she 
Identified. Also, If she gave Kevin an equation like 12 x 7 » □ 
he was usually unable to find real situations that the problem could 
be used to describe. Kevin was unable to relate his wrltten-symbol 
understanding to real situations. 

The preceding examples do not exhaust all of the processes that are 
represented In Figure 7, but they do Illustrate some of the types of dif- 
ficulties that can occur concerning between-mode translation processes. 
They also suggest a number of tasks for diagnosing translating difficulties 
and a number of types of remedial activities. 

To generate a whole series of diagnostic tasks for a given Idea, the 
teacher can present the Idea In one mode and ask the student to Illustrate 
(or describe, or represent) the same Idea In another mode. 

If a student has difficulty with some particular between-mode transla- 
tion process, remedial activities can often be generated by practicing the 
Inverse of the difficult process. For example, a child who has difficulty 
translating from real-world situations to written symbols may find it 
helpful to practice translating from written symbols to real- world situations, 

real-world .„---..> written 

situations ^ " ^ symbols 

Or difficult processes can be broken up into a st^rles of easier processes. 
For example, a child who has difficulty translating from real situations 
to written symbols may find it helpful to begin by translating from a real 
situatlona to spoken words and then from spoken words to written symbols. 

spoken 

real-world _ „"^^Vs.>^ ^^^tten 

situutions ---- - 7 symbols 
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the proceastts in Figure 7 >^i?« Importfini; for a variety of reasons, 

(a) They at^s oiraplifled ' versions ot' the. "modelii^ft" processes used 

by gifted «ppXled problem solveiraj,... Jhey. represent; ^ome of .th«$, , 
moat JLwportant processea students aeeid wh«tt they try to use 
basic gc-ioinefcric, algebraic, or number concepts* 

<b) When we say a student "understands" a mathan<atioal concept* 

part of what we me^in isa that he/she con use the kind of processes 
Hated in Figure 7, Yet, students axe given few instructional 
activities that i'ocuo directly on these processes-'-in spite of 
^he fact they are the kind of processes that give meaning to 
the ideas teachers are trying to teach. 

(c) Average or below average students can learn to use these 
•processes. Yet, work wifch special education students indicates 
these problems cause difficulties for many 8CudenC<3""Snd that 
these difficulties can severely restrict problem solving (or 
even concept formation) capabilities* 

(d) Teachers do not need to mit for large-Pcale curriculum projects 
to develop special instructional activities to teach these 
processes^. They can be built into the kind of lessons that are 
included in many textbooks and the kin<J of problems that are 
included in the "applied" sections of national assessment tests. 

(e) If diagnostic questions indicate a student io having unusual 
difficulties with one of the processes In Figure 7, other processes 
in the diagram can be used to sf.rangthen or bypass the difficulty. 

_Sjome_ 0 the r Ty p& s of Abilities 

In addition to the between-mode translation processes that are given 
in Figure 7, within-mode translation processes can also be sources of 
difficulties. For example, children may have difficulty translating from 
one written-symbolic statement to equivalent written-symbolic statements* 
from one verbal description to an equivalent verbal description, or from 
one picture to another. Or earlier, sections of this paper gave examples 
of children who have difficulty translating from one manipulative model 
to another. Theae sorts of within-mode translation processes often seem to 
function as importfitnt prerequisites for certain between-mode processes. 
For example, « child who has difficulty translating from manipulative models 
CO writf.en symbols may find it helpful to practice translating from one 
manipulative model to another. However, the nature of within-mode transie- 
nt ion processes are similar to the between-mode processes that have been 
discussed here. Therefore, without depricaang their Importance, no further 
discussion will be given about them In this ^»aper. 

Bruner'e emphasis on language and syrnbollfim also suggests the pos- 
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slbiHty that mathematics involves some wnique reading and language processes 
that are related to underlying mathematical abilities. But, at the present 
time, the kinds of mathematics reading processes that seem to be the most 
likely candidates to be related to mathematics abilities are the kinds of 
within- and between-mode translationi processes that have already been 
discussed in this paper. 

Some Final Comments About Bruner's Perspective 



Bruner's "enactive to ikonic to symbolic" description of cognitive 
growth seems similar to Piaget's "preoperational to concrete operational 
to formal operational" description. , However, these two d^mens ions of 
cognitive development are quite distinct. Piaget's stages are defined 
by the within-idea operational complexity of the ideas a student is able to 
use, whereas Bruner tends to de-emphasize the importance of within-idea 
structures and instead emphasizes between-idea systems and the role of 
language and written symbols. Bruner's stages have to do with the mode of 
representation that is used to describe an idea and its relationship to 
other ideas. 



Concluding Remarks 

The examples that were given in this paper were based on extensive 
interview^ (i.e., lasting at least one hour) with more than seventy 
children who had been identified by their school districts as having a 
mathematical learning disability. The examples should not be considered 
to be "typical" LD children. In fact, it is not clear what a typical LD 
child would be. In many schools, ur.fortunately, LD Is simply a convenient 
label for problem children that their teachers do not '<now how to deal 
with effectively. 

All of the children who were mentioned in this paper came to the 
attention of the author because of graduate students, former students, 
local LD teachers, and colleagues who invited the author to interview some 
of their interesting LD cases. The students who were cited as examples 
were children who were identified as "particularly interesting" to a 
person whose interests are ^n mathematics learning. This population 
represents considerably less than half of thi LD "children In most schools. 

The purpose of this paper was not to fc-m generalizations about all 
LD children. Instead, it was to identify some important mathematical 
abilities that LD children (or normal children who are having difficulty 
in mathematics) may lack. In fact, because research In this area is in an 
extremely primitive state, the primary objective was to he o researchers 
and practitioners ask better questions about possible matht latical 
learning disabilities. 

The most striking characteristics' of mathematics have to do with its 
structure and its distinctive use of language and symbolic ^, Therefore, 
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If ther«i exist m\y abiUtlei? that are uniqu® to mathematics (in the aenoe 
that they are not just specific siani lies tat Ions of gerfm-fl Ifttellisence) , 
one shoved ttxpect that they may be jrclated to these distinctive fcharactar- 
isticst This paper has discussed some possible' mathematical abilities 
from the point of view" of three th^^orists who emphasise ttoe different 
kinds of structures. GagniS emphaaized between-idea structures; Flaget 
eraphasiss^d wi thin-idea structures; and Bruner ftinphasiaed between-mode 
structures, ' . 

One of the most obvious characteristica of mathemafcically gifted 
students Is tbit they see relationships- among things that normal children 
do not understand to be related. Similarly, one of the striking character- 
istics of. LD students who are. having difficiiUy in laathesaatios is that 
they do not am relationships among thinga that we assume moat normal 
children understand to be relatr^T, Some of these relationships have 
to do with""between"idea structures, some have to do with within- idea 
structures » and soma have to dc with befcween-mode structures. But, in 
all c«s«s, deficient structuxdl relationships can cause strikitag difficult 
ties in the mathematical reasoning of children- 
It seems riif.asonable to expoct that maviy of the processes and abllitiea 
that were discussed in this paper may also be deficient in many nornrnl 
children. Certainly, little instructional time is devoted to helping 
children acquire most of the abilities and processes that ..were mentioned. 
Research in this area should significantly increase the mathematical 
learning axtd problem solving capabilities of most students. 

How are the abilities and processes in this paper related to central 
processing dysfunctions? Answers to these sorts of questions will demand 
better descriptions of the kinds of abilities and proccAises that may be 
effected. Hopefully, the ideas presented in this paper will be helpful 
in identifying abilities and processes that are critically important in 
ttiathematics learning. 



175 



Leah 

Reference Notes 

1. Department for Children with Learning Disabilities, DCLD Newsletter, 
Winter, 1975, 

2 Lesh. R. A. & Mierkiewlcz, D. B. Three studie s concerning children's 
criteria for judging similarities among uns olved proj^lems. Manuscript 
submitted for publication, 1979. / 

3. Silver, E. A. Student perceptions of relatedn ess /among mathematical 
word problems . Paper presented at the meeting of/ the American Educa- 
tional Research Association, Toronto,' March 1978. 

4. Saari, D. G. Cognitive development and the dvn^amics of adaptation^ 
Accommodation . Unpublished manuscript, 1978. (Available from 

D. G. Saari, Mathematics Department, Northwestern University, Evanston. 
Illinois), 



\. 

\ 



17/ 



176 



Lesh 

Re€erenc{!i8 

■ • . . ■ '■ ,w "'•>' '■ 

Ashlock, R. B. Error patterns In computation . Columbus, Ohio: Charles S. 
• Merill Books, 1972. 

Beilln, H. Studies in the cognitive basis of l anguage development:^^ New York: 
Academic Press, 1975. 

Beilln, H. Linguistic, logical, and cognitive models for learning dmthema- 
tical concepts. In A. R. Osborne (Ed.), Models for learning tnathema^ 
tics; Papers from a research workshop . Columbus, Ohio: ERIC/?MEAC, 
1976*. 

Bell, M. S., Fusol, K. C. , & Lesh, R. A. Algebraic a nd arithmetic structures:, . 
A concrete approach for elementary school teachers . New York: The 
Free Press, .1976, " , c 

Beth, E. W., & Piaget, J. Mathematical eolsttemology and psychology . Dordrecht* 
'Holland: Reldel, 1966. 

Blnet A. The development of intelligence in childr en (the Binet-Slmon 

scale ). (E. S. Kite, trans.). Baltimore: Williams and Wilklns, 1916. . 

Bloom, B. S. (Ed.). Taxonomy of educational obi activ es i >iandbook I, Cogni- 
tive domain . New York: McKay, 1956. 

Bruner, J. S. The process of education . Cambridge, Mass.: Harvard Univer- 
sity Press, 1960. 

Bruner, J. S. Toward a theory of instruction . Cambridge, Mass.: Harvard 
University Press, 1966. (a) 

Bruner, J. S. On cognitive growth. In J. S. Bruner, R. R. Oliver, & 

p. M. Greenfield (Eds.), Studies in cognitive growth . New York: Wliey 
and Sons, Inc., 1966. (b) 

Bruner, J. S. The ontogenesis of speech acts. Journal of Child Language, 
1975, 2, 1-20. 

Chao, Y. R. Language and symbolic systems . London: Cambridge University 
Press, 1968. 

Chartoff, B. T. An exploratory Investigation utilizing a multi-dlmens^ onal 
scaling procedure to discover classification criteria for algebra word 
problems used by students in grades 7-13 (Doctoral dissertation. North- 
western University, 1976). Dissertation Abstracts International , 1977, 
37,-7066A. (University Microfilms No. 77-10,012) 

Clements, S. D. Minimal brain dysfunction in children . (NINDS Monograph 
No. 3, U. S. Public Health ^Service Publication No. 1415). Washington, 
D. C: U. S. Government Printing Office, 1966. 



17 s 



177 



Leah 

References (Cont.) 

CopeUna, R. W. children Uarn mat Ics (2nd ed.). New York:. 

Macmillan and Co., ,1974. 

Cox L S. Systematic errors La the four vertical algorithms in normal and 
' Lndlcapped populations. T..,.n.l for Research in Mathematics Educatio n. 
1975, i, 202-220. 

Davis. R. B.. Jockusch. E.. & McKnight. C. Cognitive processes in learning 
algebra. The Journal o ^ rv.*^A..r.'. Mntthematical Behavior . 1978. 2, 

lr320. 

Dienes, Z. P. An experimental studV of mathematics-learning. London: 

Hutchinson, 1963. « ' 

Dienes, Z. l^,ldin ^ up mathematics (2nd ed.). London: Hutchinson, 1969. 

Pufion K C & Murray, C. The. haptic-visual perception, construct ion, and 
draiing of Teometkc shapes by children aged two to five; A Piagetian 
extenpiou. In R. Lesh & D. Mierkiewicz (Eds.). L^.ent research concerning 
the development of spatial ^nH ^pometrlc concepts. Columbus , Ohio: > , 
ERIC/SMEAC: iy/l>. 

Gasne, R. M. The conditions of learning - (2nd ed.). New York: Holt, Rinehart 
and Winston, 1970. 

Gal'perin, P. Ya., & Georgiev, L. S. The formation of elementary matheuia- 
'ticai .nitL;;. In j' Kilpatrlck & I. Wirszup (Eds.), Soviet s ud ie| 

i n the psychology of learning and t eaching mathematics (Vol. 1). Stan- 
. ford, Calif.: School Mathematics Study. Group, 1969. 

Goslin, D. A. T h^ search for ability: Standardized testing in social 
j)^erspective . New York: Russell Sage Foundation, 1963. 

Hadamard, J. An es sav on the psychology of invention in the tna_thematical 
field , Princeton, W., J.: Princeton University Press, 1945. 

Halmos, P. R. , Innovation in mathematics. Scientific American, 1958, 199, 
66-73, 

Hater, M. A., Kase,. R. B. , & Byrne, M. A. ^"^i^ f ^^^"8 ""^^ 
mathematics class. Arithmetic Teacher , 1974, 2^, bbZ-^tbb. 

James K, W. A study of the conceptup.l structure of measurement of length 
in normal an ^ learnin g disabled '.children . Unr -blished doctoral 
dissertation, Northwestern University, 1975. 

Kane, R. B., Byrne, M. A. , & Hater, M. A. Helpin g children ^.ad mathem at ics. 
New York: American Book Company, 1973. 



4 



\ 178 




Leah \ 

I^eferenciis (Cont.) 

Kohlberg, L. Stage awd sequence: Th^ cognitive-development approach to 
socialization. In- D. GosUn (Ed.), Handbook i<of socialization thfeory 
and research . New Yorkj Rand 1>lcNally, 19'69. 

Krutetskii, V. A. The psvchf)logv of mak e matical abi lities In schoolchildren. 
Chicago: The Un;iversity of Chtcago\ Press, 197^>. 

! * 

Langer, J. Werner's comparative organism\Lc theory. In P. H. Mussen (Ed.), 
Cairmichael's manual of child psycholQ^jy (3rd ed. , Vol. 1). New York: 
Wiley, 1970. ^ , , 

Laurendeau, M. & Pinard, A. The development of t he concept of space in 
the child . New York: International Universities Press, 1970. 

Lesh, R. A. The generalization of Piagetiai^ operations as it relates to the 
hypothesized functional intferdependencel between classification, seria- 
tion, and number concepts. In.L. P. St^ffe (Ed.), Researc.h.on mathema- 
tical thinking of young children: Six temoirical studies . Reston, Va.: 
National Council of Teachers of Mathematjics , 1975. 

Lesh, R." A. Directions for research concerning number and measurement 

concepts. In R. A. Lesh (Ed.), Number ahd measuremen t; Papers from a 
research workshop . Columbus, Ohio: ERI^/SMEAC, 1976. 

Lesh, R. A. & Mierklewicz, D. Perception, iiagery, and conception in 

. geometry. In R. LeSh & D. Mierklewicz (Ii|ds.), Recent rese arch, concerning 
the development of spatial and geomet.'ic iconcepts . Columbus, Ohio: 
ERIC/SMEAC, 1978. 

Marolda, M. Review of The psychology of mathematical abilities in school- 
children by V. A. Krutetskii. Harvard Edlicational Review . 1?77, 47, 
587-590. 

McLellan, J. A., & Dewev, J. The psychology of numb er and its applications 
to methods of teaching arithmetic . New YOrk: D. Appleton and Company, 
1895. 

Mead, G. M. , Mind, self, and society . Cbica-.o: University of Chicago Press, 
1934. 

Miller, G. A. & Chomsky, N. Finitary models of language users. In D. R. Luce, 
R. R. Bush & E. Galanter (EdsO, Handbook of mathemat ical psychology. 
New York: Wiley, 1963. 

Musick, J. The role of motor activity in young' children' s understanding of 
spatial concepts. In R. Lesh & D. Mierklewicz (Eds.), Recent research 
concerning t he development of spatial and geometric concepts . Columbus, 
Ohio: ERIC/SMEAC, 1978. 



179 



Lesh 

References (Cont.) 

Myklebust. H.,R., & Boshes, B. Transcripts of Proceedings, Conference pn ^ , 
l earning disabilities and Interrela ted handicaps (Evanston, Hlinols, 
August 2-9, 1967). Evauston, 111.:' Northwestern University, 1967. 
(ERIC Document Reproduction Service No. ED 033 262) 

Nelson, D. A trend in problem solv ing research. In this volume. 

Pascual-Leone, J. A mathematical model for the transition rule_in Piaget's 
developmental stages. Acta Psychologica , 1970, 32 » 301-345. 

Pascual-Leone, J. Metasubjective problems of constructive cognition. CariadlAn 
Psychological Review , 1976, 17, 110-125. 

Piaget, J. Biology and knowledge;' A n essay on th. relations between organic 
• regulati^and cognitive processes (trans, from the French by B. Walsh). 
Edinburgh: Edinburgh University Press, 1971. 

Piaget, J. & Inhelder, n. ^ The child's conception of space . New York: 
W. W. Norton, 1967. 

Poincare, H. Mathematical creation (Ed. by J. R. Newman). Scientific Ameri- 
can , 1948, 179(2), 54-57. 

Polya, G. How to solve it . Garden City, N. Y. : Anchor Books, 1957. 

Schultz, K. Variables influencing the difficulty of rigid transformations 

during the transition between the concrete and formal operational stages 
of cognitive development. In R. Lesh & D. Mierkiewicz (Eds.), Recent 
r esearch coricerning the development of .spatial a nd geometric concepts. 
Columbus, Ohio: ERIC/SMEAC, 1978. 

Senf, G. M. A perspective on the definition of learning disabilities. Journal 
' of Learning Disabilities , 1977, 10, 537-53Q. 

Sinclair-de-Zwart, H. Developmental psycholinguisttcs. In D. El kind & _ 

J. H. Flavell (Eds.), Studies in cognitive development . New York: Oxford 
University Prfess, 1969. 

Smock C D. Piaget's thinking about the development of space concepts and 
geometry. In J. L. Martin (Ed.), Space and geometry; — Papers from a 
research workshop . Columbus, Ohio: ERIC/SMEAC, 1976. 

Thomas, D. Students' understanding of selected transformation geometry con- 
cepts. In R.'Lesh & D. Mierkiewicz (Eds.), Recent research concernina 
the develop ment of spatial and geome *- ric concepts . Columbus, Ohio: 
ERIC/SMEAC, 1978. 



180 



Lesh 

\ References (Cont.) 

Thorndike, E. L. Reading as reasoning: A study of mistakes in paragraph 

reading. Journal of Educational Psychology . 1917, 8, 323-332. 

Wallace, 0. & McLoughlin, J. A^. Learning disabilities; Conc epts and 
characteristics , Columbus, Ohio: Merrill, 1975. 

Wechsler, D. Wec h sler intelligence scale for children (Rev. ed.). New York: 
Psychological Corporation^ 1974. 

Werdelin, I. The mathematical iibility; Experimental and factorial studies . 
Lund: Gleerup, 1958. 

Werner, H. & Kaplan, B. Symbol formation; An organismic-developmental. 
approach to language and the expression of thought . New York: John 
Wiley and Sons, 1963. 



181 



Information Processing Analyses of Mathematical Problem Solving 

Joan I. Heller James G. Greeno 

University of Pittsburgh University of Pittsburgh 

A growing body of psychological theory, has focussed on the pro- 
cesses and structures involved in human cognition. Information- 
processing analyses have beerf performed and models of performance de- 
veloped at increasingly .sophisticated levels of specificity. An uri- , 
derstanding of general problem solving has been emerging from these 
efforts, while analyses of problem solving in specific scientific and 
mathematical domains have contributed a number of additional concepts. 
The objective of this chapter is to summarize current understanding of 
the psychology of mathematical ..problem solving by reviewing these bodies 
of knowledge and synthesizing concepts from general problem-solving 
theory with those from the technical problem-solving literature. 

General Problem-Solving Theory 

Interest in human cognitive processes and representation of knowl- 
edge structures can be traced back to early European psychologists such 
as Selz (1913, 1924) and Bartles§ (1932). Gestalt psychologists, in- 
cluding Duncker (1945), Kohler (1927), and Wertheimer (1945/1959), 
stressed the importance of understanding in achievement of problem 
solutions. These Gestalt theories emphasized the insightful nature of 
problem solving. They explained problem solution as involving a sudden 
understanding of a situation and an integration of previously learned 
responses in a novel way. 

A substantive theory of the ways in which humans process informa- 
tion to arrive at problem solutions emerged with the work of Newell 
and Simon (1972) . They conceptualized problem solution as the success- 
ful outcome of search processes, and provided a language, in effect, 
for expressing and operationalizing concepts central to a cognitive 
theory of problem solving. 

Newell and Simon's theory is based on extensive analyses of adults 
solving short, well-defined problems of a symbolic nature. Although 
the three main tasks used— chess, symbolic logic, and cryptarithmetic— 
comprise a narrow sample of problem types, the theory is proposed to 
account for a broad scope of behavior. Central to Newell and Simon s 
approach is the assertion that humans, when engaged in problem-solving 
behavior, can be characterized as information-processing systems (IPS's 
As a theoretical construct, an IPS is proposed to account for the basic 
mechanisms of cognition. Some of the strong, central assumptions about 
the components of cognition include the presence of long-term and short 
term memories (LTM and STM) , and processes of retrieval and storage in 
memd'ry, pattern recognition, comparison processes, and symbol manipu- 
lation. Explanations of human problem-solving behavior at this level 
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of detail have been found to be amenable to computer simulation. A 
theory of human problem solving behavior can therefore be expressed as 
a program on another IPS (a computer) , and the adequacy of the P'^og^am 
for modeling human behavior can be evaluated through comparison of the 
two systems' performances. This is especially true because an infor- 
mation-processing theory is dynamic~i.e. , implemented as a computer 
program, the theory describes in detail the changes in a system s 
knowledge state and sequences of processes through time. Computer 
traces- axA-typically compared with protocols of human subjects think 
ing aloud," resulting in validation or modification of the theory 
tested. " .. . . 

Newell and Simon constructed programs and tested them against 
human performance in the manner described , above. Because human per- 
formance could be adequately accounted for empirically in terras ot 
mechanisms like those in their programs, the resulting description 
of problem solving processes were considered characteristic ot any 
problem solving IPS, including humans. The characteristics of problem 
solving here described are those which Newell and Simon assert to be 
invariant over task and problem solver. 

All problem solving is posited to take p l ace in a problem space. 
Newell and Simon assert that a problem solver must construct^and work 
within an internal representation of the task environment; the problem 
space contains not only the actual solution but all possible solutions 
the problem solver might consider.. Presented with a particular problem, 
the individual must encode the components of the problem i.n a space 
consisting of the initial as wel] as desired goal situation, a se-t of 
elements representing intermediate knowledge states, a set of operators, 
or information processes, tha-. may be applied to produce new states of 
krowledge from existing states, and all other available concepts or 
relations needed to understand these situations. Thus, this P'^oblem 
space includes the .bases for all overt behaviors ^^^'^tually exhibited 
by the problem solver as well as behaviors only considered in thinking 
about the prob..em. For example, in a chess player's problem space the 
elements or knowledge states are all possible chess positions; the 
initial state is the starting b: ard position; the final state is in- 
definite but is characterized by attainment of a checkmate situation; 
tho operators are legal move^ etc. In cryptarithmetic (a puzzle re- 
• quiring assignment of distinc^digits to letters such that, for example, 
the statement "DONALD + GERALD^-^ERT," would be arithmetically true, 
given that D is 5), the elements ard^ all possible combinations of digit- 
letter assignments; the initial state is the configuration given, wUh 
the knowledge that D is 5; the goal situation is not known explic ciy 
but consists of assignment of .digits to all letters such that the 
problem is arithmetically possible; operators are the processes for 
makin; all possible assignments; other relations or concepts needed 
might include parity, equality, and inequality. 

Problem cnUHn^ in po stulated to take p l ace by s earch in a proble m 
space"." This statement must be understood in conjunction with the fact 
"EhlTother behaviors relevant to problem solving may be exhibited as 
well-l.e,, when a problem is presented, it must be rt.;ognized and 
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understood, a problem space must be constructed or evoked from LTM, and 
problem spaces can be changed during the solution process. These as- 
pects of solution are not themselves searches in a problem space, they 
are crucial contributory activities but final solution is achieved 
through a search process. Search consists of a consideration of one 
knowledge state after another until a desired knowledge state is 
reached— that is, problem solving is concerned with finding a Path 
through the space from initial problem state to goal state. Movement 
to new knowledge states is accomplished by analysis of the current 
problem situation, and selection and execution of operators to produce 
new states. Search sometimes involves backup-return to old kno^^^dge 
states and abandonment of some knowledge state information. This occurs 
when a dead-end or contradit:tion, is reached (e.g. , realization in 
cryptarithmetic that a required digit-letter assignment is impossible 
because digit has already been assigned). 

M^an,, -^.nd analysis and goal-directedness are ma1or charaqterigtics 
of problem solving activity. A problem solver proceeds toward problem 
solution in a recursive, step-wise fashion, working to select means 
(operators) to achieve ends (goals). Use of means-end jnalysis in- 
volves comparison of the current knowledge state with the desired goal 
state to detect differences. Having recognized a difference, tne prob- 
lem solver sets a goal, taking action to remove the difference. An 
operator or transformation rule is sought ^o trans forth the current 
status. Using a table of connections that indicates which ^P^^^icns 
are relevant to which differences, the system either finds an operator 
that accomplishes the desired transformation, or sets a subgoal to 
reduce a high priority difference in a way that moves the state closer • 
to the goal. Through a series of such transformations, the problem 
eventually reaches, the point where application of an operator removes 
the remaining difference between existing state and goal state, and 
the problem is solved. 

Planni ng processes are used to construct proposed solutions 1^ 
gPHPri rrrS before worki n g on detailed solution steps . Means-end 
analysis is limited by its mechanism of seeing only one step ahead 
at any given point. Planning counter^ this limitation, allowing the 
problem solver to explore the usefulness of a general strategy for 
reaching the desired goal state. As described by Newell and Simon, 
the planning method consists of: 

1. Abstracting by omitting certain details of the original 
objects and operators. 



2. Forming the corresponding problem in the abstract problem 



space. 



' 3. When the abstr ct problem has been solved, using its solution 
to provide a plan for solving the original problem. 

4. Translating the plan back into the original problem space and 
executing it» (Newell & Simon, 1972, p. 429) 

183 . 
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Thus, the system explores the feasibility of solution plans by identi- 
fying general features of the problem situation and goal, and considering 
the general kinds of changes producible by available operators. 

A further analysis of planning in problem solving was given by. 
Sacerdoti (1975). In Sacerdoti's system/' called NOAH (for network of 
action hierarchies), there is knowledge stored about actions that occur 
at different levels. For example, there is knowledge about the action 
of moving an object, which is known to include component actions of 
picking up the object, walking to another location, and setting the 
object down. For each a':tion at whatever level, NOAH has knowledge 
of prereq- isite .conditions that must be present for the action to be 
performed, and consequences that result from performing the action. 
Stored knowledge of prerequisites and consequences enables powerful 
planning procedures, in which a sequence of actions can be planned so 
that prerequisites needed for future actions are considered in deciding 
which other actions will be included In earlier parts of the sequence. 

The central concepts outlined above have been ths subjects of 
subsequent theoretical and empirical examination. Expansion and 
further specification of the concepts have resulted and will be dis- 
cussed in later sections of this chapter. 

Newell and Simon's work provided the most thorough, detailed ac- 
count of human problem solving yet achieved. However,, there remained 
a need for strong theoretical development at the level of general 
psychological principles that explain performance in broad classes of 
piobleras. In an effort toward developing a coherent, general theory^ 
of human problem solving, Greene (1978) outlined a of features aM 
processes required in problem solution. His effort i.o conceptualise 
problem solving concepts in a general th3orenical framework can be 
utilized to examine the applicability of general problem solving theory 
to the domain of mathematical problem solvinj^. 

Based on hypotheses about the general kinds of psychological skills 
required for problem solution, Greeno suggestud a typology of problems 
comprised of three ideal types. Problems of indjJcdjij^tniSj;i^^^ 
described as those for which .-j^me elements are given and the task re- 
quires identification of the pattern of relations among the elemei^ts 
(e.g., analogies, seri.tas extrapolation)., Greeno proposed that the main 
cognitive ability required for solving problems of this type is a form 
of understanding, i.e., apprehending relations and consfrvicting an in- 
tegrated representation, }?roblems of tr^qt!:3J^ojmatU3n involve au initial 
situation, a gosl, and a set of oper;.itionrior"'producing changes in 
situations (i.G«, move problems such as Tower of Hanoi, and change 
prrJblems including tti:eorem yxoofs). Solution of transformation problems 
relies primarily upon use of meanS'"'e'nd analysis and planniiig processes. 
Tasks referred to as a rgagM? ^.'il*^ ...P ^'^ ^ thos^i that present soma 
elements and requirti "the" p rob letrT sol ve"r to i-u' range them in a way that 
satisfies some criterion (e.g., anagrams, cryptarithmetic) . Solution 
requl».-es a procef5s of constructive ..earch, requiring generation of the 
possible knowledge ?jt:ati?« thai constitute the search space, and search 
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for the solution in that space. Greeno assertf* that: most; problems are 
not pure cases of one problem type, but rather Include st'ong components 
of the three types and involve corresponding demands for the various 
problem solving processes.. 

The re:«ainder'"of this chapter will include discussion of the knowl-' 
edge and processes required for solving problems h\ i ith«inatics, and 
for solving practical problems in which mathematical knowledge is re- 
quired. The latter discussion will focus on solution ot word problems, 
where studies of the processes have been conducted. Our goal in this 
discussion is to use the general concepts that have been developed in 
rhe theory of problem solving to provide an integrative framework for 
discussion of the available literature on solution of technical problems 
that are relevant to mathematics instruction. First, we will discuss 
problem solving processes that are required for solving ordinary exer- 
cises of the kind that are used as homework and test problems. The 
final section will present analyses of problem solving involving appli- 
cations of mathematical knowledge,. 

Mii.themat ical Problem S olving 

Most mathematical instruction consists of training for solving 
specific kinds of problems, and the activity that students engage in 
as they do exercises or take tests consists of problem solving processes. 
Although most mathematics educators consider "problem solving to rerer 
only to relatively unusual parts of the curriculum (thus .tee ling that 
there should be more attention to problem solving in the curriculum) , 
this view does not take into account what it is that students must 
actually do in order to succeed in the ordinary tasks that constitute 
most of the curriculimi,. 

The claim that ordinary exercises require problem solving is con- 
sistent with ma^^iy persons' intuitions about geometry. Consider the 
problem; "Find the length of a diagonal of a rectangle whose perimeter 
is 20 in. and whose width id 4 in./' (Jurgenson, Donnelly, & Dolciani, 
)972, p. 3?.3). This has the structure of a transformation problem. 
Thpre is an initial situation, consisting of given inforroation, and there 
is a goal of finding a quantity that is not provided but that can be 
inferred from the given quantities. Problem solving operators involve 
rulrs for inferring quantities from other quantities, for example, in- 
ferring the length of a rectangle from its perimeter and width. The 
problem is solved when a sequence of operations leads to an inference 
chat assigns a quantity to the diagonal. Another example is the problem, 
"Pr^n-e: If the diagonals of a parallelogram are congruent, the par- 
allelogram is B rectangle," (Jurgenson, Donnelly, & Dolciani, 1972, 
p. 2A3). This pro'Plom has an initial situation consisting of some 
statements, with ^.he goal of forming a proof of one of the statements. 
This is au arrarigement problem, where the student must construct a 
flequenc^'. of statements that are- related to each other according to the 
ruleG of proof. The structure that 5s to be produced starts with given 
information and consists of u series of inferences that terminates with 
^he statement to be proven. Thus, standard proof proble geometry 
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hava components of both arrangement and trans fonnation problems, since 
the structure that students must arrange is & aeries ot" transformations. 

Standard exercises in algebra also have the defining f<?,atures of 
problem situations. The followlns an exarap.re? "Solve the following 
compound sentei^ces; 5x + y - 15 and 3x + 2y - 9 (Payne, Zaraboni, & 
Lankford, 1969, p. 230). The initi<?.l situation is the pair of equations 
that is given. The goal is a different pair of equations that are to 
be derived, assigning values to x and y * Each step in the solution 
involves a fransf otmation of an equation that is given or that has 
been derived, or a derivation of a new equation from two earlier equa- 
tions. Another e>;atiiple is the problem of simplifying an expression, 
such 6s (Payne, Zamboni^ & Lankfo^-d, 1969, p. 394)s 



x2 8x f 1 6 



Problems of simplifying expressions are also problems of transformation, 
but the goal is not well defined. The given expression is the initial 
situation. Problem solving operators are the rules for factoring, can- 
celling, and so on. The problem is solved when an expression is found 
for which no further problem solving operators can be applied. 

The claim that mathematical exercises require procedures of the 
kind needed for problem solving also holds for standard computational 
problems. Although some readers may be- unconvinced by the fact that 
even a simple computational exercise ^presents an initial . situation and 
a goal that must be reached by a sequence of operations, it. is harder 
to remain skeptical after seeing the results of a serious attempt to 
analyze the procedural knowledge required for a system that performs 
simple column-addition and column-subtraction problems, much less the 
knowledge required for more complex operations such as those involved 
in fractions. Consider subtraction. The problem solver must know how 
to break the problem into subproblems, each with its subgoal of finding 
the correct number to place, in each column of the answer. In each sub- 
problem, a condition wust be tested to determine whether the subtraction 
operation, (top minus bottom number) can be performed. If it cannot 
(because the top number ic smaller) an additional subgoal must be formed 
that is satisfied when the situation is transformed (by borrowing) so 
the subtraction operation can be perforified. An analysis complete 
enough to provide for typical errors has been given by Brown and Burton 
(1977). The knowledge structure they hypothesisted for the tatjk of sub- 
traction is shown in Figure 1. Its^structure is that of a procedural 
network, a formalism developed by Sacerdoti (Note 1) to represent knowl- 
edge for prci^blem solving somewhat more complex than that generally 
representor^ by production systems. Wliile it is unusual to include 
"simple'' computational exerciser in the domc^in of "problem solving," 
it seems to us that this doers a considerable disservice to young stu- 
dents who acquire very complex knowledge structures in order to perform 
these tasks, especially when analysis of their knowledge reveals that 
its structural features are as complex as any that have been developed 
in the theory of problem solving. 
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Figure 1 



A ProcGctural Network for Subtrnction (Brown & Burton, 1977) 
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A preliminary analysis of strategies in solving algebraic equations 
has been given by Bundy (Note 2), and discussed by Brown, Collins, and 
Harris (1977). In Bundy's analysis, ; knowledge for solving equations 
includes a basic method, consisting 6f three strategies, and an auxiliary 
method for removing nasty function symbols. The strategies in the basic 
method are called isolation, aollectlon, and attraction. Isolation in- 
volves operating on rn expression so that the uaknown term is not em- 
bedded in expressions for functions. Collection involves reducing the 
number of occurrences of the unknown variable. Attraction involves 
transformations that bring occurre^ices of the unknown term closer in 
the expression; for example, bringing two occurrences to the same side 
of the equation. Strategies for removing undesired function symbols, 
include inversion, such as s(/uarin,g both sides of an equation to remove 
a radical, and use of definitions/ These strategies correspond to a 
set of subgoals that the problem iolver adept's in order to make progress 
on the problem. Instruction in algebra generally focuses on the opera- 
tions .that are permittea in transforming expressions and equations. 
Bundy's analysis makes it clear that knowledge of algebraic transfor- 
mations is not sufficient for solving equations. The student must also 
have strategies and methods for chjaosing operations that will be help- 
fur in making progress toward a . solution.' These strategies and methods 
are of the same general kind as the strategic knowledge that is cri- 
tical in any problem solving system. 

An analysiTof processes us^cTin solving various geometry problems 
has been developed (Greenp, 1976i 1977, in press). A model, called 
•Perdix, simulates the process of; proving theorems and computing the 
measures of specified angles or Segments given measures of other things 
in a diagram. These are the staindard exercises of geometry. It is 
clear that the processes required to successfully complete these exer- 
cises are the kind that we characterize as problem solving processes. 
They include strategic knowledge for setting subgoals and planning, as 
well as knowledge for recognizing patterns dnd making inferences based 
on general propositions. 

Some results of the analysis of geometry problem solving have pro- 
vided relevant information for a theoretical question that has been of 
interest in the psychology of problem solving. The question involves 
processes involved in solving ill-structured problems, and whether 
principles that apply to solving well-structured problems also apply 
in situations where problems are ill-structured. This question arose 
because much of the theory of problem solving has been developed by 
analyzing problems in which the initial situation, the goal, and the 
permissable problem solving operators are all definitely specified. 
Since many problem situations lack specificity of one or more of these 
components, generality of analyses such as Newell and Simon s Ciy/^; 
has been questioned, for example, by Reitman (1965). 

Two aspects of ill-structured problems appear in ordinary geometry 
exercises. One aspect involves indefinite goals. When triangles are 
proven congruent, the pattern that is found (SSS. SAS, ASA, or whatever) 
is not specified in advan-j, nor are specific p-atte_rns usually considered 
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and used as targets for search (Greeno, 1976). The second aspect in- 
volves incomplete specification of the proble.m space by the initial 
situation of the problem. Problems that require construction of an 
auxiliary line present less than a complete initial problem space, 
and the problem solver must enrich the initially presented material 
in order to find a solution (Greeno, in press). 

The processes needed to solve problems with indefinite goals or 
constructions do go beyond those developed in, the theory of well-struc- •/ 

'tured problem solving. However, they seem quite compatible with the / 
processes of means-end analysis and planning developed in that theory, j 
and should be considered as extensions of the earlHer theory, rather / 
than as fundamental revisions of it. To account for use of indefinite/ 
goals we can postulate that problem solvers represent goals using a / 
pattern recognition system, rather than as a single object or combina/- 
tion of features. A pattern recognition system is able to identify/ 
any of a set of alternative patterns, and thus can be used to deter;ftine 
whether any of several possible ways of achieving a goal has been 
reached (Greeno, 1976). To account for the occurrence of constructions, 
we can postulate planning knowledge of the kind analysed by Sacerdoti 
(Note i), in which the individual knows prerequisites for solving prob- 
lems in certain general ways. For example, one plan for proving that ^ 
angles are congruent is to consider triangles that have those angles 
as parts, and then prove that the triangles are congruent in ^ way 
that makes the angles corresponding parts of the triangles. /The main 
prerequisite condition of this plan is the exist nee of triangles that 

\ contain the angles. If this prerequisite is not present, it can lead 
to a construction that produces the needed triangles by adding an 
auxiliary line to the diagram. 

Word Problem Solving 

Word problems have been the subject of a number of information- 
processing analyses. These problems consist of narrative passages 
describing a situation in which quantities and quantitative relations 
are important. They require the solver to read and understand the 
passage, and select and apply mathematical operators or scientifi-c ■; 
PTTinciples to determine the value of one or more unknown , quantities. 
Word problem contexts range from basic, elementary /level arithmetic to 
situations involving high level algebraic relations or technical do- 
mains such as statics or thfermodynamics' in physics. 

The major difference between solution of ordinary mathematical 
exercises and solution of word problems is that wdrd problems require 
a process of understanding the situation. The understanding process 
has been the subject of considerable investigation in recent studies,, ' 
including Anderson (1976), Norman and Rumelh^'rt (1975), and Schank and 
Abelson (1977). These analyses have considered the process by which 
an understander constructs a representation of the information contained 
in text, including the relationships between concepts that are mentioned 
' in the message. An important factor in understanding is the degree co 
which the understander fills in missing information based on the general 
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knowledge that the understander has. Depending on the c^egree of infer- 
ential processing carried out by the understander, the representation 
that is achieved may be relatively superficial, with loose connections 
among the' tone epts in the text, or relatively coherent and tightly in- 
tegrated, iith a strong relational structure composed of implications 
that are dtawn from the understander 's knowledge. 

The Possibility of understanding situations in ways that differ 
in depth Ld coherence, implies that in' solving word problems there is 
an Luporflnt trade-off between the arnount of processing accomplished 
in the ut-^erstanding of the problem and the amount of processing left 
for the Wroblem solving operations. An individual who represents- the 
problem Situation in a relatively complete way might be expected to 
have inf&rraation in that representation that, is useful in guiding the 
selectidn of problem solving operators. A weaker representation would 
provideja situation in which more search and planning would be required. 

/We will review the major information-processing analyses of word 
prbblem solving, and then attempt to synthesize the findings in terms 
/•of general concepts of processing skills and knowledge organiza'.ion 
' across problem domains. A major conclusion of this review will -be that 
skill in solving word problems depends strongly on the problem solver s 
ability to represent the problem situation in a way that facilitates the 
processes of search and planning for problem solving. 

Algebra word problem solvinfe . Paige and Simon (1966) analyzed 
algebra word problem solution by comparing the behavior of adult solvers 
with the strategy of Bobrow's (1968) STUDENT program. STUDENXwas dh 
artificial intelligence effort intended to demonstrate the capability 
of the computer to interpret natural language input and derive mathe- 
matical equations in algebra word pi^oblem solution. The program solves, 
most problems by a direct translation process— the problem statement Is 
interpreted phrase-by-phrase, using syntactic function tagging, substi- 
tution, and transformation rules to construct a mathematical expression 
representing the problem situation. For example, a statement such as 
"the number of customers Tom gets is twice the square of two tenths 
times the number of advertisements he runs" is transformecl directly 
into an expressid©, e.g.. "xi = 2 * (. 2 * X2)^ This is accomplished 
by assigning a variable, "xi" to the initial noun phrase, "the number 
of customers Tom gets;" interpreting "is" as "twice" as "2 *"; 

"the square of" determines the exponent, 2; etc. While Paige and Simon 
found this direct translation Strategy to correspond with much of their 
human aolverg' behavior, they also discovered evidence for a second 
solution mode. A number of their subjects constructed "auxiliary rep- 
resentations" of problem situations, generally in the form of drawings 
representing the physical problem situations encountered. Those indi- 
viduals who typically relied on semantic, substantive information in 
the solution process were considerably more successful at discovering 
problem incongruities than subjects who relied on direct, syntactic 
problem interpretation. That is, application of direct translation 
to certain "contradictory" problems in Paige and Simon's task set re- 
sulted in impossible solutions ^such as negative values for the s^.ze 
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of physical objects), or in transformation of the problem to a related, 
physically possible, situation. Individuals who realized that these 
problems were not solvable were generally those who included auxiliary 
cues from their knowledge of the world in the internal or external 
problem representations that they constructed. Paige and Simon con- 
cluded that problem solvers differ in their reliance upon syntactic 
versus semantic processing in problem solution, but that most solvers 
included some amount of semantic information in their solutionis. There- 
fore, they suggested that a theory of skilled algebra word problem solu- 
tion would have to incorporate t,he use of semantic knowledge in the 
problem understanding process to adequately account for human problem 
solving behavior. 

Kinsley, Hayes, and Simon (1977) also distinguished between two 
modes of algebra word problem solution. They designated as a "text 
giTiranar" approach one that emphasizes the importance of formal struc- 
ture and postulates distributed decision processes. The direct trans- 
lation process is considered in this category because it involves no 
„ choice at the time of reading and makes little use of semantics. The 
second, "schema," approach emphasizes the importance of semantic knowl- 
edge and major decisions occurring early in the comprehension process. 
STUDENT incorporates this type of process involving choice of schema 
at the time of reading with respect to "age" problems only. If a prob- 
lem is an "age" problem, as determined by th6 presence of particular 
phrases such as "years old" and "as old as," the problem is solved by 
inclusion of special heuristics. Kinsley, Hayes, and Simon postulated 
that, if this second approach were characteristic of human solution of 
algebra problems, then the availability and reliance upon problem 
schemata, or problem category information, would be empirically ver- 
ifiable. In a series of experiments, they did establish that people 
can categorize problems into types, and that people have knowledge about 
each problem type that is used in formulating problems of that type for 
solution. Furthermore, Kinsley, Hayes, and Simon again found evidence 
of two different solution procedures used by subjects in extracting 
appropriate equations from problem texts. One procedure was charac- 
terized by reading of the entire problem before formulating any 
equations or noting any relationships explicitly. These solutions 
included use of problem category information and retrieval of schema 
that aided problem solution, The second procedure was the line-by- 
line, direct translation approach described previously. Some semantic 
knowledge was found to be incorporated in a portion of the solutions 
of this type, however. Kinsley, Kayes, and Simon's results supported 
the interpretation that the line-by-line procedure is a default pro- 
cess that is used if the problem is. not successfully matched to one 
of the solver's available problem type schemata. That is, schemata 
may be important only in the formulation of problems in which the se- 
mantics of the cover story match the problem structure in an expected 
way, and the schema in question is currently available to the solver. 
This ability to perceive ti.e underlying mathematical structures of 
word problems and to relate problems on the basis of thp. oerceotions 
has been investigated by Krutetskii (1976) and Silver (Note 3). Both, 
investigators found that there is a significant relationship between 
problem solving ability and the capacity to perceive accurately the 
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formal structure of word problems, '^n fact, the tendency to sort prob- 
lems according to mathemarical structure was significantly positively 
correlated with numerous general verbal and mathematical ability mea- 
sures. Conversely, students of lower ability were found to attend more 
to contextual and syntactic problem features than to underlying mathe- 
matical structure. 

Technical word problem solving . Studies of solution processes in 
technical, scientific problem domains have focussed both on individual 
differences and the basic nature of processing. 

After analyzing the physics problem solving behavior of one novice 
and one expert subject, Simon and Simon (in press) concluded that the 
expert's solution generally ivolved translation of the problem passages 
into physical representati- ':hen use of those representations to se- 
lect and instantiate the ap^ jpriate equations, They refer to this 
schema construction as "physical intuition" and constrast it with 
solving "simply by plugging in the formulas." Th$ novice's behavior 
was typically "algebraic" in that she appeared to go directly from the 
problem statements to the equations required to solve them, with no 
evidence of any mediating cognitive representation. The novice s be- 
havior was further characterized by explicit use of means-end analysis. 
She typically 'identified the goal and worked backward, setting up equa- 
tions to solve for subgoals until the final solution could be reached. 
Only Oft particularly difficult problems did the expert rely on this 
type of problem solving strategy. 

Larkin (Note 4) analyzed the protocols of physics problem solvers 
working on rather complex problems. She found evidence for an initial 
^'qualitative analysis" performed before any equations were generated. 
Protocol data revealed that in the preliminary phase of problem solu- 
tion, expert subjects constructed representations of the physical 
situation described in the problem. These representations were 
qualitatively elaborated by inclusion of supplementary information 
required for understanding the problem situation that was not included 
explicitly in the written statement. 

Skilled solvers were found to retrieve from memory te'ntative 
"chunks" or "schemata" of associated physics principles for considera- 
tion, and to choose an aspect of the representation to which the chunk 
might be applied. Problem features are elaborated further if necessary 
in relation to the chunk being considered; the solver attempts to de- 
termine whether the tentatively chosen cluster of principles is appli- 
cable to the problem representation. When the match is bad, the chunk 
or problem aspect is discarded and a new combination considered. Upon 
finding a matching chunk and representation, the solver seeks a solu- 
tion procedure. Larkin reported that expert solvers appear to have 
solutic;i procedures associated with schemata, and that these proce- 
dures are prioritized with respect to their utility for solution of 
• problems of different types. Some solvers were observed to evoke 
equations immediately upon recognizing a schema-problem match, ap- 
parently having spontaneously retrieved one highly appropriate solution 
procedure. Other individuals executed preliminary traces of several 
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solution procedures in general terms to select the most applicable and 
promising procedure, Onne a promising procedure was selected, all of 
these solvers evoked and instantiated equations to reach accurate solu- 
tions. Some solvers, however, executed no preliminary traces, reached 
dead-ends, and needed to try other procedures until one finally led to 
solution. These lower skill individuals, that is, skipped directly to 
equation building and manipulation without an intervening step of check- 
ing the usefulness of procedures in an abstract planning space. Alter- 
natively, this behavior can be interpreted' as indicating inefficient 
or no prioritization of solution procedures. 

Thus, skilled problem solving apparently involves construction o^f 
a comprehensive problem representation as well^as evokation of an ap- 
propriate theoretical schema or cluster of relevant physical principles 
for application. Solution procedures are associated with these chunks 
of knowledge, end instantiation of equations is executed with great 
efficiency. Evidence of storage of physical principles in related 
configurations was found only for experts; knowledge appears to be 
less well organized, and solution procedures less often associated 
with available schemata, in lower skill solvers. 

Skilled physics problem solvers have been seen to be characterized 
by their translation of the' verbal problem statement into an integrated, 
internal or external representation of the physical situation. This ^ 
representation is elaborated by inclusion of auxiliary information 
necessary for understanding the problem, but not included in the natural 
language passage. Novak (1976) has demonstrated this translation pro- 
cess in a computer program, called ISAAC, that is able to read, under- 
stand, draw pictures of, and solve a set of physics problems stated in 
English. Problem statements are read, parsed, and interpreted seman- 
tically to construct an initial internal model of the objects and 
relations in the problem. Once the problem has been translated in 
this way, the solution is guided entirely by the internal representa- 
tion, with no further reference to the problem statement. The initial 
model is interpreted in terms of canonical object types. That is, 
based on the system's knowledge of physics, objects in the problem 
are considered wi^h regard to their functions in the problem— i. e. , a 
person may be represented as a member of the canonical class of pivot 
when carrying a plank, or as a "point mass" when standing on one. This 
selection and completion of canonical object frames is considered by 
Novak to be one of the most important aspects of skilled physics 
problem solving ability. Once this interpretation has been accom- 
plished, ISAAC constructs a geometric model of the problem, considering 
the location and orientation of objects in relation to one another. 
Although ISAAC proceeds to generate and solve equations at this point, 
it should be noted that human problem solvers would probably be observed 
to draw external representations of the internal model thus derived. 
ISAAC has the capacity to draw diagrams based on the model, and does 
so later in its execution. The major point though, is that problem 
solution is critically dependent upon cons, action of an integrated, 
elaborated representation of the original problem statement. Since 
the way in which the problem is understood or represented so seriously 
Impacts subsequent solution, it may be suggested that skilled solver^. 
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probably represent problems in ways that facilitate their solution— 
that is, the problem space generated itself suggests promising subse- 
quent actions. In particular, how and what information is extracted 
from the problem statement, how it is organized and elaborated with 
auxiliary information, and how irrelevant information is identified 
.and excluded, all would affect solution processing. In this sense, 
it may be that skilled problem solvers incorporate planning processes 
in the initial construction of the problem representation. The rela- 
tionship between planning. and problem representation is as yet unclear, 
however, and constitutes an interesting issue for investigation. 

The initial qualitative analysis phase described by Larkin clearly 
does include a type of planning required for efficient technical problem 
solving. Execution of preliminary traces to identify the most promising 
solution procedure apparently is performed only by fairly sophisticated 
problem solver,". Less skilled individuals seem to plunge into the de- 
tails of equation manipulation without fi re t eliminating possibly un- 
productive solution paths. Sacerdoti's (Note 1) computer program, NOAH, 
embodies a set of mechanisms that accomplish this sort of planning. 
NOAH is a hierarchical planning system that develops and expands plans 
to i-ncreasingly detailed levels of specificity. Crucial to the emer- 
gence of an effective final plan is the functioning of "constructive 
critics" that examine the most developed plan currently under consid- 
eration. Each potential action in a plan has associated with it the 
preconditions, purposes, and consequences of that action. In the 
plan development process, the interaction of the planned actions is 
examined (criticized) in terms of their associated implications, and 
conflicts, redundancies, or inconsistencies are eliminated by reorder- 
ing, addition of constraints, or elimination of redundant operations. 
Thus, a self-regulating, critical mechanism governs the construction 
of purposeful plans. In terms of techn ^al problem solving, it may 
be said that the skilled problem solveri -onsider the requisite con-, 
ditions along with the outcome or conseq.. ices of applying particular- 
solution procedures in terms of the purpose or goal pursued (i.e., 
unknown variables for which quantities are sought). Art. on-going ' 
process of criticism^«-iHfobab4y--f-unctioning to insu.re j:hat the 
procedure(s) selected interact in a way that allows the problem goal 
to be reached. The developitient of this critical capacity is a crucial 
area for further investigation in understanding the nature of skilled 
problem solving. 

Arithmetic word problem solving . Perhaps because of the diffi- 
culties involved in obtaining data from young children that allows 
for process analysis, little work has been conducted so far in this 
area. We have begun a project to study and model the process of 
solving arithmetic story problems, and can report some preliminary 
findings here. In this work we are collaborating with Mary Riley. 

As described earlier in this chapter, a model of solving word 
problems was developed by Bobrow (1968); we have designed a computer 
simulation that models quite a different strategy of skilled word 
problem solution (Heller & Greeno, Note 5). Bobrow's system relied 
almost exclusively on syntactic information to translate problem 



195 



Heller } Greeno 

. . I* 

texts into simultaneous algebraic equations for solution. Our system 
' models semantic processing as tfie main component of problem understand- 
ing. The system abstracts the underlying quantitative structure, or 
schema, from problem passages, using a specialized method of read^.ng 
comprehension. That is, the system constructs a semantic network 
representing the information in the problem in a way that explicitly 
facilitates ptoblem solution. Arithmetic operations are selected on 
the basis of the structural representations constructed; there is no 
intervening process of building equations before the operation is 
selected. 

The set of schemata that represent alternative structures of quan- 
titative information were derived from analysis of addition and subtrac- 
tion word problems found on standardized tests and in elementary school 
curricula. We have identified three distinct schema that appear to be 
necessary and sufficient for representing the structures of all one- 
step addition and subtraction problems we examined. These schemata 
can be referred to as Cause/Change, Combination, and Comparison. 

Cause/Change problems are those containing situations in, which 
some event changes the value of a quantity. For example, statements 
like "Jan had three l-'mb chops; Joe gave her four more," demonstrate 
a change in the quantity of objects possessed by one person as a result 
of an action. The abstract schema for this type of situation contains 
three main components: an initial quantitative state, an action in- 
volving a change value, either in the direction of increase or decrease, 
and a resulting quantitative state. The direction of the change, as 
well as the quantity that is unknown (initial, chanse, or result), 
govern the mathematical operation needed. 

Combination situations are those in which there are two separate 
amounts that comprise a third, combined value. For example, in the 
problem. "Ray saw six birds. Jill saw four birds. How many birds did 
they see all together?" the two separate quantities must be combined to 
determine the value of the unknots total quantity. In Combine problems, 
the choice of an operation depends on whether the unknown value is one 
of the separate amounts or the combined amount. 

The third schema involves two amounts that are compared and the 
difference between them. Examples? of Comparison problems include. 
"Sue rode eight miles. Sam rode four miles. How many more miles did 
Sam ride than Sue?" or, "Rose ate nine cookies. Jim ate three fewer 
cookies than Rose. How many cookies did Jim eat?" The operation to 
be performed depends on the direction of the difference (more or fewer), 
and the quantity th£«- is unknown (the difference or one of the separate 
quantities). 

In our problem solving model, the problem text is translated first 
into a parsed form, in Anderi:on*s ACT formalism (Anderson. 1976). As 
each problem proposition is read, it is incorporated into a gradually 
constructed abstract structure of one of the three types described 
above. This is accomollshed by a translation process somewhat akin 
to Novak's (1976) ci .leal object frame construction, That ls» 
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objects and actions are considered in tenns of their functions in the 
problem situation. Thus, the entire problem content is considered, but 
a very abstract representation of only the quantitative relatione is 
constructed based on categorical information stored about verbs, types 
of phrases, parts of .speech, etc., in the system. ..Details of particular 
names, verbs, and locations, for instance, are dropped as Irrelevant to 
the schem^. The crucial quantitative relations are inferred from the 
semantics of. the problem while inferences that would be made in other 
contexts, such as ordinary story comprehension (e.g., Schank & Abelson, 
1977) do not occur. 

When a semantic representation has been constructed, the system 
infers the appropriate arithmetic solution procedure. It does this 
by referring to stored information, about which operations are associated 
with which schemata, considering the direction of change or difference 
and the location of unknown quantities in . the represer tation. At this , 
point> our understanding of the details of this procestj are largely 
speculative and undergoing revision as empirical evidence is collected. 
We will therefore reserve a description of the process for later reports. 

The most notable aspects of our theory derive more from its global 
solution method than the details of its operation. We are postulating 
that word problems can be solved without generating equations, and that 
construction of internal representations. of ' the underlying quantitative 
relations to guide the solution are foremost in effective problem solving. 
These notions are supported by data showing that childfeh can solve word 
problems before they begin to learn arithmetic and have any knowledge of 
equations (Buckingham & MaClatchy, 1930)-. Our own research (4llley & - 
Greeno, Note 6) confirms this finding, with the addition of evidence that 
the semantic schemata involved in problems are rather strong determiners 
of problem difficulty for these children. In one experiment, second-, 
grade children were found to have little difficulty with any problems 
with the Cause/Change structure or Combination problems with the com- 
bined amount unknown. Students were not as successful with Combination 
problems with one of the separate amounts unknown, and all of the prob- 
lems having 'Comparison structures were relatively diff:- :ult for these 
young children. These results strongly support the notion tl^at con- 
struction of accurate problem representations is of great importance 
in attainment of correct solutions. This process relates strongly to 
recent developments in the theory of natural language understanding 
(Schank, 1972; Winograd, 1972). "Understanding" is considered by these 
theorists as a constructive process: a situation is said to be under- 
stood when a complete and coherent structure representing the objects, 
concepts, and relations therein is constructed. Greeno (197-7) has 
proposed that integration of these ideas with theories of procedural 
knowledge allow for more complete conceptualization of problem solving 
with understanding. In fact, much of the most recent work in problem 
solving described in this chapter has attempted to use this approach, 
and a general theory of skilled problem solving performance is thereby 
emerging. More specific distinguishing features of problem solving at 
different levels of expertise have also been discussed. In the follow- 
ing section we will attempt to synthesize these findings into a coherent 
picture of word problem solving processing. 
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Word problems can be grossly i udracfetiaed as well-structured prob- 
lems of transfonaation-, definite Initial and goal states are both given, 
and there exists a set of possible operators for movlpg toward solution. 
However, mediating representational aytd initial elaberati>n processes 
are required to transform word problem texts into problem spaces suit- 
able for solMtion-with understanding. A procedure for apprehending 
relations among components allows' construction of Integrated, problem 
representations in the form 6f relational structures. Problem solving 
then requites search for the propier set and sequence of operators 
(arithmetic operations, algebraic manipulations, scientific principles 
atid/or equations) leading to the final goal state. Equations are ' 
evoked or constructed and instantiated on the basis of these analytical 
processes. 

It is becoming clear that the nature of problem so Iving-^ processing 
differs as a functio,p of both the expertise of the solver and the dif- 
ficulty of the problem. That is, the nature of problem solving processes 
required cannot be determined <n isolation hom the particular problem 
solver engaged iu working toward its solutiatiil^the problem solving stra- 
tegies of an individual appear to vasry depending on the complexity of 
the task, and different individuals working on Identical problems differ 
in their behaviors. This view of problem solv \g can be extended tO' the 
domain of simple arithmetic; we have proposed nat even basic arithmetic 
operations require complex problem solving processes, especially for be- 
ginning students. Although this is not a new concept*. the specif icf( rmj 
of problem solving, given^dif f event combJnaU^^ solver skill and pKOb- 
difficulty, ate just beginning to be specified at a detaied level of 
• • lysis. With respect to word prob-lem solution, the literature descriu-ed 
.this chapter begins to suggest a general picture of these variations 
' in problem solving behavior. 

Problem solving skill may be viewed in terms of the solver's 
increasing capacity or competenct. for handling problems.- Although 
numerous studies have undertaken to distinguish between "expert" and 
"novice" performance in^various problem solving domains (e.g., deGroot, 
1966 and Chase & Simon, 'l973>, in chess^^imon & Simon, in press, and 
Larkin, Note A, in physics word problem solution) , the findings of such 
analyses are best used for specifying a developmental continuum, i.e., 
a model of stages or levels in problem solving ability rather than only 
dichotomous distinctions between high and low skilled performance. The 
major dimensions along which these differential abilities vary in word 
problem solution are: the "understanding" processes, i.e., construction 
of problem represenations; the organization of relevant knowledge, in- 
cluding problem category information or presence of chunks of scientific 
principles; the nature of initial analysis and planning processes; and 
the overall type of solution strategy used. A chart summarizing the 
solution features at different levels of competence is pro^rided in 
Table 1.. Where evidence exists in the lit^.rature regarding the solu- 
tions described, a citation is provided in the rightmost column. The 
remaining descriptions are provided as intuitive propositions that 
remain to be tested empirically. . 
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Fofmalty purtue toverol un* 
prtiductive Solution pathi be* 
lofo problon) lolved: oltornote 
botvuiirn C(tuaiion building and 
prolitum^«nalyiii. 

Implamcnt wvnral plant lor 
lOlulionbolore problem lolved; 
lrc(tui>nt iteration boiwcan 
nnatytit and c<|Matioii wOrhlng; 
inelDciflni iblution, 



Larkin« 1077 



Nonipchnlcal 



T«clmlcal 



Conitruci diagram vuhanute* 
lu); dovfilop iniegreicd in* 
lernal ropraiantation through 
qualilaiive analyiii; faly only 
on m«diaUnO (cpteteniation. 



Strong prohlcm category In' 
lorniatlott available wiih at* 
fuclaied toluiion proccduroi. 



Prindpini in vi/etl organiiod 
prioritized ichemata with ai< 
loclatcd solution proccduiei. 



Rccogniie undtiriylnoprobltfm 
itfuctura; icaicli Ini loluMon 
procedure attoctaied with cat* 
•qnry. ^ 

Qualtiaiiva . elabofsilon of 
problem leaiurei in rolatton 
to avadabltf ichemato; search 
lof matching ichemata; pti- 
liminary trncui to (leiermlnd 
rnoit promiiing lofuliOn pro* 
ccdure. 



ConMruci aquationi luygoited 
by procoduro astocialod with 
problem type. 



Implement plan lor loluiion 
piing telDCivd icbema; gerier* 
ate equation^: rarely need to 
rewori( by alternative proce* 
duro. 



Urkln, 1977 



Nontechnical 



Technical 



Diagram olton not needed: 
cely ti\ itrong. itKintntieou) 
mediating tepreiontatton. 



Strong pioblorn category Inlor* 
matlon dvatlulile with atiocia* 
ted lolulion procedurei. 



Princtptut in vi/eU cgartiied 
prioritiied tchemata vvlth at* 
lOclatcd loluiion procedural. 



P/oblem ttruciuie inmtediately 
apparent: lolution procedure 
avoi(ed ipontaneouily. 

One appropriate ichonia Im' 
mediately apparent on boiii 
of qualitative problem lea* 
turet. 



ofminerliattily generate and 
lotve (KfUtitioni* lolving for 
lubgoAli il neceitary without 
tieiiiaiion. 

Inimediotely apply prindplet 
to generate v\d combine 
aquaiiOnt. 



Paige it Simon« 1900 

Hlnwly.HAy«.ft 

8itnon^1977 

Riley ft Oreeno. 1076 

Ohatkar 6i Simon, 
1077 

Simon ft Simon, 
in praii. 
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Solution characteristics are indicated separa::ely for non-technical 
(arithmetic, algebra) and technical (scientific) word problems. ^This 
is to some degree an artificial distinction, since these problems tend 
to overlap depending on the extent of auxiliary information or principles 
required for solution. However, the distinctions are useful for examin- 
ing behavior on clearly different classes of problems. 

The continue along which solution features vary are abst^racted in 
Fiflture 2 For the purposes of this general discussion, some of the de- 
tails in -Table 1 will be dropped and the more global variations em- 
phasized. ' . 

The first feature, problem representation, has been discussed pre- 
viously in terms of the notion of "understanding." Increasing levels 
of competence are characterized by greater reliance upon an integrated, 
qualitatively elaborated mediating representation of the problem struc- 
ture. Syntactic processing in low level solutions, with heavy reliance 
upon the verbal problem formulation, contrasts with the semantic pro- 
cessing typical of individuals capable of problem solution with under- 
standing. Thfc integration and elaboration of structural problem 
representations with auxiliary and semantic knowledge is present in 
greater degrees at increasing levels of competence. Use of external 
or diagrammatic problem representations often characterizes higher 
skill solvers, but the critical factor is the. reliance upon an in- 
ternal understandi^ng of the problem's underlying structure. 

The organization of relevant knowledge or availability of schemata 
also becomes more salient with'increasing competence. The strength of 
association between schemata and solution procedures increases as well, 
with prioritization of procedures more evident ia higher ability prob- 
lem solvers. That is, not only does the higher skill individual have 
available a broader range of. schemata, but solution procedures are 
associated with the schemata and the procedures are ordered according 
to their .usefulness with respect to different problem types and situa- 
tions. 

Initial problem analysis is a feature strongly related to problem 
representation, in that effective construction of representations re- 
flects skill in and attention tc preliminary elaboration of problems. 
In contrast to the low skilled individuals' rapid plunge into equation 
or number manipulation, highe^r skill individuals tend to consider a 
problem in an abstract problem space, planning a solution before working 
with the details. A sort of means-end analysis is sometimes performed, 
and liotential solution procedures are examined before one is chosen as 
most promising for reaching the problem goal. This search for a solu- 
tion procedure is highly organized with greater competence, as opposed 
to the low ability solvers' nearly random search for a combination of 
operators or principles that might yield the desired value. Lower 
ability solvers are not guided by an understanding of the problem and 
therefore cannot develop coherent solution plans with clear goal struc- 
tures. 
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HKIIJ. 



PKOBLEH 
KHI^RKSENTAT.ION 



Rvly on verba] problem 
t;t4ili.'iHent ; syntactic 
procesjjing 



Rely entirely on Intc- 
giatiul mcdlatinjj re|>ro- 
tiiMitntiuii; Bema|itic 
proceuiilug wJili qtiuli- 
tat ivc ' aburatlon] 
priJbJcm **un<Jerytood" 



knowleih:e 

STROCim 



No evidence of relevant 
schemata; solution infor- 
mation no: u;isooiatod with 
problem category know- 
ledge 



INITIAL 
ANALYSIS 



Read problem only 



Strong available scbeiuala; 
solution proceiluritM sso- 
ciated witli scbemat «:id 
prioritliud for application 



i 



Use information associated 
with schemata to identify 
^^olutign procedures^ most 
^promising procedure either 
iimuediately apparent or de- 
termined by preliminary 
traces 

Figure 2 Contimia of word problem solution variation. 



SOLUTION 
STRATEGY 



f 



Piecemeal, direct trans- o 
lation; "plug in values";© 
search for soluciou com- g 
blned with equation 
manipulation. 



Highly organised evokation 
of equations based on 
preliminary analysis and 
strong structural repre- 
sentation 
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It is interesting to note that the initial analysis phase is com- 
pleted so rapidly in the highest level of competence that it was not 
explicitly noted' in the literature., Although tnere was no overt evi- 
dence for this process in protocols of either very high skilled or low 
skilled solvers,- we suggest that the surrounding behaviors iiaply con- 
siderably different explanations for the absences. In the case of 
lower skill solvers, the piecemeal, disorganized solutions suggest 
that no planning processes were executed. In the rapidly executed, 
high' skilled solutions, however, the immediate generation of consis- 
tently correct and efficient solutions supports the notion that only 
one procedure was seen as applicable. In eiffect, the problem was so 
routine and simple that more than one procedure did not have to be 
considered— the solution was directly and singularly associated with 
the problem representation constructed. It cannot be concludad that 
the solution was obvious to the lower skilled individuals. 

The overall solution strategy used varies in the degree to which 
planning and integrated structural representations determine equation 
construction. Lower skill solutions typically embody search jvrocesses 
in^combination wtth equation manipulation; the solver is seeking a 
solution procedure at the level of instantiating equations; there is 
no reliance upon a clear understanding of the problem'. In higher ^kill. 
solutions, the search process is completed separately and before equa- 
tions are constructed. Solution procedures are considered in relation , 
to the problem representation, and no specific quantitative manipula- 
tion is attempted until a procedure is selected as promising. There- 
fore, unproductive solution paths would be pursued more often at lower 
levels of expertise, and solutions are generally less efficient than 
those carefully planned at higher ability levels. ,With respect to 
non-technical problems, direct translation vising syntactic processing 
actually lead3 to incorrect solution of any problems requiring aux- 
iliary information for accurate comprehension. In general, solvers 
relying upon the lower levels of solution strategies are limited both 
in the accuracy and efficiency of their problem solving repertoire. 

The progression in problem solving ability sketched in these pro- 
files needs both further empirical exploration and examination for J 
educational implications. Once a developmental schema is firmly £^ 
delineated, methods for facilitating transition to higher levels of J 
competence may be developed and tested. One preliminary recommendatidn 
based on'our current understanding of the^^-^tages would be to dis- 
courage any additional emphasis in the schools on direct translation 
processes. Because the highest competence levels rely strongly on a 
Gestalt-like understanding of the entire problem situation, and appre- 
hending relations among problem components is hampered by piecemeal 
translation, procedures for constructing integrated problem represen- 
tations need to be encouraged. Secondly, educators might best be 
sensitive to the solvers* need for well organized knowledge bases, 
containing concepts related by numerous explicit relations. Schemata 
comprised of related principles or problem category information appear 
to facilitate sophisticated problem solving efforts. Finally, it would 
appear that some means for imparting general procedural knowledge, 
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including strategic approaches and problem solving heuristics, are 
called for. The highest skilled sq;|.vers are most facile at analyzing 
problem situations, qualitatively elaborating problems with auxiliary 
information, planning solutions in absti^act problem spaces, and com- 
paring features of problems with available schemata. These processes 
are typically not taught explicitly in educational settings; whether 
they should be, and if so, how they could be taught, are questions 
for empirical investigation. 
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Research on Children's Thinking and the Design 
of Mathematics Instruction ' . 

Thomas P. Carpenter 

University of Wisconsin-Madison 

The central, assumptlcr. of this paper is that in order to systemati- 
cally deal with fundamental problems of instruction in mathematics a clear 
understanding is heeded of how children learn mathematics and what pro- 
cesses they use to solve mathematics problems. The argument that basic . 
research on children's learning has an important contribution to make to 
the desi»»n of instruction has not always been universally accepted. As 
recently^as the mid-sixties Gage (1964) could cite learning theorists of .> 
the stature of Estes and Hilgard to buttress his contention that learning 
theories have limited usefulness for education, and Suppes (1967) was 
forced tp concede; 

Without question, we do not yet understand in any reasonable 
degree of scientific detail what goes on when a student learns 
a piece of mathematics, whether the mathematics in question be 
first-grade arithmetic, undergraduate calculus, or graduate 
school algebraic topology, (p. 1) 



These pessimistic assessments reflect the fact that since the days 
of Thorndike most psychologists studying learning had turned their atten- 
tion to simple learning situations that Could be rigorously co^itrolled. 
Tasks in most learning studies were selected for theit experimental manip- 
ulabllity and ease of < administration, which essentially excluded the tyt^es 
o>f complex learning situations inherent in most school curriculum. It 
isa small wonder that learning psychologists were conspicuously absent 
from the curriculum reforms of the late 1950' s and early 1960 s and scant 
attention waff paid to their theories of learning. , 

' In recent years, however, there has been a significant shift in empha- 
sis in both the field of psychology and in the mathematics education 
community. Cognitive psyphologists are increasingly turning their atten- 
tion to the study of the comple.x tasks that comprise the school curric- 

"ulum, and mathematics educators are also focusing to a much greater 
degree on how children learn mathematics and the processes they use to 

"SOlve-mathematics-prob-temsT— There -arc -currently -at -least -f oitr- distinct 
lines of investigation detling with children's acquisition of mathematical 
concepts, skills, and processes—Piagetian and neo-Piagetian research, 
research in information processing, the diagnostic-prescriptive .movement, 
and large scale assessment projects like the National Assessment of 
Educational Progress. 
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There are fundamental differences between each of these four approaches 
in their basic assumptions about learners dM education, in their research 
paradigms, in the type of knowledge about learning that they generate, and 
In their potential contributions to the mathematics curriculum. After 
briefly characterizing each of these approaches, this paper will discuss 
how this basic research on children's learning might be applied to the de- 
sign of instruction in mathematics. 



Piagettan Research 

By far the most extensive body of research on children's acquisition 
of mathematical concepts is based on the works of Piaget (see Carpenter, 
in press, for a more detailed discussion of Pii^getian research and other 
cognitive developmental research). In the area of number, for example, 
Piaget 's influence has been so great that it hals led Flavell (1970) to 
observe, "Virtually everything of interest that\we know about the early 
growth of number concepts grows out of Piaget 's pioneer work in the area (p. 1001) 
Another measure of Piaget 's impact is the sheer quantity of research based 
on his work. In the last three annual listings of research relative to 
mathematics education ^almost a fifth of the reported research could be 
identified as ^iagetian (Suydam & Weaver, 1976, 1977, 1978). 

The great bulk of this research has been coiidu<\ted by developmental ,.j 
psychologists, who are primarily concerned with t.he development of basic 
cognitive structures. Although these cognitive structures are often 
reflected in children's concepts of number, measurement, space, etc., 
it^ is not the purpose "of raost^ of this research to systematically describe 
children's acquisition of mathematical concepts. Most Piagetian research 
has attempted to account for or refute Piaget 's initial findings. 
There has been relatively little effort aimed at expanding the range of 
mathematical concepts investigated or in identifying how the ^presence or 
absence of basic Piagetian constructs affect the learning of related raathe- 
•matical concepts. 

Most Piagetian research falls into one of three broad lines of in- 
vestigation. Many of the early studies simply attempted to validate 
Piaget 's observations with a variety of different n^^^ei^ials and procedur 
Other studies haye attempted to identify i^ explain the . sequence of devel- 
opment of relafcd concepts, while a third broad class of studies has 
attempted to induce various Piagetian concepts via training. In general, 
Piaget *s basic observations have been supported, and the behaviors that 
he describes are clearly more than experimental artifacts. However, most 
' of the research indicates that there is a great deal less order in the 
development of related concepts than Piaget proposes. Finally, although 
many of the individual training studies have successfully induced various 
Piagetian concepts, they have failed to Identify the specific mechanisms 
that do in fact lead to the development of the concepts. 
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Piagetian research has successfully cltaractcrized children's per- 
formance on a variety of interesting problems involving fundamental mathe- 
matical relations. So far, however, this research has not established the 
link between the basic constructs identified by Piaget and the leamiag 
of the mathematical concepts and skills that comprise the core of the 
school mathematics curriculum* We know, for example, that at certain 
stages children fail to conserve or use transitive inference. However, 
we know very little about how the development of conservation and tr^si- 
tlvity affects children's learning of basic number concepts and operations. 



' Most attempts to apply Piagetian research to educational problems \ 
have relied on inference. The analysis is essentially based on logical 
considerations. Since cardinal number is based on matching sets and the 
matching relation assumes conservation, conservation is a prerequisite for any 
meaningful concept of number. For Piaget it is a tautology that conser- 
vation is necessary for a meaningful concept of number. However, if one 
is concerned with children's ability to learn various number concepts and 
skills, the significance of conservation is not so clear and needs to be 
established empirically. The difficulty vith a logical analysis of mathe- 
matical concepts is that children's logic is not the same as adult logic. 
If children are not asked specific conservation questions, they do not 
occur to them; and they ignore the fact that their judgments depend on 
certain prerequisite knowledge that ftxey lack. There is ample evidence 
that children who are preoperational in Piagetian terms can successfully 
apply a variety of number, measurement, and geometric concepts and skills 
CCarpenter, in press). 

For the most part developmental psychologists have focused on a very 
limited set o2 variables in characterizing the development of certain 
mathematical concepts, and they have not been interested Ixi systematically 
describing how basic mathematical concepts develop through the course of 
Instruction. Unfortunately much of the Piagetian research conducted by 
mathematics educators has been virtually indistinguishable from research 
based on purely psychological considerations. Many 6i the studies have 
simply examined relationships between Piagetian variables without estab- 
lishing the significance of any of the concepts under consideration for 
the mathematics curriculum. Others have attempted to demonstrate that 
training on certain Piagetian concepts is possible without ever considering 
whcther_such .training .testilts_Jii signifi^ s^vings^ ^^"5^®^^^^ L*"^® _ 
learning of related mathematics concepts that areTfifrr~6f tlve school 
curriculum. 

One approach to establish a talationship between basic Piagetian 
constructs and children's learning of mathematics has been to correlate 

•performance on a test of Piagetian tasks with some measure of mathematics 
achievement (cf. Cathcart, 1971; Dimltrovsky & Almy, 1975; Kaufman & 

'Kaufman, 1972; Steffe, 1970). These studies have found high positive 
correlations, even when IQ is held constant (Steffe, 1970). Furthermore^ 
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performance on Piagetian batteries administered In kindergarten aPPears 
?o beTexceXlent%redictor of mathematics achieyernent as much as two 
years later (Beariscn, 1975; Dimitrovsky & Almy, 1975). These studies 
fail, however, to identify specific cause and ^^^^^'/^J^^^^^^^^P^l.^ 
High positive correlations between performance on Plagetian tasks 
and arithmetic achievement do not imply that mastery J^f 
is a prerequisite for learning arithmetic concepts. In 
elusion is completely inappropriate (cf . Carpenter, in press; Ginsburg. 

1975, 1977a). 

In order for variables like conservation to be useful in making de- 
cisions Involving the teaching of mathematics, a much more explicit rela- 
tionship between conservation ability and performance on specific mathe- 
matics tasks is needed. One of the reasons that Conservation is. a useful 
developmental construct is that by identifying a child's ability to con- 
serve, it Is possible to characterize the child's performance on a wide 
range of related tasks. A major question for mathematics educators is 
whether conservation or some other operation can serve a similar function 
In describing children's ability to learn basic mathematical concepts. 
Tl ere is ample evidence that conservation is highly correlated with arith- 
metic achievement. There Is also ample evidence that nonconservers can learn 
mariy arithmetic concepts and skills. The basic research question Is whether 
the ability to conserve is a prerequisite for learning certain basic con- 
cepts or skills or whether the high correlation between conservation and 
achievement is simply the result of a high correlation between conservation 
and general intelligence. 

A study which illustrates this type of research Is the teaching experi-, 
inent recently reported by Steffe, Spikes, and Hirsteln (Note 1), which 
identified specific differences between conservers and nonconservers In^ 
their ability to transfer various counting strategies to unfamiliar prob- 
lems. At the Wisconsin Research and Development Center we are also at^ 

tempting to identify whether certain Plagetian operations are a pre- 
requisite for learning specific number concepts or skills. As part of our 
study we are attempting to characterize the processes used by operationar 
and preoperational children to solve various addition and subtraction 
problems in order to uncover the relationships between- certain Plagetian 
constructs and arithmetic concepts or skills. It is hypothesized that 
children's ability to conserve or apply transitive inference or class 
Inclusion relations should be reflec,ted In problems or solutloii strategies 

'"tWt"'lake~'explTcTt- de^^^^ on -thase 'cons tructsv- -Sal«t-lons-4nvolvi«g 

simple counting stategies may not reflect these differences to as great 
a degree. 

Another line of neo-Piagetlan research, exemplified by the work of 
Gelman (1972a, 1972b, 1977) and Ginsburg (1977a, 1977b) has de-emphaslzed 
the Importance of basic underlying concepts like conservation. They propose 
that the development of mathematical concepts can be more productively 
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described in terms of the increasingly efficient application of specific 
skills, like counting. This approach, which builds more on Piaget's 
clinical research techniques and general orientations to children's cog- 
nitive development than on explicit Piagetian theory, also holds real po- 
tential for studying concepts that are a central part of the mathematics 
curriculum. Thus, while early Piagetian research in mathematics education 
lacked direction in aiitempting to address problems of education, there 
is evidence of the emergence of a more focused attempt to^ investigate how 
the theozies and techniques of Piaget might be applied to the study of 
education. 



Information Processing 

There is a wide range of information processing theories i Although 
they are all based upon an analogy with the computer, some carry this 
analogy further than others. At the most task specific level, the goal 
is to actually construct a running computer prograta that models some seg- 
ment of behavior. At the other end of the continuum, the computer serves 
as little more than a metaphor. 

The prominent features of the general architecture of most information 
processsing systems include a short-term memory, which is extremely limited 
in capacity, and a long-term memory^ which is potentially unlimited in 
capacity. The information processing system also has access to the ex- 
ternal environment and some sort of mechanism for controlling attention 
that determines which sensory information is selected for processing. The 
■ long-term memory contains conditions or rules for processing information. 
All processing occurs serially in- the short-term memory, and information 
from the external environment or long-term memory must enter the short- 
term memory before it can be acted upon. 

There are two fundamental contributions that information processsing 
theory might make to our ^mderstanding of hov/ children learn mathematics. 
One is to identify general limits of children's abilji.ty to process infor- 
mation. Since all information must pass through and be operated upon in 
the short-term memory, the capacity of children's short- term memory appears 
to be a potentially limiting factor. Pascual-Leone (1970, 1976) hypothe- 
sizes that the basic Intellectual limitation of children is th» number of 
bits of infortrtation they Cart' handle simultaneously. The maximum number 
of discrete chunks of information that a child can Integrate is assumed 
to grow linearly in an all- or-none manner as a ft^nction of- age. From the 
early preoperational stage (3-A years) a ch*.ld's Information processing 
Capacity, or M-^power, grows at the rate of one chunk every ty/o years until 
the S^ate formal operational stage (about 15-16 years). There are two prob- 
lems involved in such an analysis. First, most children seldom operate 
at full (Capacity. Second, by chunking different bits of information 
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together I children may essentially Increase their processing capacity. 
As a conisequenqe, the factors that affect children's ability to chimk 
information may be more critical than thft capacity of tll^ieir short-term 
memory. But whether it may ultimo tely be characterized in t^rms of pro-* 
cessor capacity or chunking strategies 9 children's ability to integrate 
and simultaneously deal with different.^ bits of information seems to be 
an important area for further study. 

The other potentially productive information processing variables are 
children's ability to control attention and memory (Flavell, 1977; Hagen, 
Jongeward & Kail, 1975; Peck, Frankel, & Hess, 1975) • Many of children's 
errors in traditional concept developmen tasks result from their attend-* 
ing to inappropriate dimensions of the problem. Individuals are faced with 
an overwhelming quantity of information from the environment which must 
be routed through the central processor in order to be acted upon. This 
potentially creates a tremendous bottleneck, and the mechanisms of atten-* 
tion which determine which information will be selected for processing are 
exceedingly important In characterizing information processing capacity. 
To plan instruction, it is essenti: to know the characteristics of the 
stimuli children can' and naturally do attend to and how capable they are 
of shifting their attention from one dimension to another. 

^^mory is also an important, information processing variable. As 
chiluren mature they use increasingly efficient coding, storage, and re- 
trieval strategies and are increasingly aware of the demands that specific 
tasks place on memory atld their own ability to deal with them. Mathematical 
problems p^ace significant demands on efficient use of memory, and Ineffi-* 
cient use of memory may tend, to clog the central processor. Whose full 
capacity may be needed to solve the given problem. For example, it is 
quite difficult for mo^t adults j:o multiply in base 8, even if they are 
given preliminary instruction In different number bases and are provided 
with a multiplication table. To some degree this simulates a very in- 
efficient memory strategy. r 

The second pot'ential contribution of information processing research 
is to explicitly characterize the processes that children use to solve 
various problems at different stagey in the learning of a given concept. 
There is a fundamental difference between an information processing anal- . 
ysis of children's problem solving behavior and the approach that emanates 
out of Piaget's work. Instead of analyzing behavior in terms of the 
logical and algebraic properties of the problem, tasks are analyzed in 
terms of their information processing requirements. This distinction 
can be illustrated by an example from a study of children's measurement 
concepts (Carpenter, 1975). Since measurement of capacity Involves 
transformations of the quantity being measured ^^^^^ logical to 
conclude that conservation would be prerequisite for learning most basic 
measurement concepts; but this is not the case. Nonconservers can deal 
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successfully with a variety of measurement problems. However, when equal 
quantities are measured with different units, a conflict situation is 
created that corres^>onds to the conflict created in the traditional con- 
servation problem. Performance on this task closely parallels. performance 
on the corresponding conservation problem because the two tasks have simi- 
lar Information pioccsing requirements. 

In general, information processing analysis attempts to describe 
learning in terms of specific concepts or skills which are placed Into a 
system of hierarchically ordered subskills. Performance on individual 
problems is broken down into a series of discrete steps that can be serially 
ordered and often quantified. A number of techniques have been employed 
to identify children's problem solving processes. These Include the anal- 
ysis of problem solving protocols as well as the analysis of errors and 
response latencies. In simple information processing models, like the 
counting models 'for addition and subtraction Ccf. Groen & Resnick, 1977; 
Suppes & Momingstar, 1972; Woods, Resnlck, & Groen, 1975), processes are 
broken down into a number of identical steps, and the response latency 
for a given task Is assumed to be a latency function of the number of 
steps needed to complete the task. Different models can be evaluated 
by regression equations generated from each model. More complex, problem 
solving processes are frequently represented as production systems which 
can be translated into computer programs. If a running computer program . 
can be constructed that effectively models human behavior, it provide.^ an 
existence proof that the analysis underlying the program is at leasf. a 
viable description of the processes used by human subjects. 

An essential feature of either analysis Is that , behavior can be 
broken down into a set of discrete skills that are linearly ordered in 
the performance of any tasks. Such an ana lysis , Is based on an entirely 
different model and s^^t of attendent assumptions than is Piagetian theory. 
Information processing theory is essentially mechanistic although it takes 
a very complex machine, the computer, as Its analog. Piagetian theoty, 
on the other hand, Is mote analogous to a biological organism. This 
organismic theory views the cojgnition In terms of Integrated structural 
systems rather than as a scries of discrete skills. According to this 
perspective the whole is greater than the sum of the parts, and it is not 
possible to understand these systems in terras of Isolated skills. Which 
• model Is most appropriate is essentiially a philosophical question rather 
than an empirical on-.. Reese and Overton (1970) proisbse that these models 
represent two ind<ipendent world views that are basad on different sets of 
assumptions and are essentially irreconcilable. However, research paradigms, 
the way in which behavior is characterized, and the iiuplications one 
draws from the research for educational practice are all profoundly affected 
by the model one selects. 
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Dlagno8tlC"'Prescrlptlve Mathematics 

The diagnostic-prescriptive movement in mathematics education does 
not grow out of a research base, and until recently fundamental issues of 
the movement have not been defined in research terms.. In tJtie last several 
years there seems to be some shift towards developing a more substantial 
research base as is evidenced by the title of the newly formed Research 
Council on Diagnostic and Prescriptive Mathematics. But the. movement is 
etUl strongly oriented to the immediate problems of the practitioner. 

The* basic tenet of diagnostic-prescriptive mathematics is that in- 
struction should be based on an individual child's strengths and weaknesses 
In mathematics (cf. Ashlock, 1976; Re-isman, 1972). Traditionally the focus 
has been on the diagnostic process; and little progress! haf been made in 
developing a taxonomy or categorization scheme for errors, identifying the 
prevalence of npecific errors, or describing the relation between errors 
on different problems. Although diagnostic-prescriptive mathematics is 
loosely defined and it is inappropriate to generalize about the entire 
movement , a prevalent assumption seems to be that errors result from 
learning incorrect algorithms. Using a medical analogy, errors are seen 
as something to be diagnosed and remedied. This position contrasts mark- 
edly with that- of Piaget, who in some sense recognizes the legitimacy of 
children/s errors. Piaget does not regard the responses he observes as 
errors to be diagnosed ^nd-car^et^ed. -!^ther-they~ar^-ref lections -of — 
children*$ basic level of cognitive functioning. Romberg (Note- 2) has 
argued that this focus on the superficial aspects of children's errors 
is too narrow and a second level of diagnosis is needed that starts to 
take into account children's general level of cognitive functioning and 
the deeper,, structure of their solutions. 

Diagnostic-prescriptive mathematics clearly should not be aii inde- 
pendent line of investigation distinct from either Piagetian or information 
processing research. Some sort of interface could mutually enhance all 
three approaches to the study of children's learning of mathematics; 
Piagetian and information processing research could provide a broader and 
more rigorous basis for diagnosing children's mathematical abilities, while,, 
diagnostic-prescriptive mathematics provides one mechanism for applying 
basic research on children's learning to instructional practice. Perhaps 
the greatest contribution of the diagnostic-prescriptive movement has been 
to reorient practitioners to see the problems of instruction in terms 
■ of 'the learner.' '~ '■ 



Larg e Scale Assessments 

One of the limitations of most of the research on children's mathe- 
matical thinking is ♦•*^at individual researchers generally lack the resources 
to representatively sample from the- general population. In fact, special 
samples of children who clearly articulate their problem solving prbcesses 
are often selected for clinical studies. Although they have their own t 
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limitations, Ir.rge-scale studies help to round out the picture of children* 
mathematical thinking by describing how prevalent certain errors or pro- 
cesses are in the general population. There have been a number of large- 
scale assessments of ' children's mathematical abilities including The Inter- 
national Study, The National Longitudinal Study of IlathematicaX Abilities 
(MLSMA), and various state assessments. The mathematics assessment of 
The National Assessment of Educational Progress (NAEP) probab]y provides 
* the most representative sample of chll4ren*s mathematical performance of 
any of the large-scale assessments (Carpenter, Cdbum, Keys, & Wilspn, 
1975a, 1975b, 1978). 

National Assessment does not build upon any theory of learning or 
development and generally does not attempt to test hypotheses' about chil- 
dren's learning or the underlying causes of their errors. Instead it 
attempts to provide base-line data on the performance of 9-year-olds, 13- 
year- ol4s, 17-year-olds, and young adults on a variety of individual ex- 
ercises over a range of mathematical topics, Hany of the exercises are 
open-ended, and analysis includes identifying the frequency of specific 
.' errors as well as the frequency of correct responses. One potentially 
significant finding of the first mathematics assessment was that many 
^fewer systematic errors were found than the results of most clinical 
studies and the if rature of the diagnostic-prescriptive movement would 
suggest. Whether che standardized test administration and response anal- 
ysis techniques mitigate against finding such errprs or whether systematic 
errors are, significantly over- represented in most clinical studies is an 
open question that warrants further Investigation. 

Since the mathematics assessment is scheduled on a five-year cycle. 
National Assessment shoul^ provide a reasonably pp^to-date measure of 
children's performance. The second mathematics assessment has just bfeen 
completed. Although it does not assess performance of young adults and 
does not include individually administered exercises as in the first mathe 
matics assessment, it provides a mt&ch more comprehensive sampling of major 
content domains. Because of the extremfe. care taken to select a truly 
representative sample, the results of National Assessment are a unique 
resou-^ce. Although these results do not provide the detailed insights - 
into children's mathematical thinking that may be generated from other , 
studies, researchers need to take the results from National Assessment 
into account in order to establish the generalizablllty of. their own find- 
ings. There is a need for additional research specifically directed at 

-explaining and-cxtending-the-results-f rom. National Assessment . Such a 

program has been discussed in some detail *ln another article (Carpenter, 
Coburn, ReyS, & Wilson, 1976). 
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Potential Hducational Applications 

The two laost promising areas of application of research bn children's 
mathematical thinkiiig involve the selection and sequencing of content and 
the individualization of instruction. 



The Selection and Sequencing of Content ' 

There are several ways that research on children's learning of mathe- 
matics might be applied to*^ the design of instruction. One. of the niost 
obvious is to somehow incorporate into the curriculum the solution pro- 
cesses that children spontaneously generate for themsel^ves. ?or example. 
Independently of instruction young children deyelop quite sophisticated 
counting strategies for solving simj^le addition anid subtrdLCtion problems 
(cf. Groen & Resnick, 1977; Suppes & Mornings tar, 1972; Woods, Resnick, 
& Groen, 1975). Traditionally, Inst -ction has failed to give serious con- 
sideration to" the richness and growing sophistication of these strategies. 
However, curriculum could be developed thait builds lipon these stt'ategies 
rather than portraying arithmetic operations exclusively in terms of set 
operations. In fact, Stfeffe et al. (Note 1) have already done so. 

There are a number of ways that cjarrlculum may be designed to build 
upon children's spontaneous strategies. One is to identify a minimum set 
of concepts and skills that all children exhibit at bne poiiit or another 
In the ac^ulsitioti of a §iven. topic and build instruction around this , , 
basic set. This approach is not especially elegant and seems to reduce - 
Instruction to the least common dendmiiSator. However, one might assxnne » 
that if one teaches the minimal set of skills that is logically complete arid 
which can be understood by all students^ the better students will continue 
to generate their own more complex strategies. The study by Groen and 
Resnick (1977) offers some support for this hypothesis. 

An alternative 4pproach would be to Identify the lu. 3t efficient pro- 
cesses that children use and/or the processes that are used by the most 
capable students and specifically teach these processes; Although this 
approach has the appeal of attempting to make the most efficient strategies 
available to all the students, there are some potential drawbacks. The 
s^l-ower students may not l-ave the cognitive capacity to understand or apply 
the complex processes of the better students. Additionally' the complex 
processes may be^ very difficult to teach explicitly. , 

Clearly these extremes do not represent the only choices, and there 
is a great deal of middle ground. Furthermore, as Resnick (1976) proposes, 
appropriate instruction should not necessarily copy the spontaneous devel- 
opment of the concepts in children. Instead, it should put learners in the 
best position to Invent or discover appropriate strategies themselves. 
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There is clearly no simple answer to the question of how €o build upon 
children's spontaneous strategies, and It is unlikely that a single approach 
will Be effective with all content or for all learners. 

A second potential application of knowledge about the natural devel- 
opment of mathematical concepts involves the selection of a general 
approach or model and decisions involving the relaj^ive sequettclng of major 
topics. 'In this case decisions do not simply Involve whether to include 
Instruction on specific strategies but whether certain general models are 
more intuitive than others or whether certain topics naturally develop 
before others. The^declsions are much more global and reflect a more 
holistic conception of cognition characteristic of organismi'c modelWv^... 

An example of a line of investigation that illustrates the applica- 
tlon of this paradigm is the work of Bralnerd (1973a, 1973b, 1976). He 
proposes that basic natural number concepts. can be developed logically 
from an ordinal perspective as evidenced by the wotk of |)edeklnd and Peano 
or from a cardinal perspective in the tradition of Russell and Whitehead. 
Based ou his research with young children, Brainetd contends that ordinal 
number dBvelops-i)ef ore cardinalr number i- and ordinal- number-ls-more closely 
connected with the initial emergence of arithmetic. Based upon^thesfe 
Conclusions, Bralnerd recommends that serious consideration be given to 
abandoning the traditional cardinal development of natur.al number in favor 
of ordinal definitions. Even if Bralnerd *s conclusions regarding the 
emergence of ordinal and cardinal concepts were valid, his conclusions 
would represent unwarranted extrapolation. No attempt was made to actu- 
ally design and test instruction based on the ordinal definition of number. 
FurthertuDre, the examples of ordinal and cardinal concepts included in 
Bralnerd *s studies represent only a very narrow sampling of the concepts 
Involved in the development of either ordinal or cardinal numbers. 

On the whole decisions involving radical restructuring of major topics 
seem to require a rather high level of inference and also involve .value 
judgments regarding the relative Importance of certain topics or ways 
of developing given concept^. Consequently this approach seems to hold 
less potential than the program outlined previously. 

An alternative to focusing on children's naturally developed :oncepts 
■ and successful strategies it to analyze their errors. By identifying 
serious misconceptions or significant .prerequisite concepts or skills that^, 
children are falling to master; instruction may be designed t ) compensate 
for these diff iciencies. The series of studies by Gal'perin and Georgiev 
(1969) is an excellent example of research of this type. In an .initial 
study they identified many of the same type of conservation and measure- 
ment errors found by Piaget. But rather than accepting these errors as 
developmental phenomena, they attributed them to the traditional emphasis 
In school mathematics programs on number concepts, which incorrectly . 
characterized units as discrete entities. 
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To test their hypothesis, they administered a series of measurement 
problems to the "upper group" of a Soviet kindergarten. They concluded 
that young children who are taught by traditional method^ lack a basic 
understanding of a unit of measure. They do not recognize that each unit 
may not be directly identifiable as ^an entity and that the unit itself 
may consist of parts. They are indifferent to the size and fullness of 
a unit of measure and have more faith in direct visual comparison of 
quantities than in measurement by a given unit. 

On the basis of this study, Gal* per in and Georgiev devised a program 
of 68 lessons that focused on measurement concepts and systematically 
differentiated between units of measure and separate entities. The 
iessonS were divided into three parts i The first part dealt with forming 
a mathematical approach^to the study of quantities. This section focused 
on replacing the habit, of direct visual comparison with systematic appli- 
cation of measuring units. Appropriate units fot measuring different 
quantities were identified and measuring skills were studied directly, 
with special attention directed ■ to the deficiencies identified in the pre- 
test. A variety of units was used, including units consisting of several 
parts (two or three m^tchts, spoons, etc.) or some .fractions of a larger 
object (half a mug or sticlQ. All of these concepts were presented with- 
out assigning numbers to the quantities. 

It was not until the second part that the concept of number was 
Introduced. Thus, Gal'perln and Georgiev introduced most of the basic 
measui?ing skills and spatiaj. concepts before they introduced numbers. 
In the third part, the inverse relationship between the size of the unit 
and the number of units was introduced. 

Although the investigation was not conducted with strict experimental 
controls, the students whb participated in this program showed striking - 
gains over the performance of the previous year's students. Whereas 
fewer than half the students in the previous^year could answer most of 
the items on the measureme'^t test, performance was close to 100 percent 
for the experimental group. 

A fourth perspective is that, while research on 'children's thinking 
may- have, prof ound implications for educational practice, it is inappro- 
priate to. attempt to apply such reseairch to design specific instructional 
programs . 

You make a great, a very great mistake, if you think that 
psychology, being the science of the mind's laws, is something 
from which you can deduce definite programmes and schemes and 
methods of instruction for Immediate schoolroom use. Psych- 
ology is a science, and teaching Is an art; and sciences never 
generate arts directly out of themselves. An intermediary in- 
ventive mind must make the application, by using its origi- 
nality. (Jamfts, 1939, p. 7-8) 
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From this perspective research on children's mathematical thinking 
is Important, tov. instruction must be consistent with the ways in which 
children learn. But there is no single pattern of 'instruction which is 
most appropriate. Children's learning, the instructional process, or 
both are considered to be too complex for any a priori specification" of 
curriculum.' The problem therefore becomes one of providing teachers 
with sufficient ^owledge of children's thinking -so that they can evaluate 
the specific n^eds of their own students and implement instru^ction accord- 
ingly. This essentially is the approach tyt>ical of much of the diagnostic- 
prescriptive movement, with its emphasis oii diagnostic" skills. 

Individualization of Instruction 

A second potential contribution of research on children's mathematical 
thinking is to provide a basis for individualizing instruction. Whereps 
decisions involving the selection and sequencing of consent need to be 
based on common element^ of at least some children's thinking, individual- 
ization would be based on identifying Individual differences between 
children. In the past, global measures like IQ have been used to afepr 
arate children for instruction because these measures correlate highly 
with school learning. Individualization needs to be based on a much more 
careful analysis of how specific abilities limit children's capacity to 
learn specific mathematics content in a specific way. 

Three basic steps are required. First, it is necessary to construct 
a good measure of children's mathematical ability. Next specific mathe- 
matics tasks must be analyzed in terms of their demands on the ability. 
Finally, instructio^i must be designed that provides t^sks that are appro- 
priate for the different levels of the given ability. 

A variety of alternatives for developing measures of children's 
thinking are possible. The simplest and most straightforward involve 
Identifying childrevi's knowledge of prerequisite skills. A somewhat 
more sophisticated approach includes the analysis of the specific pro- 
cesses that children apply to solve mathematics problems. This is 
essentially the approach of diagnostic-prescriptive mathematics at its 
best. Since the processes and errors are a furiv-ztion of the specific 
mathematics topic being learned, frequent assessment of individual 
children is required. Consequently, the development of efficient pro- 
cedures for identifying children's processes and errors is a ctitical 
problem. 

A second alternative is to base such a measure on fundamental dev- 
elopment variables like conservation, class inclusion, and transitivity 
that are presumed to develop outside of formal instruction. Several 
of these measures have been shown to correlate highly with mathematical 
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achievement (Carpenter, in press). However, with the exception of the 
study by Steffe et al. (Note 1). little progress has been made in relating 
these measures to children's ability to learn specif ic mathematical con- 
cepts and skills. In other words, it is not sufficient to demonstrate 
that there is a difference in overall achievement between conservers and 
nonconsqrvers. It is necessairy to document exactly how they differ, and 
what instruction is appropriate for each group. ' ^ 

' A third potential approach would involve some measure or combination 
of measures, of information processing capacity. Case (1975), for example, 
has described how instruction might: be redesigned to fit different levels 
jf information orocessing capacity. He proposes that instruction can be 
redesigned so that' the maximum number of subskills that the learner has 
to coordinate at any given time is minimized.'.' ^ ^ 

i Another potential measure is Vygdtsky's (1962, 1978) zone of proximal 
development. T^iis is defined by Vygotsky (1962) as "The discrepancy. 
: between a child's actual mental age and the level he reaches in solving 
^problems with assistance "(p. 103). Since this measure actually involves 
iadult interaction which represents a form of instruction, it should pot en- 
itlally provide an excellent-measure of- children's -ability to^>enef it -f^rom 

; Instruction. 
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A closely related technique is the appllcaton of teach-test proce- 
Idures to ascertain children's ability to deal with certain types of in- 
'struction. Teach-test procedures have, frequently been used with mentally 
.retarded children to measure their susceptability to traditional forms 
¥ \ot instruction (cf. Bud :f, 1967) but have' seldom been used with normal 

children. The basic format involves a short, controlled training session 
i over certain novel ahd presumably unfamiliar tasks followed by a test on , 
i-.he Instructed material. Unlike other measures thfe initial knowledge 
t,.r ability to do the task is not the primary concern. What is of inter- 
elst Is to what degree subjects are able to profit from the instructional 
sequence. By manipulating the form of the short .training session, orie 
potentially can generate a measure of children's ability to attend to 
aiid learn from different instructional sequences. 

A study that illustrates the application of this technique is re- 
polcted by Montgomery (1973) . This study was an aptitude-treatment inter- 
acvlon study which examined the interaction of second- and third-grader s 
ability to learn unit of length concepts with two treatments based on 
area and unit of area concepts. Aptitude was measured using a teach-test 
Iprocedure which partitioned subjects- on their ability to learn to compare 
two lengths measured with different units. Subjects were randomly assigned 
to oie of two nine-day instructional -treatments on measuring and comparing 
ave&i. The difference between the treatments was the, emphasis placed on 
ithe unit of measure. In one treatment, subjects always measured with 
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congruent units and compared regions covered with congruent units. In 
the other treatment , sub j ec ta measured with noncongruent unit s an d conh' 
pared regions coverecl with different "units. On both a posttest and a 
retentibn test, the treatment that used different tmits was significantly, 
mote successful in ^teaching children to assign a number to. a region 
(measure) and to compare, two regions using their measure^. However, 
there was no significant difference between the two treatments dn a trans- 
fer test that included problems involving measurement with different unit^, 
and no significant interactions were found between aptitude levels and 
treatments. The failure to find significant results may in part reflect 
certain anomalies in the developtoent of measurement concepts t.hat were 
not taHen into account (Carpentet', 1576) . But it does illustrate the 
difficulties and pitfalls in attempting to construct good measures in 
order to match children to appropriate instruction. 



Conclusions 



Ttro general-^pplieations-o^f-researeh-on-ehil dr c n * s t 4tlnfciag— that 

seem to hold thfe greatest promise for influencing educational practice 
have been identified. The first involves the selection and sequencing, 
of. content. The second concerns the individualization of instruction* 
Both of these applications require a comprehensive cognitive map of 
children's learning of key mathematical concepts and processes. ^ This 
map must take into account both individual differences and the effects 
of instruction.'" Thus, a major objective for research in mathematics' 
education should be to characterize the processes and concepts that 
children acquire at significant points in the learning of important 
mathematical topics. Furthermore, it should describe how these concepts 
and processes evolve over the course of instruction. This involves 
describing the different processes and errors that individual children 
exhibit on key tasks at each stage of instruction. It also should in- 
clude an analysis of performance on related tasks. Although significant 
Individual differences should be anticipated, hopefully it will be pos- 
sible to identify cl"usters of children who exhibit similar profiles of 
performance over a range of tasks. If this is the case, then key prob- ^ 
lems may be used to identify how individual children will perform over 
the complete range of t^sks. Such problems may provide a basis for 
individualizing instruction. , < v 

Finally it is necessary to describe the change in concepts, processes, 
and errors over the course of instruction. Piaget assumes that all 
children go through essentially the same stages of development. Therefore 
it is only necessary to characterize each stage to describe development. 
The evidence suggests, however, that there is a great deal of variation 
in the pattern of acquisition of m6st mathematical concepts. Consequently, 
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to characterize development of these concepts it Is necessary to describe 
how change takes place within Individual children or at leas ot 
children over the .course of Instruction. This means analyzing how cerr 
tlan processes, concepts, or errors at a given stage have evolved, from 
the processes,, concepts, or misconceptions of earlier stages. For ex*- 
ample, if a child makes certain errors early in the learning of a concept, 
will they be resolved as the child acquires more mature, concep.ts ahd skills, 
or < will these errors be magnified as new concepts are built upon these 
eatlier misconceptions? ' 

To effectively assess change within individual children it is nec- 
essary to follow individual children over the relevant instructional 
periods, this does not mean that the only studlies that are appropriable 
are longitudinal studies over the entire course of development of a given 
concept. But any study that purports to measure intra-* individual change 
must at least have repeated measures on the same subjects over the tim& 
that change is being measured. 

"Individual children master concepts at different points In an instruct 
tlonal sequence* An Important question is whether all children go through 
essentially the. same basic -sequence-^— learniiig-xertaln- concept s^ even 
though they may pass through a given stage at different points in the 
instruct lohal sequence." In other words are there certain key prerequisite 
concepts or processes that all children achieve before they master a given 
concept. Research should be especially sensitive to identifying such key 
prerequisites. 

Recent research has provided critical insights into children's under- 
standing of certain key mathematics concepts" and the processes they use 
to solve a variety of mathematics problems* But much of the basic content 
of the mathematics curriculum has Qot been systematically studied* Most 
basic, psychological research has focused on content that fits certain 
psychological' theories or can be neatly modeled* There is still a very 
Incomplete picture of children's performance at critical stages in the 
acquisition of fundamental mathematical concepts and skills* In addition, 
there has only been limited success in characterizing children's performance 
on related tasks. Little progress has been made in identifying the specific 
factors that lead to the acquisition of more advanced concepts and skills 
or in accounting for individual dlf fere^ices. 

The state of the art is such that many of these more complex inter- 
actions cannot be specified with the precision that is possible for more 
straightforward individual tasks • However, it is this kind of information 
that is generally most critical for designing instruction « This points 
to a significant difference between research in mathematics education and 
research based exclusively on psychological considerations « Psychological 
"^research can afford to focus on a narrow range of behaviors that can be 
carefully controlled and specified with precision* Research in mathematics 
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education, on the other hand, needs to select its content based on coh- 
Bidcrations of the significance of the content within the mathematics 
curriculum rather than oh experimental or theoretical grounds. Moreover, 
research in mathematlt^s education should not be directed at incrementally 
extending existing theories of cognition or development. Research in 
mathematics education needs to begin to apply the principles of research 
in cognition and development to problems that are significant for de- 
signing instruction, even if such an ap'plication results in some loss of 
precision. Such ah effort should be aimed at the construction of what 
Shulman (1974) has called middle-range theories. Such theories fall 
between the task specific working hypotheses that are generated to explain 
individual behaviors, errors, etc., and comprehensive theories such as 
those of Piaget that attempt to encompass ^all of learning or cognitive 
development . * . ^ 

Furthermore, the connection between research on children's mathematical 
thinking and the design of instruction cannot be made by inference alone. 
What is needfed is what Glaser (1976a, 1976b) calls a "linking sciertce 
to establish this relationship. In other words fundamental Instructional 
issues cannot be resolved dlre<:tly on the basis of f K^jJ^i^Jfj^f " 
opment research. Research on cognition and development is descriptive, 
"SoTprescript ive . ircloes~proAyide-.e-baSHts for initiating cert ain line^ 
of instructional research. But linking research cannot wait until a 
complete description of the development of a given concept is available. 
The process is iterative. As instruction based on research on children s 
mathematical thinking is designed and evaluated, further insights' into 
children's mathematical thinking will be found; and new instruction will 
be designed based on these findings. 

Finally, we must recognize that even if cle^r implications of re- 
search oh children's thinking can be established, this does not guarantee 
that this research will have any impact on educational practice. Al- 
though we must^ avoid premature conclusions and clearly establish the 
links between research on children's thitiking and classroom practice, 
we must not bury our results in research journals. Unless we can 
convince teachers and curriculum developers to begin to see some of the. 
problems of education in terms of the learner, research on children s 
thinking will have little practical value for the teaching of mathematics. 
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A Trend in Problem Sblvlhg Research 

k , * " 

• ^ A Doyal Nelson 

University of Alberta 

Mach research and other formal documentation exists to show how 

mathematics instruction fails to develop problem-solving skills in chil- 
dren. The nature of the failure can, howeva^r, be illustrated by the less 
formal means of describing an Incident that happened aout years ago. T^e 
inc;Ldent involved Bruce,,, then a ninth-grade student who lived next door; 
Bruce lacked general mathematical ability and did >poorly with abstract 
ideas and problems in mathematics class. > However, what he lacked in 
general ability he more than made-up for iti enthiislasm and eagerness to 
tackle problems of a more practical nature. Whenever any construction ^ 
of any kind was goi^g on in my yardj Bruce was there in short ordar. 

* - . ' . 

On ttilB particular day I was completing a^ workbench and Bruce was 
my willing helper." I had put aside a good pl6ce of l^by^-A lumber which 
I Intended to cut Into three strips of equal width to trim along tIKe 
front of the bench. The bench was 22 feet long and the 8-foot board 
would provide just enough for the* trim and the fitting. When Bruce 
understood what was to be done; he offered to mark the board for sawing. 

His first step Mfas to divide 4 (the width of the board In Inches , 
"so" he thought) by three. He gpt 4/3, then a 1 1/3.- The trouble was that 
the units In his calculations did not jibe with any of the units on the 
square he was islng. He. finally decided to estimate 1 1/3 Inches and 
did Indeed mea&ure quite precisely. Nonetheless, the last mark was 
obviously much closer to the edge of the board than It should be. Anyr 
one familiar with lumber knows that the width of boards Is Usually the 
width before planing. Milling of a 4tinch board , reduces Its width to 
about 3 5/8 Inches. That , seemed to explain to Bruce 's satisfaction 
why the second mark was always closer to the edge than It should be. 

When I suggested he.measure the^ board and found It to be only 3 5/8 
Inches wide he looked a bit confused but went on with a revised calcula-* 
tlon. He divided 3 5/8 (the measure In Inches^he had obtained) by 3 
and though the computation gave him some trouble he finally got 1 5/24« 
Twenty->£0urths were not marked on the ^square, of course, and he dldn-t 
even attempt to estimate. He just gaVe up. 

Carpenters have a nea^way of solving a problem like this without 
using arithmetic or written symbols. To mark the bbard into three plecaS) 
they would take a whole number greater than the width of, the board to be 
divided but also a number divisible by 3. In the case of a 4-ihch bo^rd 
6 Would be a good choice. The square is then laid on the board obliquely 
as shown in Figure !• 
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' Figure 1 

Note that the positioning of the square puts the vertex of the right 
angle on one edge of the board and t:he 6 qti the other. gChen marks are 
made at 2 and A. The square is moved along the board and the process re- 
peated. The marks are joined as shovm in Figure' 2. 




Figure 2 

Sawing along the lilies will pirovide three strips of equal width 
(providing marking and sawing is done with care— and assuming the width 
of the saw blade cut is a neglible error). 

The underlying elementary geometric principle is usually taught in 
connection with the study of similar triangles but is sometimes introduced 
earlier in connection with parallel lines and transversals. Bruce had 
recently made a rather thorough study of similar triangles in his nlnth- 
gradfe mathematics course so I preferred to relate it to that. The more 
I tried, the more obvious it became that Bruce was not buying that,, 
similar triangle thing. His question was: How could similar triangles 
be involved when you didn't even dyaw a triangle? After a few more 
half-hearted attempts it was my turn to give up, which I did. 

The point to be made in describing this incident Is to show how little 
apparent connection there is between mathematics Instruction and problems 
which occur in practical everyday settings. Students faced with a practical 
problem of the kind described typically proceed blindly to compute and 
when that falls have no further problem-solving, resources to use. 

Why Is mathematical instruction so deficient in developing probl^.m- 
solvlng s"kllls? What procedures would have to be developed to make the 
parallel structures qf physical situations and related mathematical notions 
more apparent to the learner? What happens on the interface of real 
world experience and abstract mathematical structures which are the fabric 
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of tnathematics ln^t:ruction? What research procedures and methods show 
the best potential for answering these and related questions? FinaUy', 
can answers to these questions be translated 'into instfructional procedures 
which will substantially improve the problem-solving skills of children - 
learning raathwtics? - ■ 

» ■ " ' • 

-.mot much can be s^id^at this time about the last questipn. Howevfi*,^ 
the Qbject of this paper is to suggest a. genetal prdttedure for doing 
problem-sdlving research arid^ to describe some studies 4-n which an attdnpt 
is made .to'afpply the procedure* Sometjiing mus^' first be said, though, , 
about problem solving ^s it relates to the goals of mathematics instrufc- 
,tioii and also about the difficulties encountered by teachers who us^ 
practi<?al< problems as a vehicle for mathematics learhitig. The discussion 
will be mainly concerned withv. elementary school age ;phildren arid younger. 

Problem Solving and the Goals of 'Maithematics Instruction . . 

If we c'look in at any class of elementary school children there would 
be general agreemetvt: that the basic ^reason for giving them instruction 
in mathematics would be to help them' solve problems which they are likely 
feo meet ib their dAily living." Yet, the methods Usually adopted in 
teaching mathematics at this level tends to foster the growth of a fekein 
of mathematical, ideas, proc^ss^ and skills which seem to. have little or 
,-na connection with the real-world experiences ' or problems faced by -the 
child. Analysis of the results of the Natidnal/Arsessment of Educational 
Progress in mathematics (Carpenter, Coburn, Keys, & .Wilson, 1975) re- 
vealed that while elementary school children liad developed considerable 
computational sTcill. 'they la'cked even such fundamental problem-solving 
procesises as ".checking the correctness or reasonableness of a result, 
or making an" estimate. . .". , 

When we consider the development of problem-solving processes in 
children, it /is well to remember that in the very early 'stages of math- 
ematics learning there Is general recognition that all basic mathematical 
ideas have their source in real-world experiences— so methods of teaching 
rely to a greater or lesSer extent on real problems or at, least on manip- 
ulation of .concrete materials. Howeve^r, after the first year or two of 
elementary school mathematics, teaching tends less and less, to be con- 
cerned with real-world problems and their solutions, and more and more 
with computation and' with symbolic or abstract aspects of mathematics. 
It can easily be demonstrated that these abstract and symbolic forms are 
largely inappropriate^^ fpr elementary school children. 

Let ^ne hasten to"point out this is certainly not an indictmant of 
teachers presently offering instruction in elementary school mathematics. 
In the first place, research has very little to say to teachers about 
the precise role problem applications have in mathematiuj learning or 
how mathematical structures, once attained by the child, find easy 
application in the solution of everyday problems. In t.ie second place, 
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some so-called experts in early 'mather^atics learning recommend that the 
processes and Skills of mathematics should be learned 'and that iapplica- - 
tions can and should be found later. . Their argument hing.s around the . 
.real or imagined diffitjulty in finding any but trivial applications in 
'the early stages.; Finally, collections of applications and afiplication ^ 
ideas available to teachers are, apt to include very few, which would be 
appropriate at the elementary school level. " 

Some' Consequences of BasingWath^.matics Instruction on Real Problems 

' IXi the face of the difficulties outlined in the previous section, 
let us take the case of a hypothetical '.teacher who decides to provide- 
a problem-solving base of a practical nature in teaching mathemacical 
^processes. As an example, let us assume that the lesson .is an attempt 
■'to construct a" symbolic form for simple division using real problems. 
To k^ep it simple, the teacheri decide^ to be concerned only with measur- 
ment division; that is, the, f otm of division which- specif ies the njimber 
in each group and requires that the number of groups be found. 

The teacher carefully onsltruclts a layout which, let us say," consists 
of seven joined enclosures to represent stalls anS; fifteen horses which 
are to be placed in the stalls, \three per stall. A protocol is then 
carefully worked out which specifies exactly how the problem is to be 
presented. This protocol, in shbrt, tellS the child how many horses 
are to occupy each stall and alsd asks the question, "In how many stalls 
will there be three lorses?" On \the surface this appears to be straight- 
forward enough, but let us see whht kind of difficulties may arise. 

Most children would have litile difficulty placing the horses as 
required in the stalls, counting tW occupied stalls and supplying the 
answer. One should note that the Jnanipulation can be done as easily 
whether the child knows the total Aumber of horses to begin with or 
not. In fact, there is no reason apparent to the child for having the 
information. Yet, if this is to be\ related to the symbolic or computa- 
tional form, most teachers I know (And I have no alternate recommendation 
to give them) would write down the nUiber fifteen and proceed as follows: 



Then 



s 


15 


3^ 


15 




5 


3) 


15 



to indicate\^the division process, 



Then 3) 15 - to indicate ^he number in each stall. 

\ 



Then , , , ^ ^-^ 

Then 3TT5 to indicate that there will be horses in five 

of the stalls. \ 

• How can the process expressed in syii^bols be related to the actual 
manipulation or problem solution when the^ very first number to be written 
down In symbols Is not needed at all to d0 the real problem? No research 
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I Iwiow provides any definitive help to the teachers in this, situation, 
that is, the process of making a transition from concrete problem-solving 
procedures to symbolic computation procedures. Clearly research is needed 
to provide help in this direction. 

The problem situation can be readily altered, but this can create 
new difficulties. To illustrate; suppose the teacher- had decided in- 
stead of horses and stalls to set up a problem in which items of cargo 
had to be loaded onto a truck. The items might be fifteen blocks and 
the problem to load a toy truck from a loader which carries three blocks 
at a time and to find how many loads the loader will have to take to get 
all rhe blocks onto the truck. Changingnhe substance of the situation 
has not made the need to know the total number of blocks any more apparent 
The real problem can be solve,d as well whether the total number to begin 
with is known or not. 

But this particular situation has embedded in it a further peculiar- 
ity dswell. There is no guarantee once the truck has been loaded that 
it would be apparent how many l&s the loader had taken. The child would 
have had to know in advance that sOme means would have to be found which 
would preserve the integrity of each group so they could be counted in 
the end or some fnental record would have to be kept of the number of 
loads. There is no such requirement in the horse and stall example. . 

No doubt children would as likely encounter one of these situations 
in reality as the other. But no research exists to indicate which might 
be more efficient in helping the child understand the process of division 
or seeing sense in its symbolic representation. Which situations are 
closer tied to computation? How we can get' easy generalization together 
situations or which examples should come first? We do not have informa- 
tion to provide the answers to questions such as these. One might even 
hypothesize that there is enough difference in the physical\and symbolic 
solutions that learning the symbolic form raiight actually interfere with 
solving the problem with objects and vice versa. 

Learning the process of division is further complicated because 
sometimes remainders are involved and the child has to exercise keen judg 
ment in order to give a sensible result. Then there is the partitive 
form of division whose symbolic representation may be identical to that 
for measurement division but in which the requirement is to find the 
number in each equal group when the number of groups is known. For 
example, how many horses would be in each of five stalls i^ there are flf 
teen horses in all? Here again, the real-world problems could be solved 
readily by manipulation without ever knowing the total number of objects; 
while the symbolic form requires it as a start. Research has revealed 
that few children up to the age of eight or nine have an entirely syste- 
matic way of partitioning objects (Bourgeois & Nelson, 1977). Some 
start with a few objects and keep adding on until all the objects are 
used up. Others seetn to try to make a good estlmate-and sometimes are 
right without becoming i.i^/olved in a one-by-one partitioning at all. 
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Others use a random trial- and-error process and some have no means, of 
solving the problem. There is no research that directs the teacher in 
the best way to teach pi;rtitioning so it becomes a natural, systematic 
process for the child, r^^adily related to a, symbolic representation. 

These examples serve to Illustrate some. of the complications which 
must be faced when a decision is made to ,use practical problems and fheir 
solutions as the basis for ^wen a fundamental mathematical operation. If 
those outlined were the only com plications encountered, the course of re- 
search could be fairly specitlcaliy mapped out. Some other complications 
are to be discussed later but are outlined by Bourgeois and Nelson (1977). 

O 

Needed Foci in Research 

In spite of the difficulties associated with using real problems to 
help build up mathematical ideas, few would recommend trying to teach 
mathematics without the use of such problems. In fact, if there had to 
be a choice, the child might better be served by learning the process in 
the real situation than to have to l^arn some vaguely understood symbolic 
form. Future research may reveal, in fact, that children need to have 
a very clear idea of how to solve various problems in real situations with 
real objects over an extended period of time before any attempt at alibis 
made to render such solutipns in symbolic form. In any case, children s 
misunderstanding of the meaning of symbols when introduced without a firm 
basis in real experience is well known. 

. A basic aim of elementary school instruction in mathematics is to 
assist children in solving various practical problems that occur in their 
daily lives; and such experiences, at least in the early stages, must 
provide the actual basis for mathematical learning and understanding. If 
we are to understand the complex interactions which occur on the interface 
of developing mathematical structures and related experiences in the real 
wdrld, then it is clear that a great deal of emphasis must be placed on 
problem-solving research involving real and significant problems. Exhor- 
tation, testimonial and speculation must be replaced by empirical data 
which will provide more definitive guidance for planning-^ learning ex- 
periences in elementary school mathematics. 

Developing a Research Methodology 

The research methodology considered to have the best potential for 
answering the questions posed about the role of real problems in mathe- 
matcis learning is based upon a class of models which Easley (1977) de- 
scribes as dynamic structural models. ' The particular model and related 
methodology discussed here has the following characteristics: It is 
clinical in nature and may or may not involve an interview. It in- 
volves a carefully constructed problem situation in which a single child 
is placed. Responses mr.j- or may not be verbal, though ones emanating 
from interviews would probably be largely verbal. In any case, while 
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in the situation, all responses of the child are recorded on video tape 
(or audio tape if only the interviews are to be analyzed) i Analysis is 
carried out by trained observers whose observations are checked by- one 
or two other trained, observers. Reports of analyses are largely descriptive 
in nature. 

The carefully constructfcd problem situations are the key to this 
methodology and provide the framework within which data are to be gathered. 
An initial difficulty in designing such problems is that there is consider- 
able difference of opinion about what constitutes a problem. Simply call- 
ing it a 'practical problem won't do much td clarify the meaning or resolve 
the differences. One effective way to overcome the difficulty is to de- 
velop a set of criteria or guidelines upon which the creation of the pro- 
blem situations will I jased. Liedke and Vance (1978) list these charac- 
teristics of a "good" problem: ° ^ 

It is open ended. The problem can be interpreted in different 
ways,, several procedures for arriving at the sblution are possi- 
ble, or more than one solution may exist. . 
It provides for maximum involvement on the part of the pupils 
and minimum teacher direction. 
It leads to further problems. 

It ca^n be interpreted into other areas of study, (p. 35) 

Although their list is designed primarily for helping prospective 
elementary school teachers create effective problem situations for children, 
it appears that their criteria could be adapted readily for restarch pur- 
poses. At the University of Alberta the design of "good" problems usod 
in problem-solving research has been based upon a set of seven criteria 
developed by Nelson and Kirkpatrick (1975). The criteria are as folldws: 

1. The problem should have demonstrable significance 
mathematically. 

2. The situation in which the problem occurs should 
involve real objects or simulations of real objects. 

,3. The problem should be Interesting to the child. 

4. The problem should require the child to make some 
modifications or transformations in the materials 
used. 

5. The problem should allow for different levels of 
solution. 

6. Many physical embodiments should be possible for 
the same problem. ' 

7. The child should believe the problem can be solved 
and should indicate when a solution has been reached. 

Sets of criteria for problems and problem solving would probably dif- 
fer from investigator to investigator and would no doubt reflect more pre- 
cisely the in.J ividual's own concept of what a problem is. Provided criteria 
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or guidelines are clearly stated and faithfully applied, the effects of 
any particular criterion could readily be tested as part of the analyses 
of the responses children make to the problems. Such eval,udtlon would at 
least provide the means of constant refinement of the Criteria, The 
.important point to be made here is that differences in criteria or 
guidelines used by different investigators are df little concern, pro- 
viding sets of criteria are carefully formulated and . provision made in 
the research to evaluate them. " ^ 

If practical problems, constructed according to identifiable guide- 
lines or criteria, are to form .the basis for empirical research, there 
are a number of further conditions which have to be met. In the first 
place, the problem^ situatid^ and associated physical apparatus would 
have to be carefully constructed and their specifications clearly des-- 
cribed. The examples in a previous section indicate how two practical 
situations-', both seemingly involving identical aspects of measurement;, 
division and which could meet similar construction criteria, might 
stimulate two quite different sets of responses on the p^rt of the children. 

As long as it is clear under which set of conditions emi>irical data 
are to be collected, no great difficulty in their interpretation ds likely 
to. occur. Indeed, subtl.^ changes in conditions and their effects on 
children's responses are aipong the most important issues this type of 
research is best designed to clarify. Distortions in interpretation would 
be almost certain to occur in the absence of precise information on the 
nature of these two situations. 

Related to this requirement and of equal importance is the necessity, 
of working out very precise protocols for presenting the problems to chil- 
dren. The context in which a problem is presented may have, a profound 
influence on the way children respond to it. Whether the problem is 
presented to a group of children or to an individual child has to be 
clearly stated. Differences in language used to describe the problem, 
and suggestions or instructions about the form responses will take, are 
likely to be critical. Other considerations are whether one problem pre- 
cedes another or wljether specific instruction was given sometime prior 
to the child's response. Whatever verbalizations or directions are given 
to the child should be accurately reported along with an accurate report 
of the child's response. Seemingly slight (to an adult) changes in word- 
ing can significantly influence children's performance on tasks. 

Whenever interviews are part of the procedure, it is clear that each 
would have to be tailored to the particular child and the way each responds 
in the situation. If the data consists mainly of children's spontaneous 
responses without intervention, it is important that protocols be estab- 
lished and that they be followed without substantial deviation from child 
to child. Tn either case, the necessity of carefully reporting precisely 
what was done and said cannot be over-emphasized. 

It is important to keep in mind that the ultimate i)urpose of problem- 
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solving research at this level is to obtain information which can bemused 
to improve instruction in mathematics. The first step, however, is far 
removed from this ultimate i50..1. A great deal of Information about how 
children respond to specific problems selected on the basis of specific 
criteria must be amassed before such problems have application in day- 
to-day instruction. The state of the art at this time would suggest 
that a clinical situation in which children respond individually should 
dominate the methodology. If time has to be spent developing this method- 
ology, it should be considered part of the task we are facing. It has 
to be admitted 'that clinical research has not been developed to a great 
extent in North American mathematics education, and it is important that 
part of reports x>f clinical studies should be devoted to a discussion of 
the specific methodology used. 

In the absence of detailed information about how children respond 
to practical, concrete problems in specific situations, it is difficult 
and probably undfesirable to set up "in advance a resp'onse framework or 
schedule. To overcome the difficulty a number of .investigators have 
used audio or video tapes which provide reliable and faithful means of 
collecting data. No information need be lost and analysis can proceed as 
time permits using any number of schemes which show some promise of pro- 
viding insight into the meaning of childish responses to problems. Each 
scheme can be applied simply by running the tape through again. . The 
whole procedure provides rich data which" requires the most competent, in- 
sightful analysis and interpretation. 

Introducing (into the clinical situation) the technological devices 
necessary for such recording, however, produces its ovm peculiar pfo- 
blems. The situation which contain^ two or three video camera? with re- 
corders along with the technical personnel required to operate them can 
be disturbing to children and may substantially alter their responses 
from those which might be obtained in a less busy atmosphere. Children 
will, for example, be attracted by monitoring devices and sometimes find 
it difficult to proceed with the problem, if they see. their actions are 
being filmed. Measures taken to simplify the technical set-up and to 
ease the situation are as likely as not to result in an inferior record 
or incomplete data. In spite of these disadvantages some form of re- 
cording all of the responses of children seems to be mandatory at least 
in the early stages of such exploratory research. , 

One difficulty that cannot be over-emphasized is the expense con- ^ 
nected with collecting and analysing audio and video records of children s 
responses. Even the most well-endowed investigator will become discouraged 
when analysing taped data. The reason for taping in the first place is 
that no adequ-.:e encoding scheme now exists which will select out all the 
important responses as they occur. But the flexibility and richness of 
taped data is* at once a serious source of concern. A sch^^me or set of 
schemes, as often as not,, have to ,imerge from the data themselves— which 
involves viewing taped segments over and over again. Otherwise, unexpected 
elements that influence children's thinking about a particular problem 
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may bfe overlooked. For example , in a recent "pilot study/cages were pro- 
vided and children asked to divide a number of animals equally among the 
cages. Their responses were video taped. The animals were mostly 200 
animals amohg which was a single lion, it bec«|we apparent after several 
sessions that the lion was almost always left until last by younger 
children. Subsequent questioning revealed that the Jion was too, "dan- 
gerous" to put with other more benign types. ' . 

Not only is it difficult to devise and select an encoding scheme 
which will permit convenient analysis, but the sheer logistics of finding 
wanted tape segments in reel after reel of similar segments can be over- 
whelming. There are few investigator^ who have the tolerance required to 
encode taped material or to devise encoding schemes for^more than two 
or three hours at a time with the level of. alertness required by the task. 
Where research has to be conducted in the face of budget limitation^ it 
is important that the investigator make an accurate asse:jsment of the 
time that analysis will take, and to /adjust t1ie amount of data collected 
accordingly. It is better to collect only those data which can be analysed 
with available resources than to collect large masses of data and hope 
that funds can be found eventu.iUy to analyse them. It is my^uess that 
there are many hours of carefully collected taped data lying around right 
now waiting for analysis which will ^never be done because funds will never 
be available for the analysis. It is also my gues that funding agencies 
are turning down potentially good, research involving taped data because 
their advisors or referees are ignorant of the power (and expense) of ; 
using the medium. . , 

What has been said here about methodology in problem-solving research 
may suggest^a mther narrow view of the scope of such research. It is 
admittedly a narrow view, but one which is taken to emphasize the- need 
to make accurate observations of chilren's responses and behaviors , when 
confronted with real, concrete, significant problems. We need to get a 
clearer picture of how children construct their own reality, what problem- 
solving abilities they possess at various levels, and how these abilities 
develop with age and experience, what part spontaneous language plays in 
their constructions, how they interact with various visual and verbal 
stimuli in solving problems, and how their real experiences are used to 
build the mental structures we call mathematics. These and related ques- 
tions have to be answered before we can confidently address the intricate 
instructional and curricular questions which is our ultimate task. 

^ Until recently, research in all aspects of mathematics education has 
emphasized experimentation and the need co find a theory to account for 
learning phenomena. It has essentially skipped the phase which is purely 
descriptive and which depends on the ability of the investigator to make 
careful observations of children in learning s^ituations. In their attempts 
to apply the methods of other sciences, researchers forget that development 
in disciplines such as medicine, agriculture and biology were preceded 
by years of simple observation and description. , If we are going to make 
significant progress in research involving practical problems it is essen- 
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tial that the phase which is characterized by observation and description 
precede serious attempts to experiment or to develop a theory. 

Some Outcomes of Research Involving Real or Practical Problems 

This sectioii will be devoted to describing certain aspectai of two 
lines of research involving practical problems Currently being conducted 
at the University of Alberta. The main procedures and methodology of 
both emphasize observation and description. While they do not define '^the 
"cope of such research, they do provide samples of a kind of methodology 
.hat shows i>romise. 

.The first project was designed by Nelson and Sawada, and is concerned 
with responses of children in the age range three to nine years as they 
were presented with a selection Of six practical problems paired with six 
^others. The pairing of problems was arranged so that the physical situa- 
tions in which each pair occur were dissimilar while the mathematical 
structure oti which each pair was based was ^the saihe. Problems involved 
the following mathematical, processes c ' notions: a) division (measurement 
and partitive) ; b) locating positions in two and three dimensional space; 
c) sequences; d) geometric constructions; e) predicting movement in a 
plane^and f) factoring. ... 

To give an idea about the nature of the problems, those involving 
location in two and three dimensional space will be. described briefly. 
The problem in two-dimensional space was a simulated parkiiig"lot drawn 
on a large board painted black. Parking stalls^were drawn in with white 
lines. Small plastic cars about 3 cm long were pirovided for the child 
along with a card on which two numerals were written. The first numeral 
indicated the number of spaces to go in from the entraftce and the second 
the number of spaces into the lot to park the cars. Coordination of these 
numbers would permit the child to park correctly. Those who parked at 
least one car correctly were then asked to pick out the car from among 
three which indicated where o'ne of the correctly parked cars could be 
located. 

A parallel or equivalent problem was a simulated theatre with three 
decks or balconies. Each deck was painted a different color. - Rows of. 
seats were designated by letters and seats in a row by numerals. The 
child was given a small child-like figure and a card and asked to find 
the seat for the figure. Cards were made to match the color of the decks 
and on these cards was given a letter and a nun4|™i. Again, children 
who seated at least one figure correctly were f|p6d to select the card 
from among those which showed where the figure 'was located. Criteria 
for the construction of these problems have already been listed. 

Sampling of responses was arranged to apcount for development of 
responses across the age .range with longitudinal verification after one 
year, Sfampling procedures also took into account the effect of order of 
prt^isentation of a problem and its equivalent. 
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The cross sectional data were made up of responses of each ' 
child to six different problems. These responses were all 
recorded on video tape in one setting. Sampling of the 
problems was so arranged that ten different children at eaish 
age level did each basic problem while five of these also 
did its equivalent. The same pattern was to have applied 
in Collecting the longitudinal data a year later except" 
that now ten children at each age level were to do the 
equivalent problems while five of these were to do the 
ba^c one. Normal attrition reduced these numliers slightly 
but 'not enough to do serious harm. (Nelson & Sawada, 1975) 

J ■ ■ ' • ■ ■ 

Data were subsequently analysed by viewing the taped segments of each 
child who responded to a particular problem or its equivalent. No pre« 
arranged coding scheme was designed in advance. Schemes were allowed to 
grow out of the observations. Descriptive accounts of the results have^ 
appeared in several publications (Bourgeois & Nelson, 1977; Nelson, 1976; 
Nelson & Kieren, 1977; Nelson & Sawada, 1975). Analyses for some of the 
problems have not yet been completed. 

The other project to be considered was designed by Kieren and was 
preceded by a careful analysis of possible interpretations of rational 
number construct. Kieren identified seven interpretations for fractional 
and rational numbers: 

' fractions 
decimals 

ordered pairs (equivalent classes) 

measures 

quotients 

operators 

ratios 

The cognitive and instructional structures required for building a 
rational number construct as suggested by Kiieren are: part-whole relation- 
ships, ratios-, quotients, laeaoures, and operators. For each of these, a 
set of tasks or problem^ can be devised appropriate for children learning 
the construct. 

The same criteria for constructing problems used by Nelson and. Sawada 
were used by Kiererf to gather Information on t^e child's notion of rational 
numbers as operators. The operator notion is based on mechanisms-which 
map a set (or region) multiplicatively onto another set. (A "3 for 4" 
operator would map a domain element 16 onto ,a range element 12 while a 
3/4> operator maps a region onto a similar region reduced in size.) 

. The practical problem consisted of a card-stacking machine whose in- 
put could be compared with an output to define the nature of the operator. 
Observations of forty-five children ip the age range 8 years 11 months to 
U years 7 months and descriptions of their responses to these kinds of 
situations have been suiiimarized by Kieren and Nelson (1978). 



242 



241 



Nelson 

•Here again no coding scheme was developed in advance but grew out v i 
the observations of children as they solved problems in the situations 
as outlined. However, it "should be pointed out that the conditionb and 
experiences were carefully designed so that responses to them could be 
readily observed. 

With no statistical hypotheses to reject, what iS the form that re- 
ports of such observations take? Can the results be used as a^ basis for 
more formal experimental research? Are new insights into childish behav- 
ior possible with these methods? To help answer these and related ques- 
tions, some results which have so far been obtained will be reported here. 

In both the studies outlined, problems we're embedded in physical 
layouts to which children could respond in a physical way. The Kieren 
study Involved interviews requiring verbal and symbolic responses. The ' 
protocols developed for the Nelson and Sawada study provided support in 
case children did not respond, but the precautions were found to b(S un- 
necessary and were not included in the longitudinal sampling. In. most , 
cases children were not only prepared but were eager to respond in a 
physical way. This phenomenon was no more apparent in ^younger than in 
older (Children even though the older ones may have been able to resp<ind 
symbalically. Anyone doing research involving real, practical problems 
need have no fear of any reluctance on the part of cl^ldrenf^even the 
vary young — to respond eagerly and, for the most part, in a readily, 
interpretable manner. 

Spontaneous language used by the children was of considerable in- 
terest. There was, for sample, in the Nelson and Sawada study a notice- 
able change in language function across the age range. Whetljer language, 
wa^ being used to help solve the problem or whether the problem proved 
to be a useful source of language generation by the child could not be ; 
determined, but younger children used language extensively to inonitor 
their actions. In fact, with three- and four -year- olds particularly^ the 
language often defined some problem other than the intended one. Older 
children^ on the other hand, used language to pose questions in order 
to clarify more precisely what problem they were expected to solve. Few 
children older than five altered the problem to suit themselves. 

Provoked language, as in the exploratory study reported by Kieren 
and Nelson, can provide rather clear insights into children's modes of 
thought i'n dealing with problems. When asked to describe' how they thought 
the fraction machine functioned^ for example, it was clear that many 
children thought subtractively and not multipllcatively . For example, 
in looking at the 2/3 operator suoh childrfr. would say it's subtracting 
4(12"^8), It's subtracting 10 (30-^0), and thus never focused on the 
constant multiplier involved. 

Interpretation of language function may have been improved in some 
instances if an expert in the language development of children had been 



part of the investigating teams. Those proposing to do research in the 
problem-soiying area would do" well tb recruit such a person, in the early 



Kleren is in the^prodess of exploring in greater depth the role of 
the -operator in the development of the rational number construct in 
ckldren. The main thrust of v this research will be to investigate more 
thoroughly the tendency 'of children to think subtractively rather than 
raultiplicatively when working with operators, and to look at the partitl 
ing act as a vehicle in partitive. performance. It should be noted that, 
in the exploratory study, nearly all children mastered the 1/2 task; but 
when faced with the 3/A task on the machine, the vast majority of children 
under 12 would give 12 as an output for an input of 24. Questioning re- 
pealed that they knew it was not a 1/2 machinef but when confused would'^ 
respond as if it were. The global role,, of 1/2 in early thinking obviously 
needs careful investigation. ' ' - . 

A third fun(ition of Kieren's exploration will be to trace the develop 
ing ability of children to move from functioning with unit operators to 
functions with all forms of operators. The method will be clinical and 
will emphasize careful observations and descriptions", of how cMldren res- 
pond to protocol problems ^involving operators. 

In the Nelson and Sawada study there were twelve problem situatioiS 
<;(or more precisely, six pairs of problem situations) . In general, thesfe 
took 'the .form of layouts or materials which children could manipulate in 
ord^r to solve associated problems as in the example given. As pointed 
out before,^, there was no reluctance on the part of children to respond-- 
but there were a number of other observations that applied to more than 
one problem situation. For example, children were often distracted from 
making appropriate responses to problems because of various spatial and. 
physical characteristics of^the situations. For example, the division 
problem required that children load colored plastic cars on a simulated 
ferry boat three at a time and tell how many trips it would take to get 
a group of cars (15) across the ^simulated river. Some children tended to 
focus on the color, of the cars and wanted to load all cars of a particu- 
lar color at once. Since the grouping based on color was d.lfferent from 
the required grouping they failed to get the required result (Bourgeois 
& Nelson, 1977). 



In a partitive div^felon problem it was necessary for children to 
park cars in front of simulated houses so that there would be the same' 
number of cars in front of each house. Some children would not park all 
the cars because that would be "too many" cars for each' house. Or they 
refused to park cars on the "grass" near the house. I A three-year -old 
was so interested in the make and model of plastic cars used in the park- 
ing lot problem (locating positions in two dimensions) that he forgot the 



planning st^ige^. 




rules given for parking. 
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The vulnerability of children to such distractions; is not new. It 
is evident in the non-consetvation behavior of children. Children who 
cannot conserve (whether it b^ numhfer, length, area, volume or whatever 
-else) cannot do so- because of some irrelevant or distracting el^ent in 
the situation to which these children respond. The point is that if we 
are going to provide practical problems for children, we have to be able 
to predict with some confidence (as- in the conservation phenpmena) what 
may be distracting in the problem situation and thus interfere with the 
child's ability to cope with the problem. - . 

The information from the Nelson and Sawada study indicating the ten- 
dency* of children to be distracted— or , more precisely, to respond to dis- 
tracting elements of the situation-has led- to more searching clinical 
study with this phenomenon (Bana. & Nelson, 1977; Bana & Nelson, 1978). 
Although. the work is far from complete, these studies have revealed, some o 
interesting results. Kieren is finding, for example, in the machine pro- 
blem that children preserved their own answer by "using completely incon- ' 
sistent explanations. The necessity of justifying their answers apfSears 
to be so distracting that logic and consistency is overpowered. Bana and 
Nelson have found that children seem to have a greater tendency to be dis- 
tracted if, when the distracting element is brought into play, it provides 
a plausible alternative: problem for the child to solve. There is also 
some evidence to support the Contention that the way a problem is posed ^ 
can determine whether a child will be distracted or not. Whether these . 
two observations can be verified, and if so whether they are in fact part 
of the same difficulty, depends on further carefully designed clinical 
research with appropriate problem settings. 

Wlienever children in the Nelson and Sawada study were requir€ : to 
predict an outcome, there was a distinct reluctance on the part of many 
to attempt to do so. In fact, nearly half of the children across the age 
range refused to predict without considerable urging. The proportion of 
those who were reluctant to predict showed little change from- three to 
eight years. The same phenomena shows up in the Kieren study as these 
older children also appeared more happy to say nothing than to be ^nrong. 
It is not clear at this point what the true dimensions of this pheonomenon 
- are. If it were school-induced it is not likely it would manifest itself 
so strongly in pre-school children. 

There are some specific outcomes which warrant mention here as examples 
of the kind of information research involving real problems is likely to 
reveal. 

It is generally conceded that partitive division is a more difficult 
process for young children than measurement division. In any case, making 
groups of a specific size can be more easily systematized than partitioning 
a given number of objects into smaller groups. Children in the Nelson and 
. Sawada study had no completely systematic way of partitioning and generally 
found these partitioning problems more difficult except when in measure- 
ment division no provision was made in the problem to preserve the integrity 
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of 4:he equal groups. Thus, when animals were placed in cages, chlldreii 
had no difficulty saying how many tfages were needed. But, when the f^^ry 
boat had finished hauling cars across three at a time, children had trouble 
remembejfing how many t*ips the ferry took (Boutgois & Nelson, 1977). This 
Is the same difficulty >ith measurement division that was discussed earlier. 

Even very young children were successful in constructing complicated . 
three-dimensional figures when provided with a number of two-dimensional 
elements (Nelson & Kieren, 1977) . Although they appeared in many cases to 
be solutions sf.rictly on the physical level, providing little or no math- 
ematical^-logical experience; sucti problems seemed to be appropriate for 
the whole age range three to. nine. What effect such early experienfce has 
on the subsequent development of spatial abilities .in children is yet to 
be determined. Their skill in making structures and their eagerness to 
do so suggest that the effect on these abilities may be considerable. 
The relative success of very young children ir^ some of these tasks was 
no doubt, the result of more or less -favorable modes of presenting the 
problems. j .. 

A pair of problems was designed to determine if any children in the 
age range three to nine relate numbers and their factors. One problem was 
called the factor platform. This was an upright structure slightly sloping 
backward with thirteen slots and blocks which could be piled in the slots. 
Children were presented first with twelve blocks in four of the slots 
arranged so there was not the same number of blocks in any two slots. 
They were asked if the blocks could be rearranged in the four slots so 
there were the same number in each slot. This proved to be easy to verify 
for almost all the children (some three-year-olds piled all the blocks in 
one Blot) but few if any thought of twelve blocks being arranged in four 
groups of three. ' . ' " " 

When one block was removed so that there were now a total of eleven 
and they were distributed in four slots, again so no two slots contained 
the same number of blocks, most of the younger children persisted in try- 
ing to arrange /them in equal piles. Their failure to do so did not, in 
any case, suggest to them a difference in factorability of eleven and 
twelve. This was expected to provide only physical experience ^f or the 
three-, four-, five-^and six-year-olds, - but it was expected that at least 
some of the older children would suspect what was going on. , Experience 
with factor, boards which had spaces for blocks to fit in twos, threes, 
and fours did not make it any easier for children to see in advance that 
eleven blocks could not be made to fit exactly in any of them. The in- 
appropriateness of this set of problems to reveal anything of importance 
is in sharp contrast to the other problems included in the study. Nine- 
year- olds in the longitudinal sample who had been in school as much as 
four full years could have been expected to respond more appropriately 
to these situations if any Instruction at all had been provided in school 
to partition the set of counting numbers. Either that, or the notion of 
partitioning according to factorability of numbers is too complicated 
fdr eight- and nine -year- olds. ^ 
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\he examples given above serve toHlust:rate the kind of outcomes that 
can be expected in clinical methods involving rt \1 problems. While most ^ 
of the observations need further clarification and more rigorous Verifi- 
cation,- they do, form the basis of a methodology which promises profound 
'insights into the way children go abput solving problems. - • 

Despite the crudities in methodology, the studies cited in previous 
sections lend support to the following general conclusions! 

1. Distraction .app^iars to be a key ^element for children dealing with 
. practiciar problems. It is manifested in the form of responses 

yoi^ng 'children make to various irrelevant physical, spatial^ and 
numerical aspects of the problem situation. It alsb occurs in V 
a somewhat altered form in older children who aire so attracted I 
to justifying their own answers that they cannot give logical 
explanations^'f or the miatheinatical procedur.es iijivolved. 

2. Children can get involved in more elaborate mathematical'- processes 
when they are embedded in relevant, practical problems, than when 
the same processes are presented in their moro. formal, abstract 

■ or symbolic forms. Thus three- and. four- year- olds, though not 
necessarily in a perfectly systematic way, fiiid solutions to 
partitive division problems with real objects while ten-year- ^ 
olds perform the complicated partitioning required in handling 
compound fractional operators (multiplication of fractions) pro- 

• vided i:he process is embedded in the card-stacking machine. What 
this means in terms of instruction is nvH altogether clear, but 
children seem to be able to "act out" mathematical processes in 
real problems long before the same processes make any sense at 
all in the symiolic forms. , 

3. Children involved in solving real problems are more apt to engage 
in a genuine search for solutions. This "stands in sharp contrast , 
to their responses in solving verbal problems where "^there is a 

\ search of sorts but that search is for formula or a procedure • 
^ which can be applied to produ-'.e desired answers, 

4. Careful observations of children solving real problems. provides a 
brighter picture of the interface between their development and 
their experience. Distraction, for example, seems to occur more as 
a function of being able to formulate a plausible alternative prob- 
lem to the one intended than of hpw complex the ^Jroblem isA In ■ 
fact, complexity does not appear to be an important factor in whether 

• or not a child will be distracted, 

Other general conclusions could be drawn, but these four are illustra 
tive of how rich the field is or can become. 
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Applied Problem Solving: Models, 
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University of Alberta 



A Setting - 

' The Nelsons wish to carpet a small room of an irregular shape. In 
doing this, they want to estimate the amount of carpet they will need to 
purchase. ^ , • <• * 

This is an ordinary problem in applied mathematics. .The question is, 
what wil]^ the Nelsons , what might anybody, what could anybody do in the 
face, of this problem? Of course, if the room were a rectangle 3 metres , 
by 4 metres, the problem would be limited. Most person^, almdst 
unconsciously, would apply the model "ar,ea is 3 x 4 square metres, 
Or, they might say "since a roll of carpet is 4 metres wide, we'll need 
3 metres." The former model. simply applies a well-known generalization 
in' the sense of simply using the particular numbers involved. The latter 
model is a simple "count-match" model . 

' * 
This "prdlnary^' problem is seldom so ordinikry tljat the modelling 
behaviours abdye would make a perfect fit. So, the question remains 
what do persons do in the face of such a problem? Prob?' ly, the Nelsons 
would draw' a picture or a 6cale drawing of the floor they wish to cover. 
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Moving from a rough sketch to a scale drawing involves the conscious use of 
proportional thinking . At this point two other modelling strategies might 
come into play; rectangular decomposition or\the use of a grid . The use 
of either of thes6 would again be based on the\availability of mathematical 
ideas (definition of area) and.peifceptual and constructive mechanisms. 

The application of the above models still may not S9lve the problem 
at hand. There is the problem of relating the floor atea (a number) to the 
number ot" square metres of carpet to be purchased off a 4-^etre~wide roll 
(a number which will hopefully be close to the floor area).' This latter 
problem again requires modelling behaviour which includes minimizing waste. 
This problem could be confounded if one were buying striped carpet, (Which 
direction of laying it will yield minimum waste? Give -.he best appearance?) 
The second parenthetical question suggests that modelling in applied settings 
often must take into account a variety of criteria— aesthetics , taste, quality, 
colour » personal relationships. 
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To conclude this illustration. the carpet salesperson calculates the 
amount of carpet needed and gives a price at $7.50/metre. The Nelson's 
then must compare their estimate with' that of the salesperson and evaluate 
both their procedures and the outcome. 

It was the purpose of the above story to illustrate some of the 
complexities involved in discussing modelling behaviours used, in applied 
problem solving. It Is the purpose of this essay to describe several 
models of problem solving and to draw from fheip ideas about modelling _ 
behaviour. In particular, the paper will then try to lool; at the personal, 
mechanisms and knowledge necessary for applied' problem solving. An 
attempt will be made to discuss a general cycle of growth of such knowledge 
and mechanisms. All of the foregoing purposes find ultimate meaning in 
the question of developing curriculum and instructional environmental for 
the development of applied problem solving. 



Models of Problem Solving 

2.1 Sources of Models 

Griff itiis and Howson (1974) suggest that a curriculum developer must 
consider the interests of four domains in building an effective set of 
mathematical learning. experiences. These are elaborated in Figure 1 below. 
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Figure 1 



Each of the four Influential components, tUadents, teacher, mathematics, at 
society, can also be interpreted as influential in the development of 
experiences in applied problem solving as descriptive sources of useful 
modelling behaviours. 

2.2 Personal Sources 

Over the past century there have been numerous models of the problem 
solving process as seen in individuals. Classically, these models had pha 
such as "incubation" and "illumination." These structures as posed by 
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Dewey (1910) and Wallas (1945) stimulated the imaginat;ton and thinking of 
theorists, 'curriculum developers, and teachers alike. Guilford (1967) 
gave a scheme which looked at the problem solving process as a system and 
incorporated many of the earlier theftriaed processes. 
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There are several virtues in this model as one considers! applied problem 
solving. First, it clearly envisions rol^s for both internal and external 
information sources and their coordination. Second, it demonstrates that 
a person may choose to stop the process at mat^y pbints either, giving up, 
being distracted by a side issue or possibility, pr through satisfaction 
with an achieved status. Yet the model is not elpseii," indicating that 
problems, particularly thbse of an applied nature, have the potential - 
for being enlarged, changed, or eiabbr'^ted. ■' 

As.yeastiy as the above model is, it presents a person developing 
experiences for students with some problems. First, how does one imple- 
ment progress through the model? Second, what kinds of (modelling) 
behaviour does a person use in applied problem solving in mathematics? 
Boychuk (1975), pursuing earlier work by Evans (1965) and Taylor-Pearce 
(1970), interviewed grade 9 students as they worked on problems designed 
to allow and indeed elicit certain problem solving mechanisms. These 
general mechanisms were seen as sensitivity to the problem, redefinition, 
conjecturing, and verifying. Although these four behavioural categories 
can be further detailed, they still give us only limited insight into 
the modelling behaviour of the problem solver. However, one important 
result is seen. Perfohnance on these specific mathematical tasks is 
seen by both Boychuk and Taylor-Pearce to have a very low correlation 
with more general "creative behaviour" performance. Thus, one might 
conjecture, that. In looking for knowledge about modelling, one is well- 
advised to be concerned about mathematical settings and techniques. 
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2.3 Matheroatlcal - Instructional Source's 

Of course , as one thinks of sousf«s-af -problem 8olvlngibehaviour vy~H^^ 
oi\e is drawn to the classic work, of Polya (1957)., Many of his heuristics 
have application in applied problem solving. Because applied problems . 
are usually complicated, the solver frequently re4;^ces them to a slmplei^ 
' (or< similar) known problem and is frequently at least temporarily satisfied 
with the solution to this problem. 

LeBlano (1977) has Elaborated an instruct io.ial model for problem 
solving. 'This model is rich in examples of modelling behaviours in 
problem solving. As a person constructs a (mathematical) model in 
solving an applied problem, the acts of diagramming, systematically 
listing information, and making tables of known values are of value. 
In fact, any one of them mi^ht serve in and ofj. itsfilf^^as a mathematical^ 
model for a~ problem. Not only are such devices models but they are 
also forms of representation. As such they might trigger in the mind 
of the user' different mathematical thinking or models as well. 

In the initial example in this paper, it was suggested that one 
modelling behaviour used was to try to find a "formula" which works, 
that is, wfiich%odels the problem. Robinson (1977) has elaborate^ on 
the use of formulas as model%. She focuses on how bne constructs models 
through the transformation of known information or formulas, as well as. 
findi^ng information in the problem setting which will allow for the use 
,of a given model. Thus if one needs the altitude of an object fo find 
its surface area and this is not attainable directly, can one substitute 
some other known v^lue effectively? Can one deduce' the needed information 
from the given information (e.g., use the Sine Law)? Can one alter one's 
formula so as t6 use only knowable values? 

It is evident from tlie discussion abbve that such modelling involves' 
knowledge of mathematical generalizations. How does one come to use such 
generalizations in modelling? Certainly one way is through the possession 
of genius and its application (Hadamard, 4945) . While it is true that 
possession of utiusual mathematical abilities is rare, it is also the 
assumption of the above di,scussion that most persons can be taught or 
at least given experiences with the 'heuristics suggested. Thus it is 
hoped that through the use of such heuristics most persons could model/ 
real problems at least on a limited scale. 

2.4 Societal Sources 

Since applied problem solving occurs in the "real world," it can be 
assumed that there would be numerous observable examples of modelling. 
One problem with such observation is that the observer must know a lot 
about the field being observed in order to abstract mathematical models 
of even mathematical modelling behaviour. 
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Certainly one area where mathematical modelUng in applied problfcm 
solving Is very visible to any one^la In the Various uses of computing 
devices and information procassors. In fact, such devices and th^ under- 
lying model' are ubiquitous in North American society, 

' There are four aspects of in'formatlc thinking wh;lch are sources for 
modelling behaviours. The first and most Important is algorithm design. 
Such design involves developing a definable procedure for accomplishing 
a given task. Such- procedures may "involve closed formulae or they may . 
involve recursion where the result at one' sta^. in the process is based 
fepeaLedly on the result at the next prior, stage. Such algorithms can 
define the use and sequencing of information as well. 

A second element of algorithmic thinking is algorithm applicatiori. 
In computing device terms, this means devising a sequeijce of steps which 
allows a machine to execute an algorithm. This sequence (program or key 
stroke sequence, for example) like the algorithm above represents a model 
of some process or problem to be. solved. „Thls kind of modelling behaviour 
(programming) has three important features. First, it is personal although 
following a specified syntax. Second „ it can be communi(^ated in a standard 
way to others. Third, it is directly testable Cone executes the program). 

Data organization is a third element of Informatlc thinking. Here 
the person anticipates the Output from executing a program and builds 
into it a way in which this output should appear. Thus values for 
related variables might be positioned so relationships might be seen, 
or it might Ije simply structuring an output message to give information 

compactly ("The flights to Washington are at , , ^"). This organized 

data might contain a model for a problem and the act of organizing data is 
in a sense a modelling behaviour. 

The fourth, informatlc thinking element is "data application." Here 
the person uses the output generated to solve some problem. This act of 
relating information back to the original problem, while the culmination 
of the problem solving actl^ Ity, serves to test the modelling done in the 
previous three activities. If the^ prior models were effective, this last . 
stage should be greatly enhanced. 

As described above,, informatlc experiences provide a rich source of 
modelling behaviour. To be sure, algorithmic thinking and its related 
behaviours do not apply, to all problems. Yet with the advent o,f sophis- 
ticated micro-processors with various graphic capabilities, such thinking 
and its use are available to a large number of people, , 

Curriculum and Research Hypotheses 

3.1 A cyclic model • ' . 

Section 2 above presented models for problem solving derived from 
psychological, mathematical, and societal sources. From these models 
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pertain inf 6rences were made for modelling in applied problem solving. 
These models and thus the inferences had twd^ things in edmmon. The 
moves within a model were heuristic |.n nature and occurred in a sequence 
characterized by exploration of elements, fallowed by execution of a 
prbceSure; f o^llowed byTevalualiidn or elaboration. Supporting this 
sequence of heuristical moves lay knowledge of useful mathematical 
generalizations. Thus it seems that experiences in applied problem 
solving and research about modelling behaviou^ should take,, these 
coiDmonalities into accouri-.. \ 

The followiTxg three-phase scheme for discissing applied problem 
solving is an adaptation of; a model fpr mathematical knowing developed 
by Sigurdson (Note 1). The three phases of expWation, execution, and 
evaluation over- lap indicating interdependency well as a certain 
amount of concurrency among them. \ 



Perceive the "Real" Problepi 

El. Pfereelye the mathemati cs in the situation + What 
mathematics can you se'e'"ln the situation? 

IPoge q uestions' relating the problem to a 
.mathematical problem - What kind(s) of model (s) — 
will work here? 

PI, Structure a mathematical response - Make a model.— 
P2. Test this response - Work with or through a model. 

P3. Relate mathematical result to the llieal vvoildj 
problem, 

Rl« Reflect on the solution " Did it fit the real • 
world problem? What modifications in the model 
are needed? How good was the model? 

R2. Formalige - Generaliz e - Make model better. Communicate 
Sci. Look for related real-world situations.' 



Exploration 



Procedural 
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Figure 2. A scheme for applied problem solving 
with reference to modelling 



This scheme suggests many Instructional^ hypotheses.; In the exploration 
phase as well as PI a person has to rely 'on certain mathiematical background 
biir<,Htght to the situation and particulariy on abilities such as redefinition . 
of situations and generation of possible alternatives. In addition, the 
skilly or algorithm, design and design of useful lists and tables' of information 
■would prove helpful. 
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The procedural phase wakes three modelling demands on a person. , r 
First, ^ person may need to transform a known model to fit the situation, , 
Secoud, this model niust be madfe operational. One's plan inust be mad^ to 
generate possible solutions to the 'problem-. Finally , one must be able to 
transform one's tnathematical solution into a practical^ one*" 
will probably demand knowledge about the area to which mathematics is to 
be applied, (e.g. , What does it mean to get a negative profit? A 
negative maximum height for a rocket flight?) 

The evaluation phase requires" other modelling skills. One is the 
ability to define the key- features of two models an4 test a relationship, 
between them. (The mathematical model A « bh may depend on,_the slant 
height of a t»uilding, when the information available is the altitude.) 
A second modelling ability, which may also be needed in PI and 'P2, is 
the making of an effective symbo lid model and deciding on some standard 
form for it. ' » 

. . 

Thus , applied problem solving requires one to have knowledge of 
"models" in the applied field, and the knowledge, cognitive abilities, 
and heuristi<:s to see the mathematics in the model and generate a 
mathematical problem. Procedurally one must, through the use of 
algorithmic thinking or heuristics discussed earlier, design a model 
land put it into functional form. Mathematical sblutions must toe trans- 
formed into problem solutions. In the evaluation phase one must be 
able to perceive isomorphism between mathematical and applied settings 
as well as between the form of the particular procedure and a possible 
symbolic standard. 

The sclieme represents a system in a number cj.' ways. Each of the 
phases provides either input or* feedback to other phases. The model 
and its execution in the P phase provides feedback about one's mathemat- 
ical perception in phase E. Finally, the scheme reveals a cyclic nature 
because of the exploratory aspect of generalizixig the use of the model to 
other situations. 

3.2 Research Quest ions 

The scheme for applied problem solving described above haa numerous 
implications for research on modelling. One set of ^questions is develop- 
mental In nature: How do various modelling behaviours manifest themselves > 
at various ages? That such questions , are even reaaonable can perhaps 
be seen in the responses of two children aged 5 and 8 to the following 
"applied" problem; , 

' ■ ■ ♦ 

"Here are some boxes (15 in 4 colors). Load them on the trucks (3 which 
each had spaces for 6 boxes) so that each truck has the same number on it." 

The five-year-old perceived "same" and recalled a "dealing out", or 
partitioning, model. He successfully dealt one box to each truck until 
he exhausted the set. 
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The boxes ware dumped and the child was asked if he could solve 
the problem another way (another model). "Well," he said, "you could 
deal them out in the other direction (left to*' right) bi^t that's just _ 
the same." 

It is interesting to note that this child dd,d not: check his result 
for the number on each truck, nor did he worry about, number in the. original 
set. Other young children faced with this problem perceive of her mathema- 
tical elements ^e.g. , match boxes to places on the truck or simply place 
one on- each truck and quit) or react to other elements (e.g., colop) in 
the problem.' 

The eight-year-old , also dealt the ho^s out one by one. She announced 
that each truck had five (as if tc check her answer). In a second trial 
she modified her Vmodel" dealing out three at a time in an attempt to ^ 
do two things— attain an equal number on each truck out to genisrate a 
different numerical result (six per truck). After much effort and some 
mental calculations she finally convinced herself that she would always 
'get five if the numbers were to be the same. . ' 

What is germane from .%he above example is that the modelling behaviours 
of young children (at least) are observable. Further, the partitioning 
model of the eight-year-old was different from that of the five-year-old, 
the former being more general (by ones, t-hrees, etc.) and also being seen 
as related to number. Also, these models were only two among many used 
by dhildren in similar situations. 

A second set of research questions deals with the relationships 
between various student characteristics and modelling skills in the 
various phases. For example, how do measurable abilities such as 
mathematical creativity, skill at redef init:lon, or field dependence"^ 
relate to applied problem solving and particularly to mathematical 
modelling behaviours exhibited? How does achleyement of pat<'tlcular 
mathematical generalizations, particxilar heuristic skills, or certain 
cons,tructive mechanism capabilities relate to various models selected 
and used by persons in various situations and at various ages? For 
example, how do meastirable behaviours in partitioning, pattern finding, 
or formula transformation relate to the ability to structure, execute, 
or symbolise a model in an applied problem solving situation? A related 
question set would try to ascertain the relative effects of matnematical 
knowledge, heuristic skill levels and appilled subject field knowledge 
on applied problem solving, 

A final set of questions deals with instruction in applied problem 
solving. One kind of research would try to ascertain which abilities, 
heuristic skills, and constructive mechanisms were amenable to instruction. 
Particular instructional programs could be devised and their outcomes 
tested using applied problem solving abilities and modelling in particular 
as criterion measures. A second kind of instructional research would look 
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at the effects of various curricula In applie4 problem solving on the 
various modelling behaviours notea above* One exawple of 9uch research 
could test the effect of the representation of the problem (in how real 
or concrete a form) on the kind of models used by person solving the 
problems posed. Kieren and Southwell (19-79) found that sub^fects faced, - 
with a concrete representation of a problem requiring ftacttoaal operator 
thinking used analytic models, whereas a slgnificahtj proportion of. subjects 
facfed with tfee same "mathematical" problem in a symbolic form used 
algebraic models in solving the problem;- Because auch inistrudtlon 
might be highly dependent on the teacher and on. actual student activities, 
observational research relating planned instruction with teachers 
reflectJLons on various acts with related student modelling activities 
would also be fruitful. ^ 

Mathematical models are considered important tools and objects 
of study in mathematics ^tsc^lf and Of course in many applied fields. 
However, little is known about mathematical modelling as a human 
activity. It is hoped that research pursu<-d along the above lines ■■■ 
will allow for better knowledge of this activity, how It develops and 
how it 'can be fostered. Such knowledge would be important in relating 
present knowledge on. mathematics learning and abilities to the important 
area of applied problem solving. \ 
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